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SOME HOMOMORPHISMS OF「-RINGS

Young In Kwon

Definition 1. ([2]) Let M and r be additive abelians groups. If 
we have two maps M xT x M M and「x A/ x「-스「such that 
for all x.y.z e M. a,^,7 e「

(1) (wag)/3z = x(ay/3)z = za(ggz) and (ax^)yy — =
az(伽y),

(2) (x + y)az = xaz + yaz, x(a + &)z = xaz + 지3礼 xa{y + z) =
xay + xaz^ (a + 丿8)町=ax7 + 处％ a(x + !/)7 = Q町 + a” 
and a政0 + 了)= + axy.

then M is called a weak P-ring in the sense of Nobusawa.

In this paper M denotes a weak Nobusawa F-ring. For the defini
tions of basic notions in F-rings, we refer to [3,4].

DEFINITION 2. ([3]) A pair of mappings (80) from Fl -ring 
onto r2 -ring M2 is called a homomorphism if it satisfies the following 
properties:

(1) 0 and(()are group homomorphisms from onto M2 and from
onto「2 respectively.

(2) 0(xay) = 0(x)臥a)0(g\《b(ax(3、) = ^>(a)0(x)^(^) for all x^y E
G Ti-

If 们 <t> are both injective , then (0, ©) is said to be an isomorphism 
of Tx-ring onto r2-ring M»

THEOREM 3. Let Ml be a Fi-nn^ and A, B two abelian groups. 
Suppose that there exist two mappings x A —* B, (x, u) 1 xu and 
B x Ti —> j4, (v, a) I va satisfying

x((?/u)a) = (xat/)?z,

(w + y)«i = xuy + yui,x(ui + 追)=xui + 皿2)

Received August 11, 1995.

137



138 Young In Kwon

v(a + 0) = vol + 이3

and
(vi + V2)ot = via + v2a

for allx^y G Mi, € A and V2 € Bf andxu = yu for
x^y E M± and for all u E A implies x = y> and va = 饥8 for C I、 
and for all v E B implies a = 0. Then there exists a「2 •商ng M2 such 
that TI-ring is isomorphic to fwing 也知 where each element of
M2 is a mapping from A to B and each element of「2 让 a mapping 
from B to A.

Proof. Let x E and a € I\. Define

: A 一> B

by
/z(u) = XU

for all u G A and define
ra : B —> A

by
ra(v) = va

for all v g 5. Let M2 = {시:r 6 Mi} and r2 = {ra\a G I\}・ Then, 
since A and B are abelian groups, M2 and「2 are abelian groups tinder 
the pointwise addition. Define two mappings

m2 x r2 x 一스 m2

by
(Lc, n” '#) '—，L;。尸a。

and
I、2 X A& X「2 —，「2

by
(rQ,lx,r^) raolxorfl
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the usual compositions of mappings. For any u 6 A, we have that

(Le o r(X o Zy)(u) = L；。

=^x(ra(^(w)))
=z((g 小)

=(xay)u
=，勿的(u).

Hence
Lr。。'g = ^xcxy £

Next for any v G B, we get the equality:

(七 o/x o r^)(v) = rao Zx(^(v))
=如(u)))
=(x(v/3))a
=v(ax^)

=尸

Hence
質a。，:匚。Tg = ctx^ C r2 -

Let Zx, ly^ lz G M2 and ra,r^3 r7 G T% Then we have

(^x + '§)。TW O Iz = lx O Tq O lz + l창 O TO Iz

。(rq. ro ly = lx ora o ly 4- lx or^ o

Lt。尸q。+ Iz) = Le。广a。ly + I工。(X。L?,

(厂 <y + 厂5)。/仁。’'% = rfYoZ^or-y-^r^o/jjOF-y,

尸《¥。(，：1： +，,)。尸 g = rQoZ;t；or^-j-rao/^OF^f

and
尸er。Lr。(質^ +尸十)=尸0。，2：。尸0+尸企。/3；。質7*
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Clearly

l，x。尸a。(ly。g。LJ = Lc。(質 a。’【9)。/多=('#。質 a。'#)。笋」8。，2： 

and

(「o oLc。厂0)。，# o T y = To (Zj. o O ly^ O T'a；

=質Q O lx 0 (丁8 O ly O T<y^.

