Journal of the Korean Insttute
of Indusirial Engineers
Vol20, Net, March, 1994,

113

Duopoly Model of a Congested Market

234"
Hyung Sik Oh*
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Abstract

A duopoly model is developed in order to examine the effect of imperfect competition
on the price-setting behavior of competing providers in a congested market. Multiple
Nash price equilibric are found and the implications of such mulfiple price equilibria

1. Introduction

The subject of this paper is to examine the
effect of imperfect competition on the price-
setting behavior of competing providers in a
matket with congestion.

Congestion is one of the most important
phenomena observed in many markets, such as
a telecommunication services marker. Conges-
tion occurs whenever users interfete with each
other while competing for scarce tesources, In
such a market, the user time required to
consume one unit of the service is increased
by the presence of other users on the same

system, The user's own time costs involved in
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consuming the service[2,9] are typically
greater than the price of such telecommunica-
tion services as telephone service or electronic
message service,

Most of previous studies have focused on
the control of congestion through the pricing
of services in nonmarket situations, such as
highways or airports[1, 3]. An extensive lirera-
ture review appears in Agnew[l]. Diamond[ 4]
examines the problem of pricing congested
facilities in the presence of consumption
externalities, Dunn, Eric, and Lecaros[5] pres-
ent an equilibrium theory for markets in which
a number of competing fitms offer services

subject to congestion in the presence of users
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with the same value of time. In the presence
of user hererogeneity with respect to value of
time, an equilibrium theory of a congested
marker is presented by Oh[8]. In a market
where providers offer setvices subject to
congestion, the equilibrium analysis is compli-
cated by the fact that congestion is a function
of the amount of usage, which in turn depends
on user choice.

In order to examine the effect of competition
on the price-setting behavior of competing
providers, a model of a duopolistic market is
developed, The model is used to study the
problem of pricing congested services in the
presence of imperfect competition, Finally, the
existence of multiple price equilibria is illustrat-

ed with a numerical example.
2. The Model

Considet 2 matket in which two competing
firms offer setvices subject to congestion that
are used by users with different time values,
Users are assumed to be clusteted into two
well-defined groups with different time values,
User groups are indexed in increasing order of
user time valve. The aggregate user demand of
each user group is assumed to be the linear

demand function
¢ = a,- b, k=12

.. &
where @, and b, are positive constants,

is the user cost of user group k. The user cost

of user group £ for service j, uf, is defined 10
be the sum of unit price, P and tme cost
which is the product of user time value, w"
and unit congestion costs, 7, Unit congestion
costs ate assumed to be linear functions of the

amount of services provided, X of the form

"
Il

@ x; ;=12

where the congestion coefficient,&;, 15 posi-

tive.
Then
ot = p + wha, x, k=12, j=12
i ] i i s

It is shown that if u* is the user cost, then
w* is the minimum user cost[ 8], That is

w* = minuf, k=12

I
Given two services and two user groups, the

market demands for service 7, x;, can be

4
obtained from the user demand of each user
group, ¢°(6,8].

Having derived the market demand for each
service as z function of prices, $ and #, we
can now state the decision problems of twe
firms, In order to make exposition simple and
specific, consider the case where users with
higher time wvalues consume a higher priced
service and users with lower time values
consume both a lower priced service and a

higher priced service, The derivations of the
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market demand functions, x and X, are
contained in Appendix,

Now suppose that firm 1 charges a lower
ptice, f,, than p,, the demand faced by the first
firm would be the demand for a lower priced
{more congested) service. In this case, the first

firm solves

max M = P -aix
#1

5.t

xn= (1 +%+blwlﬂl+bzw2a;)_1
2

1 -+ blwl [22] + bz‘l&'za’g

wla’z

[ tar)

+ 1 +b2a2(wz‘w1)

"D o, ' PZ]

Hh<p

The reaction function can be obtained by
solving the first order conditions for profit
maximization, Solving for the first order

conditions in terms of p, gives

= 1+b2a2 (If}z‘wl) .
e 2{1 +bw'a,+ bw'a,) p.

w'a, (2, +a,)
2(1 -+ bl'wla'g + bzwaﬂ-'z)

o
+ +35 (1)

