Pusan Kyongnam Math. J. 11{1995), No. 2, pp 133-135

THE DECOMPOSITIONS OF I'-NEAR-RINGS
YoUNG IN KwoN

In this paper, all near-rings considered will be right near-rings. We
refer to Pilz [4] for all notations and conventions. Berman and Silver-
man {1} showed that any near-ring N can be written as the sum of the

two subnear-rings C(N) and Z(N). Now we consider the decomposi-
tions of I"-near-rings.

DEFINITION 1. A T-near-ring is a triple (M, +,T), where
(1) (M, +) 13 a group,
(2) T is a nonempty set of binary operators such that (M, +, 7y) s
e near-ring for each vy €T,

(3) zv{yuz) = (zyy)uz for all z,y,z € M,y,u € T.

Let M be a D-near-ring. If a subgroup 4 of (M, +) is a subnear-
ning of (M, +,7) for each v € T, then we say A is a sub-I-near-ring
of M. A normal subgroup A of (M, +) such that zy(a +y) —zyy € A
and ayz € A forall a € 4,2,y € M and v € T, is called an ideal
of M. The zerosymmetric part of M, My is the set {z € M : z40 =
0 for all v € T}. The constant part of M, M, is the set {z €
M:2v0 =z for all ~ €T} We note that if 240 = z for some
vy €T, and p €T, then 240 = (z740)u0 = zy(0u0) = zy0 = z. Hence,
¢ € M. if and only if there exists ¥ € T such that zv0 = z. M is said
to be zerosymmetric if M = M. Throughout this paper, M denotes a
zerosymmetric [-near-ring. An idempotent is an element z € M such
that eyz =z forall y € T,

THEOREM 2. Let e be an idempotent in M. Then every element z €
M can be expressed as two sums z = zye+(—zye+z) = (£—2zve)+2ve
foreachy €T and M = A® B = B® A, where A = {zve|lz € M} and
B = {z € M|zve = 0}.
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Proof. Clearly A and B are sub-T'-near-rings of M. Also the elements
—zye + ¢ and z — xye are in B. suppose that z = a; + b; = a; +
b2,a1,a2 € A and by, b, € B. Then —ay +a; = by — b, must bein ANB.
But the only element in AN B is 0. Forifae AN B, then aye =0
and a = zve for some z € M. So we have 0 = aye = (zye)ye =
zy(eve) = zve = a. Thus a; = a; and b; = by. The uniqueness of
the other representation is proved in the same way. Therefore we have

M=A@®B=B®A.

Since 0 is an idempotent in M, we have the following:

COROLLARY 3. For each v € T', we get that M = MY P M, where
MY ={z € M|z+0 =z} and My = {z € M|zv0 = 0}.

It is also easy to see that M| is a left ideal.

DEFINITION 4. A T-near-ring M is transitive if for each 1,27 €
M2,z # 0, there exists y € My such that yyz, = 3.

TBEOREM 5. Let M be a transitive T—near-ring. Then My is a
mazimel sub-T'-near-ring of M for each v € T

Proof. Let X be a sub-I-near-ring of M with My G X. For z €
X,z ¢ My, we have ¢ — 240 € M and hence 70 € X But zy0 € M7
and 2v0 # 0. Since M is transitive, yy(z70) = 0 for some y € M, 5
and hence M) C X. Thus X = M. Therefore M, is a maximal sub-
I-near-ring of M.

From now on, we consider the transitive [-near-ring M.

THEOREM 6. If X is a subgroup.of (M, +), My C X, and myy(ma+
z) —~myymz € X for my,my; € M,z € X then M = X. Hence M, is
a mazimal left 1deal of M for each v € T.

Proof. Note that MyvX C X for each y € T'. Applying the method
used in the proof of the above Theorem 5, we have our results.

Let M be 2 I'near-ring and A a right ideal of M. Then MyyA C A
for each v € . We say M is simple if its only ideals are (0) and M.
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PROPOSITION 7. If A is an ideal of M, M7 N A # (0), and M s
a simple for each vy €T, then My C A.

Proof. Note that My N A is a nonzero left ideal of MJ.  Also
(Mo NA)yyMy C My N A. So MyN A is an ideal of M and since M
is simple, we have MJ N A = M, hence M C A.

PROPOSITION 8. If 4 is an ideal of M and AN My = (0) for each
yET, then A= M7 or A = (D).

Proof. Since A is a right ideal of M, for z = c+ 2 € 4 (c €
Mg,z € M?), we have 290 = z € A for v € I. So if AN MY = (0),
then A C M. For each nonzero a € A and for any z € M7, we can
write aye = z for some ¢ € My. But ayc € A, so MY C A. Thus we
have A = M.
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