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Throughout this paper Q, C, Qp and Cp will respectively denote 
the field of rational numbers, the complex number field, the field of 

p-adic rational numbers and the completion of the algebraic closure of

Let vp be the normalized exponential raluation of Cp with \p\p = 

p-vp(p) = p-i When one talks of g-extension, q is variously considered 

as an indeterminate, a complex number 5 g C, or p-adic number q E 
Cp. If g € C, one normally assumes \q\ < 1. If 5 G Cp, one normally 
assumes — l|p < 厂*느,  so that qx — exp(^ log^ g) fer 园尸 V 丄 氐 

the complex case, Carlitz5s g-Bernoulli numbers 队—8k(q) can be 

determined inductively by

C /c xJL . fl if A： = 1
% = L q(邮 +1) _°={门7 1

I 0 if fe > 1

with the usual convention of replacing 伊 by L

The g-Bernoulli polynomials are defined by

位(£ : q)=(以 + [司)1

where [x] = ： q] = 는%". If q —> 1, we have the usual Bernoulli

numbers and Bernoulli polynomials. Let Fq(t) be generating function 

of %(q)：
00 *

%(t)= e^q}t = £3k(q 、y

Then this is the unique solution of the following ^-difference equation:

Fq0) = qel Fq(qt) + 1 — g — Z.
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In [4], Koblitz constructed a q—analogue of the p-adic £-function £卩迥(& x) 
which interp이ates the g-Bemoulli numbers. In section 2, we shall 

investigate the relation between Caxlitz's ^-Bernoulli numbers and q— 

Euler numbers. In section 3 and section 4, we study the values at s = 1 

of the p-adic ^-interpolation function 4项: x) for generalized q~ 

Euler numbers constructed by Satoh [6]. From the relation between

: x) and Lp>g(s, x), we cakulate the values of LPig(s, x) at 

positive integers.

1. On ^—analogue of L-fiinctions

For a primitive Dirichlet character y with conductor /, the general

ized ^-Bernoulli numbers 0k,x(q) are defined by

r
%、q)=文:x(a)g%”，,q心. 

a=l

If X = 1, then we have

(
q k — 0

一q8i(、q) Hk = i 

気(q、) iik>l.

This is easily proved [3].

In [1], the g-Z-functions are constructed by

T ( 、_2 - s qnX(n) 7nx(n)
頌s,心=—(q-1)£下戸 + L 下卩- 

n=l l J n=l l J

for 5 G C.

Thus we see that

乙 g(l — 知 X)=
0加x

for any positive integer k.
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Let u be complex numbers with |u| > 1. Then Carlitz's the ^-Euler 

numbers H传(u’q) and the g—Euler polynomials H{u^x : q) are defined 

inductively by

q) = L(gH + 1)” — x : g) = 0 for k > 1

with the usual convention of replacing Hk by and Hk(u^x :

9)— (矿H + ［씨)" for k > 0,

Since the generalized Carlitz^ q-Euler numbers 丑命的舛)are de
fined by

f
Hk,xW、q) = L/Y 血，,% • qf)

a=l 了

for k > 0.

In ［6］, the complex function : y) is constructed by

oo

依",S : X)= x(n)时
n=l

for q E C. This function interpolate the q—Euler numbeis as follows

［티:

L(u, -k：x) = 으飞一-HfclX(u, q).

Now we shall investigate the relation between Carlitz's ^-Bernoulli 

numbers and ^-Etder numbers. We take c? as an element of positive 

integer with (J, fp) = 1 and x(d) + 1. Let Q be primitive d-th root 

of unity, then we have

d-i 8 n r x d-i
£仙照)".•乂)=〉注1器骨#

J=1 n = l ' ■* j=l

=_ V q"x(n) V g"x(n) v-i
— — 用 J ［이，m d

= — +耐 x(d)£e.
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Thus we have

2 _ S { d-1
一二i)£，g((q《)T、s — 1: \)- £Zg((gQ)~'、s: \) 

J=1 J=1

产 x(n) 

m :时]*1

Um业]
oo

—d[可
n=l

=W V,-电L、(d)M氾_ 1)文g慕+ £座祟) 

s — 1 Z-丿 m : g이st Z・— in : q^]s
7?=1 I J n=l - n J

=Zqt%人)一d[d「％(d)■乙x).

We 줘 et 5 = 1 — A*  for a, > 1.

Lq[ 1 — A\ \ - dlcT^-1 \(d)Lgd(l — k、\)

]+ & 『1
=一王一9一 1)£你(9<3)7•—亦：x)

J=1
d~l

? = 1

Thus we 시)tam the following

LEAIMA 1. Fbi /c € Z with k > 1.

一 쓰国 十 ("T'd) 色△也 
k … ' k

i +幻 匸 1 _1
=丁“『"'"而F

d —1 ,
「- M扁办”一药Hsl\((照尸•办
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2. On，一adic g-L—functions

In this section, we assume that q is an element of Cp with |1 — q\p <

Let u be an element of Cp with |1 — u\p > 1. Then the Euler 

measure is defined on Zp by

uPn~a
EJa+，%) =『矛

for a £ Z with 0 < a < pn — 1 and n > 0. Let / be a positive integer. 

We denote

X = lini(Z//pNZ).

x*=  IJ ig
0<a<fp
(a,『)=1

a + fp' Zp = {z £ X\x — a (mod

where a G Z lies in 0 < a < /pA.

