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Abstract

The maximum likelihood estimator (M.L.E.) and the Bayes estimators of Fy
(X<Y) are derived when X and Y have a absolutely continuous bivariate
exponential distribution in Block & Basu’s model. The performances of M.L.E.
are compared to those Bayes estimators for moderate sample size.
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1. Introduction

According to the strength-stress model, a component fails when the stress
exceeds its strength. The stress is a function of the environment to which the
component is subjected and the strength of a component that is mass-produced
depends on material properties, manufacturing procedures etc.

Let's consider the strength-stress model in the two component system. When
we consider the dependence among the components that arise from common
environmental shocks and stress, the assumption that the components of systems
have underlying bivariate exponential distribution may be reasonable.

* This work was partially supported by the Basic Science Research Institute program, Ministry
of Education, 1993, F'roject No. BSRI-93-108.
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Awad at al. (1981) derived the Maximum Likelihood Estimator (M.L.E.),
moment type estimator and Mann-Whitney type estimator for P=Pr{ X <Y ] in
Marshall & Olkin's (1967) model. While Kim at al. (1989) derived the Bayes
estimator for P in Marshell & Olkin’s model with identical marginals and derived
the M.LL.E. and Bayes estimator for P in the Freund’'s (1961) model. Park (1990)
derived the Bayes estimator for P in Marshall & Olkin’'s model with nonidentical
marginals.

In this paper we derive the M.L.E. and Bayes Estimators of P when X and Y
have a absolutely continuous bivariate exponential distribution in Block & Basu's
(1974) model with identical marginals and nonidentical marginals and compare the
performance of M.L.E. with Bayes estimators.

In Chapter 2, we study the M\LLE. for P»(X<Y) in the Block & Basu's
bivariate exponential model. We study the Bayes estimators under the
appropriate prior densities and quadratic loss function and weighted quadratic loss
function for Pr(X <Y) in the Block & Basu's bivariate exponential model in
Chapter 3.

In Chatpter 4, bias and mean squared errors (M.S.E.) of each estimator are
evaluated and compared and the conclusion is presented.

1.1 Notations
We introduce the following notations for convenience.
BVE = Marshall & Olkin’s bivariate exponential distribution.
ACBVE = Block & Basu’'s absolutely continuous bivariate exponential distribution.
A=k ot a A
= (Ao, Ay, A1
= (X, Xy, o, Xl
= (¥, Yoy 00 Y
= sum of first component failure times that failed first.

= sum of corresponding second component failure times.

L DR R P
t

" = sum of those first component failure times that failed last.
t." = corresponding second component failure times.
n, =3, I(x; <)
n, =Y Ix;>y)
A" = MLE.of &,.
p"=MLE. of Pr(X<Y).
P" = Bayes Estimator of Pr( X <Y).
E (2) = [ exp(—Hitdt, (argz| <n).
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1.2 Review of Bivariate Exponential Models
The random variables X and Y are said to follow the BVE if

Fx,y) = Pr(X>x,Y>y)

= expi—A:X¥ — A,y — A, max(x, v)} (1.0

where x > 0, ¥ > 0 and A; = 0 with at least one A, positive.

The BVE occupies an important place among bivariate life distributions in that
it has the bivariate loss of memory property and its marginals have the loss of
memory property. Since it is not absolutely continuous with respect to the usual
Lébesque measure, we encounter the situations when it cannot be applied.
Therefore an absolutely continuous distribution which is related to the BVE and
has some of its properties is of interest. The ACBVE is a distribution with such
characteristics.

We say that ( X. Y') has the ACBVE if

—expi-A,x—A.y—Ai, max(x, y)}—

exp i A max(x, y). (1.4

where x>0, v>0and A, >0, 7=0,1, 2.
Equation (1.1) is decomposed into an ACBVE F.(x, y) and a singular

distribution

F.x,y) = exp{—imax(x, v)i.

ie.

— E I e

Ay, — PR
Flx,y) = [ F.(x, y)+ - Fylx, v). (1.4

.
Since the singular component of the BVE is exponential distribution with scale
parameter A(¢ 1) . the marginals of the BVE are mixtures of the marginals of the
ACBVE and ¢(A). So that the marginals of the ACBVE are weighted average of
the marginals of the BVE and e¢(1). Therefore, the ACBVE does not have
exponential marginals. But since Fox+tf y+1)= F.(x. ) F.(t. t) where x, v
and ¢ >0, the ACRVE has the memoryless property.
The density of the ACBVE is as follows;
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} ——l——}:‘k‘—— A FAexpi—A x—(A,F+A,) vy}, ifx<y
fA(x,y) = M (1.4
1 — A (A +A) exp{—(A +2A)x—a,y}, if x>y
A w{» lg

where A,, A, and 2. > 0. Therefore

— [exp {—(A,+A,)t}—exp{—At}] (1.5

} A
Pr(X<Y) ey

for any ¢t > 0.
As an another important bivariate exponential model, Freund (1961) introduced

