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ON CERTAIN AREA FUNCTIONS 
ASSOCIATED WITH APPROACH REGIONS

Choon-Serk Suh

l.Introduction

In this paper we first define a group of homogeneous type G、which 
is a more general setting than Rn, and we also consider the space 
G x (0, oc), which is a kind of generalized upper half^space over G. 
Then we shall assume that to each. boundary pcHnt x G. is 
associated an approach region Fa(x) C G x (0, oc). Let / be a function 
defined on G x (0, co). For x E G and a > 0, we define an area function 
Sa(f) associated with FQ(a:), by 

SMW) = 1/(/圳 2
1/2

where 卩 denotes the Borel measure on G. For simplicity, we put S(f)= 
Si(/). The purpose of this paper is to study inequalities for the Lp 
norms of area functions Sa(f) and S(f) for a > 1; more precisely, let 
Q < p < og and a > 1. then there is a constant C such that

||&(/)|験叩)< 이S(»||“s).

Throughout this paper we shall use the letter C to denote a constant 
which need not be the same at each occurrence.
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2.Preliminaries

Let G be a topological group. Assume that d is a pseudo-distance 
on G, i.e., a nonnegative function defined on G x G with properties

(i) X)= 0; d(H, y) > 0 if x y,
(ii) d(y) = and

(iii) there is a constant K such that

d(x.z) < K[d(x,y) + d(y.z)] for 饥 z e G.

Assume also that
(a) 난ic balls B(x,p) = {y E G : d(3、g) < />}, p > 0, form a basis 

of open neighborhoods at x € G,
and that is a Borel measure on G, and

(b) there is a constant A such that

0 < 卩(B(w)2p)) < < oo for allx 6 G,p > 0.

Assume further that 卩 is left-invariant:
(c) fi(xE)=卩(E) for x G G, measurable E C G)and
(d) “(£T)="(E),

and that d is le仕-invariant:
(e) xB(y,p) = B(xy,p) for all G G, p > 0.

Then we call (G、d、卩)a group of homogeneous type. Let (G, be a 
group of homogeneous type and p > 0. Then an automorphism 6P of 
G is called a dilation of G if there is a positive integer n such that

⑴ 叭8p(、E))=矿卩(E)

for any measurable E C G, and in particular,

⑵ 以臨i))) = "B(e, p)) = Cnpn,

where Cn denotes the volume of the unit ball 5(e, 1), and e denotes 
the identity element of G. Frequently, we shall write px instead of 8px 
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for p > Q and x E G. For details see [6]. A. Koranyi and S. Vagi [3] 
studied that d is left-invariant if and only if

d(x,y) = |x~1y|,

where | • | is a nonnegative function on G with properties
(i) I시 = 0 if and only if x = e,

(ii) there is a constant K such that \xy\ < K(\x\ + |?/|), and
(iii) 니끼.

For x」g C G and p > 0, the set

B(x,p) = 3 C G : \x~xy\ < p}

is called the ball centered at t € G with radius p. Now consider the 
space G x (0,8), which is a kind of generalized upper half-space over 
G We then introduce the analogue of nontangential or conical region. 
For x E G and a > 0, set

ra(x) = {(y,f) £ G x (0,oo) : I：厂气/I < ext}.

For simplicity, we put T(x) = For any closed subset F G G and 
a > 0, set

Ra(F) = U ra(s).
tEF

Then the tent over an open subset O = CF of G, denoted by T(O), is 
given as

T(O) = cRi(F).

We define an area function associated with an approach region as fol
lows. Let / be a function defined on G x (0, oo). For x E G and a > 0, 
set

0
\ i/2

Let / be a locally integrable function on G. For x € G, we define

面加=落焉匕|血如）, 
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where the supremum is taken over all balls B containing x. Then 
M(/) is called the Hardy-Littlewood maximal function of f. We need 
the notion of points of density. Suppose F is a closed subset of G and 
7 is a fixed parameter, 0 < 7 < 1. Then we say t hat a point x E G 
has global y-density with respect to F, if

g田)------------ > yM(B) -7

for all balls B centered at x in G. Let F* be the set of points of global 
7-density with respect to F; then F* is closed, F* C F, and

CF* — {x e G : >1-7),

where \cp is the characteristic function of the open set CF.

