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1. Introduction

Varadarajan([4]) defined the generalized Gottlieb set G(A,X) of the
homotopy classes of the cyclic maps f: A — X and studied the funda-
mental properties of G(A,X). If A is a co-Hopf space, then Varadarajan
set G(A,X) has a group structure. This group G(A4,X) is a generaliza-
tion of G(X) and G,(X) of Gottlieb([2],{3]). Some authors studied the
properties of the Varadarajan set, its dual and related topics.

We write f 1L g when there exists a continuous map p: X xY — Z
with axes f: X - Z and g: Y — Z.

Let v: X — Z be a fixed map. We define the set of the homotopy
classes of the axes by

v (Y, Z2)={lg]: Y = Z|v Lg}

This set depends only on the homotopy type of the spaces X,Y and Z
and the homotopy class of v. If X = Z and v > 1x, then (1x)H(Y, X) is
exactly the Varadarajan set G(Y, X) ([4]).

The purpose of this paper is to find some properties on the set of the
homotopy classes of the axes of pairings. We shall work in the category of
spaces with base points and having the homotopy type of locally finite CW-
complexes. All maps shall mean continuous functions. All homotopies and
maps ‘are to respect base points. The base points will be denoted by *.
For simplicity, we use the same symbol for a map and homotopy class.

2. Some properties of the homotopy classes of the axes of
pairings
The map A x: X — X xX denotes the diagonal mapand Vx: XVX —
X the folding map defined by Vx(z,*) = ¢ = Vx(*, z) for any element z
of X.
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DEFINITION 2.1. We call a map u: X xY — Z a pairing with the axes
f: X —> Z and g: Y — Z, when it satisfies

poj~Vzo(fveg:XVY — 2Z,

where j: X VY — X x Y is the inclusion.

We write f 1 g when there exists a pairing u: X x Y — Z with axes
f:X—-Zandg:Y — Z.
- Given a pairing y: X XY — Z, we define a map a+ 8: B — Z for any

map a: B— X and §: B—Y by
a—?—ﬂzyo(akﬁ)oAB.

This defines a function +: [B, X] x [B,Y] — [B, Z].

As well known,we have the following properties:

PROPERTY A.
(1) Let f1: X1 — 2Z,f3: X9 = Xh1,01:Yh — 2 and g;: Yy — Y, be
maps. Then f, L g implies (f1 0 fa) L (g1 0 g2).
(2) Let f: X - Z,9:Y - Z andw: Z — W bemaps. Then f L g
implies (wo f) L (wog).

PROPERTY B.

(1) Iff: A— X is a cyclic map, then fog: B — X is a cyclic map
for any map g: B — A.

(2) Let f: X - Z andg:Y — Z bemaps. If f L 1z, 0oriflz L g,
then f L g.

DEFINITION 2.2. Amap8: A — BVC is called a copairing with coaxes
h: A— B andr: A — C if it satisfies the condition that

jof~(hxr)oAs: A—-BxC

for the inclusion map j: BVC — B x C.

Given a copairing §: A — BV C, we define amapa + : A — X for
anymapsa: B— X and:C—>Xbya+3=Vxo(aVp)ob.

This defines a function +: [B, X] x [C, X] — [A, X].
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THEOREM 2.3. Let u: X xY — Z be a pairing with axes f: X — Z
and g:Y — Z, and : A - H V R a copairing with coaxes h: A — H
andr: A— R. Leta: H—- X,:R—- X,v: H—Y and§: R -+ Y be
maps. Then

(1) (a+B8)+(+6) =(a+7)+(8+9)
(2) h*(@) +r(8) = ful@) + 94(6)
(3) r(8) + h*(7) = fun) + 9u(8)

where h* : [H,X]| — [A, X] and f. : [H,X] — [H, Z] are induced maps by
h and f respectively.