the distribution having the joint density

jap’ expi—f'y—(a+p—p)xi, if 0<x<y
folx, y) = ) (1.6
'Ba’ expli—a'x—(a+p—a" )y, if 0<y<x

where «, f, & and " > (.
The Freund's distribution does not have exponential marginals and does not
allow the simultaneous failures. But this distribution has the loss of memory

property. Freund showed that

~ M

P o= —rr S lexp {—f' "t} —exp { —(&" + ")t} ] (1.7
a¥+pY—g
maximizes
Lia B.a' . p1x, 3) = (af) " (Ba’)"* - (1.8}
exp i —f't. —(a+p—f )t —a't, —(a +f—a')t, },
S LA N 3V - N S M e . o' M _ n.
where o' = PR PR Py and f t—t,

From Friday and Patil (1977), we know the relationship between parameters «,
B.a', B and A, A, .. The relationship is as follows:

a = A, (1+a, (A 42,07,
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B =2, (1+r. (A, +2a,)7),
a' = AotA (1.9

and
Bl = k| ""“A.z.
If @ > aand g’ >> B, then (1.6) can be expressed as (1.4). In the same manner,
if ' > aand g’ > f. then
Prix<y) = [ [ felx, ydxdy

f, f: falx, y)dxdy. (1.10:

2.MLEsof PriX<Y)
2.1 In the case of identical marginals

Consider a two component parallel redundancy system with each component life
times X and Y from ACBVE. In this case, we have

p=——"—Tlexp{—(a,+ta,)ti—exp{-—-(1,+22,)¢}] (2.1.1:

for any t > 0.
The likelihood function is expressed as follows;

Ll(l(,, A, |)—C ”) = | 7% l(1+li)n<lu+kl )n :

exp {—A, (¢, +t) +t,+t, =, (8, +,) ). 12.1.21

Differentiating the log of the likelihood function partially with respect to A, and
1., and equating the derivatives to zeros, we obtain the following equations;

—n_ ,,,,7?,7,,...., =1, +¢,
l\,+2k\ ll+ 1
and
SR SR IR SR Ta (2.1.3°
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Using the solution of (2.1.3), we obtain that M.LL..LE.s of A, and A, are given as
follows;

iy

_ n(tiv+t:.z"2t1‘2t2/)
b (t\-+_f;»,)(t1r+tg'—t1*tg’)

and
n(3t1+3t2l'—t1’”t2)

-
MO I =t -8 (2.1.4)

By the invariance property of M.L.E., we obtain that M.L.E. of P is given as
follows;

. AN e . . .
PY = -———ﬁg% lexpi—(Ay+ay)tt—exp {—(AM+2aAM) ¢} ] (2.1.5)
for any £ > 0.

2.2 In the case of nonidentical marginals

Consider a parallel system of two nonidentical components based on bivariate
exponential distribution with nonidentical marginals in ACBVE. We have the
likelihood function from Block & Basu. The likelihood function is as follows;

A_ N n Ly
= e ym T -2, 1 . —A, 2,
LAlx, y) = Y I (a=a) T A (A=) ]

exp)'—Aq (t1 -'t))_"l_v (tg, '_tlr)‘_l(tg +t1l)} .

(2.2.1)

From (2.2.1), Block & Basu obtained the likelihood equations as follows;

14 n.
¥ AT e £+,
A A—h, A=A,
n n

BN R +_,,,_1 _ A - t1’_t2

AR, A AR,

and
n UF: (P P

[ { 2 +_,_,4 e ty — t .

At A A—A. '

Since these equations are too complicate to solve, we obtain the P easily by using
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(1.7) through (1.10) only when a> «' and g > . M.L.E. of P is given as follows .

IKJM = “&;9/,— T lexp{—ct}i—expi—(a+b)t}] (2.2.2
Ay 7. 7
e p e T and e o= ——m
where a PR o and ¢ Py

3. Bayes Estimators of P»( X <Y')

3.1 In the case of identical marginals
3.1.1 Uniform prior
We assume a quadratic loss function given by

¢(P.P) = (P -P) (3.1.1
and the uniform prior distribution for (A,, 1,) is as follows;
A, A % g A g Ay (3.1.2

where

g.A,) = -;1- Io. (&), 2,>0 and ¢,>0, =0, 1.

From (2.1.2), (3.1.1) and (3.1.2), we derived the joint posterior distribution of (A,

x.) as follows;

»”

e n o = KL S (e

Cy 6 =
exp A ) HE S Rt )Y (3.1.3
Lo A0 ()

where

L ey el D)
K &= ¢ e SL(Z )(])<2) | (.41, )yt
L o (2 Y2

F A LA R A S D)

&

exp:—clt,+t,) ]
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2n—i-j-k

CQn—i—j+1) N ¢ _
(0t e+t )7 = (R

=L - ‘ U i AN
F2n—i—j-kt1) EXP? ot +t) +t,+t,)0] .