3.Main result

We state the four lemmas we need.

LEMMA 1 [6]. Assume F is a closed subset of G. Then there is a 
constant C such that

以七欧)< Cm(cF),

where F* is the set of points of global y-density with respect to F.

Lemma 2. Suppose a > Q is given Then there is a constant C so 
that whenever F is a closed subset of G and A(y,f) is any nonnegative 
measurable function on G x (0,8), then

[\ [ ) d/i(x) < C [ 4(g盘)广出.

Jf yJr^T) ) JwF)

Proof. Fubini's theorem gives

J] (/( 如(、硏

=/ XB(y,at)(3：W(x)) dn(y)dt,
JGx(0,oo) \Jf /
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and so, for given (g「t) E it will suffice to show that there is a
constant C so that

I — Ct -
Jf

In fact, let (y,i) E RJF). Then

/ XB(yE)(Z)C也(Z)g j XB(3，,M)(W叩(Z)

= ctn,

as desired. The proof is therefore complete.

Lemma 3 [이. Suppose a > Q is given Then there are constants 
C and 7, 0 < 7 < 1, sufficiently close to 1. so that whenever F is a 
closed subset of G aiid以务/) is a nonnegaiive measurable function on 
G x (0, oo)? then

j < C [ { [ A(y,t)dp,(y)dt\ d/z(x),
Jr"*) Jf \Jr(z) )

where F* is the set of points of global ^-density with respect to F.

LEMMA 4. Let f be a nonnega.tive function defined on G. Sup
pose

A心D(z) = * L kB(y,t)(c)/(c)cM(2・), t > 0.

Then there is a constant C such that

5) < CAfW(/)).

Proof. If / > 0, then.

AQt(/) < CAz(AQt(f))

since Aat(/) < CAf(/). The proof is therefore complete.

Our main result is the following:
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THEOREM 5. Let 0 < p < co and a > 1. Then there is a constant 
C such that

吟(/)|"加 < 이|%f)此w心

with S(f) = Si(f).

Proof. Assume first that 0 < p < 2. For each A > 0, we define the 
open set O by

O= cF = {xeG：S(f^)> X}.

Let O* = CP*. Then we take F* C F to be the set of points of 
global y-density with respect to F. Apply Lemma 2 with A(g「t) = 
|了(们圳2厂孔一 1 (and F* in place of F), and we obtain

(3) / Sa(f)(x)2d^x)<C [ 成饥圳2아讐
J F* 丿血顷*) 七

Next apply Lemma 3, again with A(y,t) = |/(y,and we 
obtain

(4) f 皿,圳2略

3 이f""*"삂") 叩⑴•

Then (3) and (4) imply that

(5) j Sa(f)(讦如(、£)M C j S(f)(x)2d/J.(r).

Thus it follows from Lemma 1 and (5) that

⑹ 0({2・CG'・Sa(/)(Z)> 사)

< “(。*) + § / $(了)(£)싱〃(了)

a c(g共丄队&由而，

= C ("({z g G : S(.f)(W > 사) + 法/ S(.f)(*)W(z)) .
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Multiply both sides of (6) by and integrate, then we get that

11，%(別“即)V 이|S(f)|"加

for 0 < p < 2. Assume second that 2 < p < oo. Then observe that

ll&(.f)||万(d0 = sup [ Sa(/)(2)W(：r)如(2), 
寸Jg

where the supremum is taken over all 0 which belong to _Lr(d“) with 
r dual to 2/p, and 1|寸||//(山£)M 1. Then it follows from Lemma 4 that

(7) [ &(/)(：r)W(a;)cm(:r)
Jg

= [ 顷以肥嘉叩)3)으四普으
</Gx(0,oo) Z

MC j |/(g,圳2%肱(寸))(饥也罕으

丿 Gx(o,8) '
=C j S(f、"计M(W)(x)d，卩(X、)

Jg

< 이|S(/)||万(d“)ll也财)||贝如)

Y 이図印怯(如1씨1小(加 (by r > 1)

Taking the supremum over all 寸 in (7). Then

l|Sa(f)|“d“) M 이|S(f)||“s)

with 2 < p < oc. The proof is therefore complete.
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