Proof.
(1)

(ad B)+(148) = u{(Vx 0 (aV §)06) x (Vy o (yV 6) 0 6)} A
=Vz{(po(axy)oAyg)V(po(Bxb)oARr)}old
—(a+7)+(B+0)

(2) Take =+ = *in (1). Note that Vx o(aV *) = ao P, 0 j, where

j: HV R — H x R is the inclusion and P;: H x R — H is the
projection. Then

at+*x=Vxyo(aVx*)ol
=aoPyojol=h*a)
Similarly * + é = r*(6). And note that a +* = po(a x *)o Ay
and so poj ~ Vzo(fVg)implies a+ * ~~ f.oa, e, at+* = fu(a).
Similarly, * + & = g.(6). ' '
Thus we obtain that

h*(a) +r*(8) = fu(a) + g.(6)
(3) is similarly proved.

PROPOSITION 2.4([1]). Let f: X — Z,h:V — Z,9:Y — V and
w: W — V be maps. Suppose that f 1 h and g L w. Then the following
results hold.

(1) {Vz0(fV (hog))} L (how) |
(2) f8: A— X VY is a copairing, then {f + (hog)} L (how).
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Proof. (1) Let py: X xV — Z and p3: Y x W — V be pairings for
f 1 hand g L wrespectively. Define p = pyo(1x x pa)o(J x lw): (X V
Y)xW — Z, where j: X VY — X x Y is the inclusion. Then u is a
pairing for {Vz o (fV (hog))} L (how).

(2) By (1) and Property A, this holds.

COROLLARY 2.5. Let v: X — Z be a map with a right homotopy
inverse and g,: Yy — Z and g;: Yo — Z be maps. Then
(1) vlg andv L g; imply v L {Vzo(g1Vg2)}.
(2) Let6: Y — Y, VY, be a copairing. Thenv L gy and v L g3 imply
v L (g1 +92)

- Proof. Let v': Z — X be a map with vv' ~ 1. Then ¢g; L v implies
g1 1 1z, so that we can apply the above proposition.

Let v: X — Z be a map with right homotopy inverse and 6: ¥ —
Y; VY, be a copairing. By above corollary, we obtain a function

F:0t(, 2) x vi(Ye, Z) = (Y, 2)

by g1+ 92 =Vzo(g1Vg2)ob.
If6:Y — Y VY is a copairing, i.e., Y is a co-Hopf space, then 8 defines
a binary operation on v1(Y, 2Z).

THEOREM 2.6. Letv: X — Z bea mdp with a right homotopy inverse
and let w: Z — W and a: A — Y be homotopy equivalences, then the
following results hold.

(1) Y is a co-Hopf space, then w,: v+(Y,Z) — (w o v)L(Y,W) is

an isomorphism.

(2) If A,Y are co-Hopf spaces and a is a co-Hopf map, then a* :
v+(Y, Z)~— v*+(A, Z) is an isomorphism.

Proof. (1) Since Y is a co-Hopf space, v+(Y, Z) has a binary operation
4. For a € v*+(Y,Z), wi(a) =wo o and woa L wowv, so that w,(a) €
(wov)H (Y, W). If o, B € v(Y, Z), then wi(a+B) = wo{Vzo(aVB)ob} =
Vwo(woaVwof)od=woa+twof =w.(e)+ w(s). Thus w, is a
homomorphism. And it can be easily checked that w, is a bijection.

(2) For a € v*+(Y, Z),a*(a) = aoa, and aoa L v,i.e., a*(a) € vi(4, 2Z),
so that a* is well-defined. Let ;: A - AVAand 6,:Y - Y VY be
copairings. Since a: A — Y is a co-Hopf map, (aVa)o 8, ~ 8, oa. For
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a,f € vi(Y, Z),
a*'(a+B)=Vzo(aVB)oboa
=Vgzo(aVpf)o(aVa)ob
=Vgo(aoaVfBoa)ob
=a*(a) + a*(B)
Thus a* is a homomorphism. The bijection of a* comes from the fact that
a is a homotopy equivalence.