Hence M2 is a r2-ring. Now define 3 : My M2,(j> : I、t「2 by 
0{x) = lx and ,(Q)= rQ for all x G M\ and all a G Ti respectively. 
Then 0 and © are onto group homomorphisms. Indeed, for any x^y E 

and u E A,

8(花 + y)(u) = Zf (") =(£ + y)u
= xu + yu = Zx(u) + /^(u)
=0(£)(u) + 0(g)(u)
=(0(£)+。(饥)(幻.

Thus we have

0(w +，) = L더丁 = lx + iy = 0($) + 0(g) ・

Also, for any €「1 and v G B,

戒。+ 8)(" = %+0(。)
=v(a + 0)
=va + vfi
=ra(y) + 邛(u)
=如)(")+ 的3)(u)

=(©(Q)+ ©(8))(。).

Thus we obtain
g + 8) = 6(a) + 戒们.

Clearly Q and <f> are onto. For all x,?/ G M\ and € Ti,

d^xcuy'j — Ixoty = Lr。ot。ly = 0(£),(Q)0(g)
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and
©(qz0) = raxp = rQ o lx orp = ©(a)0(G此8),

Thus (Q4) is a homomorphism from Fi-ring Mi onto r2-ring M公 
Suppose that 0(&) = Q{y) for x,y € My. Then lx = l창. Hence /x(w) = 
ly(u) for all u £ A. This implies that xu = yu for all u E A. By the 
given conditions, we have x = g. Hence 0 is injective. And suppose 
that ME = 4(0) for a,Then ra = 邛 and so ra(v) = r^(v) fo호 
all v G B. This implies that va = 이3 all v G -B. By the hypothesis, 
a =。and hence </> is injective. Thus (0,') is an isomorphism from 
Fi-ring Mi onto Paring M小 Therefore the「「ring 岫 is isomorphic 
to the「2-ring 泌.

THEOREM 4. Let A and B be two abelians groups. Then we can 
make a r-ring M with the following properties:

(1) There exist two mappings M x A —> j?,(x,u) i xu and
-B x r —> A, (v, a) I va such that x((yu)a) = (xay)u and 
(z(0/3))a = 认a끼3) for xyy € € T and u G A,v € B.

(2) xu = yu for G M and for all u E A implies x = y and 
va = vP for a,/? 6 r and for all v E B implies a = 0.

Proof. Let M be the set of all homomorphisms from A to B and r 
the set of all homomorphisms from B to A. Then M and I、are abelian 
groups. Define two maps M xT x M (£ % g) i f o a o g and 
FxM xT —> T, (%却3、) I ao/o/3 the usual composition of mappings. 
Let M and q,鶴 g C r. For any u E Ay

(/°a°9)(") = /(a(5(u))) e B,

since g(u) G B and a(g(u)) € A. Thus f oao g € M. Moreover,

(foaog)oj3oh，= fo(0ogog)oh = 이3o h).

Since /, g, h, a, g and 7 are homomorphisms, we have

(f + g)oaoh = foaoh + goao hyfo (a+ /3)oh = foaoh + fo^oh 

/oao(g /i) = yoaog + yoao/i,(a + /?)o/o7 = 010/074-^0/07, 
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and

ao(f + g)o^ = aofoy + aogoy^aofo(<P + y) = aofoP^aofG/y,

Define two mappings M x A t 3 by (£ u) i J(u) and B x F t 
A, (v, a) I a(v) for all / g M, a € T and u € A, v € B.

Now

g((fu)a) = g(f(u)a) = g(a(f(”))) = (gaf)(u),

(/(v^))a = (/(0(u)))q = a(f(/3(u)))=认 afj3).

for £g C M、%。G r 히서 u E ?l,v € B- Hence the condition H) is 
satisfied. Let fu = gu for f’g C M and for all u € A. Then we have 
/(u) = g(u) for all u G A and so f = g. Also va = for a, p e I and 
fb호 all v € B implies a = g. Thus the condition (2) is satisfied.
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