Note that the natural map

i/fpNz T z/pNz

induces

7T . JV ―Zp*

If(7 is a function on Zp. we denote by the same g the function g o 兀 on 
X. Nam시y we consider g as a function on X [2],[3].

We can express the g—Euler numbers as an integral over X, by using 

the measure Eu^ that is.

X(a')[x]kdEu(x)= e辺知x(sq) 

岂必(")

ifx尹 1 

if X = L

Let 3 denote the Teichmuller character mod p( if p = 2, mod 4). 

For x 6 X* 、we set < x >=< x : q >—扌备.Note that | < a: > —l|p <



60 Han Soo Kim and Taekyun Kim

< x >s is defined by exp（^ logp < z >） for < 1. In [6], an 

interpolation function ZPjg（u,s : x） for ^-Euler numbers is defined by

板g（u〉s ： X）= / V /x（x）dEa（x）

Jx*

for s E Zp.

It is known in [6] that

Ipg，-k : X* ）

= 了^砚,心祯）一쁼矣^成,』叭时） i£ x/1.

We define the operator xy = X장''"on f（q） by xyf（q） = 切]*〜'  x（0） 

/（g^）, and we define multiplication of these symbols by x'x，= x지"흐지。 
X징、k.q = x功.

Koblitz constructed a p-adic q-£-function5 for arbitrary fixed a € 

X*,  cts follows:

1 1 x
Lp,q（l 一 如X）= 一后（1 一 以）（1 一 ~Xk ）/3幻X”

where Xk = 갓印一“愆）.
Now we refine the above result

乙p,g（l ~

= - ［끼伉,如） - 圮］~x（顼峻静）
k a ot ot

+ 저~'x（흐）/3知 x（g 즈））•
a a o;

Here we shall investigate the relation between lp,q（u、s : y） and 

0,g（s,X）. We set * = d.

乙p,q（l -知 X* ）

=一打伉,x（g） - 微,』时）-乖］7乂（力炕：,3））

+ 4［溯广一"（溯）廊成（妒4）

=矛—七3）（伍,x（qP） - d［d : q平一％力伉,x（产）） 
A，

一;（位,&）—啊卜顼4胤低3））.
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By using Lemma 1, we have

~ XW ）

,1 + fc 1）巳诳,x（g）T,g） 砰 x（p）风x（（时①T，gP）

k 名 g）TT g）T-l

_宁产卜以（（蝎）一板）_园卜队3）可卜成（（#《）7，矿））

스: （招以一1 （q 昭）TT

1 I L ,
=一一厂3-1）»叩（（招尸，一&：）3* ）

" J=1

d-1

+ £ 队1 — * ： x* ）

j=i

= -七흘 （qf£ L*  x3）"dEg_i（:r）

Since we see that |1 —成% > 1 for （d, fp） = 1 in [5].

Therefore we obtain the following

PROPOSITION 고.. For any positive integer k, we have

丄w（l ~ 虹 x* ）

= -브% - 瞻 L x（巩쇠就（必）一心） 

J=1

--- *
+ £ / 起）时-就（2）_@）.

J=1Jx*

For x a primitive Dirichlet character mod /, C/ a fixed primitive 

/-th root of unity, r（y） = 52 X（J）C/, € 尹 1 a d-th root of unity, and
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fp） = 1, we have for any continuous f : X*  Cp [5]

[乂3）六：时叩e（c）=:华£ x（a）[六z）勿七七（z）.

Jx*  J 0^/ Jx*  ”

Let /（x） = [x]k and € =（須.Thus we have

£牌（1 一 化 乂3* ）

=- 1）人.x（：时时dEg_i（c）

d—1广
+插匕乂（湎」就（如_@）

= _（쓸当g — i）岑） £ 加）£/, 时迎厂（卿-13））

+ 罕 £ ,"-就 w）t（z））.

J 0<a</ j = l JX*

PROPOSITION 2.. For any positive integer k,

Z服（1 - 女 X* ）

= 一（一g-（g-i）一卩 £ 和）£/一*[이財气厂侦少-心 ））

'0<a<f j=l JX

+ '畀 E Y（a）£：[时&快（招）_@））.

」Q<a<f 7=1 '乂*

3. The value at s = 1 of Zp^（（~\s : 乂）
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: x） is constructed in [6]. In particular we take u = Q”.

Then

=/.切广7乂（：时出一 I（C）

7뿌 E 双이 L "-"冒心）.

J 0<a</ JX*

Thus we have

板g（成i ： ¥）=—卩 £ 加）/ [x]k~~ldE^^-a{z）. 

丿 o<（2</ Jx*  d f

Now we define the function log[对 as follows:

&此
Irxtfr、厂1 — r\ — — \ ---

q아初宀 J" 
n~l 1」

It is easily proved in [5] that

L £严宀心）

=-%（i - b甘）+ 备囑，郷1 - （QO）p）.

Therefore we 시ataia the following

THEOREM 1. For X a primitive Dirichlet （ mod a fixed prim

itive f-th root of unity, r（\） = 52x（J）Cy?质 产 1 a d-th root of unity, 

and （d, fp） = 1, we have

板q（〈d 七 1 ： X）

= r72 E "）（—io驹（i — b甘）+詁"hi-（箫甘）》））.

In particular

쁴（記：M）.
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