3. The Dual Results of §2.

Now we study the duals of the previous results. We write AT if there
exists a copairing §: A — BV C with coaxes h: A —» Bandr: A — C.
Let u: A — B be a fixed map. We call a map r: A — C u-cocyclic if
uTr. We can now define the following set of the homotopy classes of the
u-cocyclic maps, r: A — C ;

u'(A,C)={[r]: A — CluTr}
If u~ 1y, then (14)7(A4,C) is just a Varadarajan’s DG(4, C).

PROPOSITION 3.1.

(1) Let hy: A — By,hy: By — Ba,r1: A — Cy and ry: C; — C; be
maps. Then hyTry implies (hz 0 hy)T(rz 0r).

(2) Let h: A — B,r: A — C andd: D — A be maps. Then hTr
implies (h o d)T(r o d).

ProOPOSITION 3.2. Let h: A— B,r: A—- C,u: B—-U,d: B— D be

maps. Suppose that uTd and hT+y. Then the following results hold.
(1) (uoh)T{((doh) xr)o Ay}
(2) Ifu: D x C — Z is a pairing, then
(uoh)T{(doh)+r}.

Proof. (1)If6,: A— BVC and 6;: B — UV D are copairings for ATr
and uTd respectively, then
6=(1yVj)o(6V1ic)oby:A-BVC -UVDVC UV (DxC),
where j: DV C — D x C is the inclusion map, is a copairing for (u o
RYT{((doh) x )0 A4}.

(2) By (1) and proposition 3.1.(1),

(uoh)T{po((doh)xr)ola}, ie.,, (uoh)T((doh)+r).
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THEOREM 3.3. Let u: A — B be a map with a left homotopy inverse
and let g;: A — C) and g3: A — C, be maps. Then

(1) fuTg, and uTgy, then uT{(g1 X g2) 0 A4}
(2) Ifp: Cy xCy — Z is a pairing, thenuTg, and uT g, imply uT (g, +

g2)-

proof. Since u has a left homotopy inverse, say, u', g2 Tu implies go Tu'u,
i.e., g2T14. We apply the above proposition.

Ifu: A — B is amap with left homotopy inverse, and if u: Cy xCp — C
is a pairing, then we obtain an induced function

+:uT(A,C) xuT(4,C) = u'(4,0C)

by g1+ 92 = po (g1 X g2) 0 Da.

THEOREM 3.4. Let u: A — B be a map with a left homotopy inverse
and let a: V — A and d: C — D be homotopy equivalences. Then the
following results hold.

(1) a*: uT(A,C) = (uoa)T(V,C) is an isomorphism.
(2) If C and D are Hopf spaces and d: C — D is a Hopf map, then
d*:u'(A,C)—u'(A,D)
is an isomorphism.

Proof. (1) For o € u'(4,C),a*(a) = aoa and aoaTuoa, so that
a*(a) € (o0 a)T(V,C). Thus a* is well-defined. And for a,8 € u7(A4,C),
a*(a+B)={po(axB)oAs}loa=po(acax foa)oc Ay =a*(a)+

a*(B3). This shows that a* is a homomorphism. The remains can be easily
checked.

(2) Let py: Cx C — C and pg: D x D — D be pairings. For o,f €
uT(A’ C)’

dy(a+p)=do(a+h)
=do {u;o(axB)oAu}.
Since d: C — D is a Hopf map,
douy ~ pyo(dxd).
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Thus

do{mo(axB)oA}=pro(dxd)o(axB)oy
=pzo(doaxdof)oAy
= d.(a) +du(B).

References

1. N. Oda, The homotopy set of the azes of pairings, Canad. J. Math. 52 (1990),
856-868.

2. D. H. Gottlieb, A certain subgroup of the fundamental group, Amer. J. Math. 87
(1965), 840-856.

3. D. H. Gottlieb, Evaluation subgroup of homotopy groups, Amer. J. Math. 91 (1969),
729-756.

4. K. Varadarajan, Generalized Goftlieb groups, J. Indian Math. Soc. 33 (1969),
141-164.