Consider the decision problem of firm 2.
Suppose that firm 2 sets its price, p,, lower
than p.. The resulting demand faced by firm
2 would be the market demand for a higher

priced(lcss congested) service. The optimiza-

tion problem of firm 2 is thus

max Ty = Pako G2z
P2
&, L -
s.d. Xy = (1+a_+blw @, + bare, )
1

1 + blwla& + bgwlal
whe, - pe]

. 1
[(a+a) +wla1 b
=

Solving for the first order conditions in

terms of p, gives

pe = . -
7 1+ bw'a +hwla;)

wey (a1 +a) e
Pt S+ bl b)) T 2 (2)

Next consider the case in which firm 1 sets
its price, #, higher than p, The resulting
demand faced by firm 1 would be the market
demand for a higher priced(less congested)

service, The first firm solves

max T = P -cx
b2
a, 1 5yl
8.t x = (1+a—+blwd;+bgw a’;)
2
1+ bw'a,+ byl 1

Mata)-= = b #al

th=p.

Solving for the first order conditions in

terms of p; gives

- 1 .
?l h 2(1+blwlag+bzwlag) 'pz
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+

w'a, (a,+a,) 21
S tbwat bwa) T 2 (3)

Suppose that firm 2 sets its price, p,, lower
than #, The demand faced by firm 2 would
be the market demand for a lower priced{more
congested) service, The decision problem of

firm 2 is thus

max g = Pk CoXy
P2

sk, % =(1 +%+ bwte,+ b,
1

) [(41+ﬂz)+

1 +ba (w-w')
T ww P

1 o,

]. + b:wlaﬁ + bzﬂ’zal

1
Wy

’ Pz]
P

Solving for the first order conditions in

terms of #; gives

__ 1l4be (#F-w')
P2 2(1 + bwe'a, + b, ) b

w'ay (a+ap) + & (4)

+ 201+ bwba + bu'te) 2

Given the market demand faced by each
firm, the noncooperative price equilibrium can
be obtained by maximizing f, with respect to

pr and m, with respect to $,[7].

3. Derivation of Nash Price Equilibri-
um

Each firm is assumed to set the price for its
service 5o as to maximize its profit, assuming
that his competitor's price remains constant.
Under this behavioral assumption, the follow-

ing two different equilibria can exist,

Case A !
than #; and firm 2 charges a higher price, po,
than Pl

Firm 1 sets its price, p, lower

Solving for p, and $, in Eqs. (1) and (2)
yields the equilibrium prices, p‘? and p’}

Case B
than #, and firm 1 charges a higher price, Py,
than ..

In this case, solving for $; and p, in Egs,

: Firm Z sets its price, p;, lower

(3) and (4) yields another equilibrinm prices,
#% and 5.

Having obtained two different price equili-
bria, we considet their implications, In general,
two firms may get different profits at the
different equilibrium. This implies that both
firms have an incentive to change their prices
in order to improve their profits. Therefore,
the instability of a ptice equilibrium exists in
a congested market with inhomogeneous user

groups with respect to value of time,



Duopoly Model of a Congested Market 17

4, A Numerical Example

The existence of multiple price equilibria can
be best illustrated with 2 simple numerical
example, It is assumed that a user population
is divided into two user groups, cach of which
has different time values. In this case, let
w' =1 and w* = 2. The user demands and

congestion functions are assumed to be lineat

as follows .
?1 = 10 - 1
7 = 10 - o

71(?51} = arx

(%) = & x,

where a; denotes the congestion coefficient
of setvice j and is assumed to be @, = 1 and

a =2,

The unit cost of providing each service is
assumed to be zero. Suppose that firm 1 sets
its price, py, lower than p; and firm 2 sets its
price, p;, higher than p. In this case, the

market demands, %, and %, ate
_ 1
% =35 (20-35p + 1.592)
_1
w = 5 (20 + pr-3p2)
The resulting equilibtium prices, market

demands, user demands, and profits can be

obtzined as follows @

pto= 37 ri = 1066
p3 = 395 = 52
o= 288 7t = 342
4 - 132 ¢ = 078

At equilibrium A, user group 1 consumes
both services, and user group 2 consumes
high-priced services only,

Another ptice equilibrium B can be obtained
when firm 1 charges a higher price, $;, than
P2 In this case, the matket demands, x and

¥y, ate
% = $(20—2.5p1 + 054)
i
% = 5(20 + 2p -4 $2)

The equilibrium prices, marker demands, user

demands, and profits are

5 = 436 % = 1055
$5 = 358 75 = 572
X = 242 & = 322

£ =16 £ = 08

Thus, two different price equilibria, A and
B, have been found, Firm 1 earns a higher
profir at #7% than p’f , and firm 2 earns a higher
profit at $3 than p‘z‘. At equilibtiom A, firm
2 has an incentive to move to equilibrium B,
However, firm 1 does not have an incentive
to move to the equilibrium B, because firm 1’
s payoff at B is lower than its payoff ar A,

We may argue that each price equilibrium is
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locally stable but globally unstable,

5. Conclusions

In order to examine the effect of competition
on the price-setting behavior of competing
providers, 2 model of a duopelistic market has
been developed. The basic behavioral assump-
tion used in this paper is that of Nash, since
we are Interested in 2 noncooperative price
equilibrium, Given this behavioral assumption,
it has been shown that multiple price equilibria
can exist in a market with congestion. The
existence of multiple price equilibria 15 seen as
a result of user heterogeneity with respect to
value of time,

The implications of such multiple price
equilibria may be summarized as follows. In
general, providers may get different profits at
different equilibrium. This implies that provid-
ers have an incentive to change their prices in
order to improve theit profits, Thetefore, the
instability of the price equilibrium exists in a
congested market with inhomogeneons user
groups with respect to value of time, Two
other possibilities, not analyzed in this paper
are that both providers may collude or merge,
because each provider may threaten the rival
by changing his price, and that the unstable
ptice competition may result in nonprice

competition.

Appendix

This appendix contains the derivation of the
market demand for each service as a function
of prices, p, and p,. Consider only the demand
equilibrium case in which users with higher
time values consume a higher priced service
and users with lower time values consume both
a lower priced service and a higher priced
service. Given two user groups and two

competing firms, two cases are of interest,

Case A © Suppose that firm 1 sets its price,

P, lower than p, and firm 2 charges a higher

price, p,, than P,

In this case, user group 1 incurs the same
user cost for both services and user group 2
incurs a least user cost for service 2. The
corresponding demand equilibrium conditions

are

u1=P1+w1a1x1=pg+wlagxg e (Al)

ﬂ2=?2+wzazx2$_'p1+ﬁ7zalxl b {AZ)
2z

ntm = X (e b wh), reerennenes (A3)

Substituting #' and %’ from Eqs. (Al) and
(A2) into Eq. (A3) and using the relationship
between # and x; from Eq. (Al), we obtain
the market demand funcdons, x; and x; in

terms of ptices, P, and p;

n= ( 1 +%+ blwlal + bngal )-l
F

1
. I:(al'l’ﬂz) 1+b1w a;z‘f’bzwzaz . Pl

wa,
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Lt (utw)

wha,

" Pz] (Ad)

X = ( 1 +%‘+‘ bl'wlaz + bziﬂza'g) B
1

a+a) i

]. + blwlal + bgwlarl .
wlal

$2) . (A5)

Case B © Suppose that firm 2 sets its price,
$2, lower than ) and firm 1 charges a higher
ptice, p, than P,

In this case, user group 1 incurs the same
user cost for both services and user group 2
incurs a minimum user cost for service 1. The
corresponding demand equilibrivm conditions

are
ﬁl = Pz + wl & Xy = P1 + wl an X, (AB)
uz = Pl + w ag Xy = Pz + w2a2x2°°' (A?)
2
X+ %= kz_;l (@ - by ) orereemenerens {A8)

The market demand functions, %, and x; can
be obtained from Egs, (A6), {A7)and (A8):

x=(1 +gl+ bw'e, + bw'e ) b
2

+ byw'a, + e’
: [(mm)_l_ﬂjl_z%b_zj b
+-L . (A9)
va, **

%= (1+§%+ b, + byota,)
1

1+ b (w’-w')

- [(a+a.)+ w'a

.pl

1+ blwlal + bngal .
whoy

2] (A10)
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