Then the Bayes estimator of P is as follows;

Pt = K(P -P) (3.1.4)
where
L o himh
---------- e ,]:.(",“x )b ffi;i)Z T
(R e, L @un—i—j+1)

L (Lt F 0 T Re—i kD

expi—c (f, 41 )]
and
-l . . ity +i-k
> -1 vty n [ CE+j7+1) _ o
F Z ——:( S L T T L wre T
‘LQiL‘i__l_)_ — f—e (¢ +f. +8)V ] ra 7’1_2._‘]."}‘].)
[(l+]_uk-+]) €Xp Cr]( 1 t) [ (l‘l"*'l,‘ll‘l"tz’*‘t!/—}"zt)“)"'{ o
~:v;‘_\_";/ o Clif'r—zrk (Zn—l vvvvvv ] +1)

— 1+t A+t et TQ@u—i—j—k+1)
exp | —c i+, +t, . +20)5 ]
3.1.2 Gamma prior
Now we consider a gamma prior distribution. The gamma prior distribution for
{A., A,)1s as follows;

g, A g A ) gild (3.1.5)

where

gir) = A" expi—f A, A, >0, ;>0 and $,>0, =0, 1.
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From (2.1.2), (2.2.1.5) and (2.2.1.6), we derived the joint posterior distribution of
(A,, 1,) as follows;

1. (L, A, lx. v) = K, i i(? )(;1 )(%,)f 3 e AP

(3.1.6)
expi—A,(t, +t, b, e, FB)-A () +E, +B,)}
where
1 F(z+]+ao)
(L) — el AR
LM S
- I“(Zn——:z'—jr—tqj_)
(‘tl—*"t1’+"t2_+_tg,+ﬁ1)dn‘zdj-*nl
Then the Bayes estimator of P is as follows;
~ . F1 1 Tli—j+a,)
R [\ ”n- ( ..... - ;,4 — e
ZZ( )( ) (t/'+¢, +ﬁ+t‘
T@un—i-j+a,) +1 1, .
T ICY‘ n (- (3.1.71
(bt +t A Z( )( )G
CTli—jta,) I 2n—i-jt+a,)
At g0 (L £+t o + B +2t) T
3.2 In the case of nonidentical marginals
3.2.1 Uniform prior
We assume a weighted quadratic loss function given by
C(P, P) = wiA)(P — P) (3.2.1)

where w(p =(1, +1.)""" and the uniform prior distribution for A is as follows;
go, Ay, &) 2 gild)) (3.2.2

where

g, = Cl Joo(A), 1,>0 and ¢,>0, i-0,1, 2.
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From (2.2.1), {3.2.1) and (3.2.2), we derived the joint posterior distribution of A as

follows;
TL';(A.|X, ,V) K3H1 ﬁ(,#ii(;‘—élk ) 11 kzﬂl(l«'*‘lz)nl(lﬂ‘*‘h)”z .
eXp{Ml1(t1+t1’)"’lz(t2+tzl)_"la(t1,+tz)}' (323)
ut())(A. )IOrl (A« )ILOrZ ( 2
where

K- LYY SS OO

ititk i+ jtk-m

et | [(i+7t+k+1) ,4_9’ e
(t1'+t:z)H)'+kM =0 (¢ +t )m+1

FQ—}']'{'k”i’l) ) exp{—(tl"i'tz Cu}][ F(Zn—l“l—k+l)

(—1)

r(l+j +k- m+1 (tl +tl' ._[z_tz/ )Zn—/-z-kﬂ
B e F(@n—j~I—k+1)
; (t1+’t1'_tz—‘t3')m+l r‘(2”‘]“l"k"m+1)

exp i~ (t, +t," ~t, —t. )} ]

and
-1 i .
o g T(l=i#1)
HW = ; (t,+1t, ) r{/—i—mt1)
P ’ 1 - ,(_,@E'_)A::"_

expi—(t.+t, )7} ; 2.kt
FET L exp (— (o te (14, i U= 20
g P N TIk ,

H ' = ; i —(—=1)" —(1:( zl [=m) exp{—@,+t,)r}

o () L Ti—l—m) '
_MZT ”(7(/-7]—1-('2 )1—l—m (_l) F(z—l) exp{—(()l +Cz)(t2+tz )}
(-1 (t2_|._t"'):l.i

4+ (-1) TG=D
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LE Wt +t, )ri—E e+t +,)) ] i ((—0)<0

forany 0 <+<¢ +¢..
Then the Bayes estimator of P is as follows;

Pr=Qp Py (3.2.4.
where
i+l *1 +]_ I
_MZ,Z”““( DCEHCH:
| r§¢1~£--%k+l+1ﬁ) "‘"”‘“_5.:”“ “'"_.

N o R

rT{n+tj- Z+1)

I'(n—i+k+I+1) exp l—c (¢ +1. )]

Tn—-1+k+i—-m+1) (¢4
e Cin+s7-0(+1) e

L T T Tk 1 e ima (e

 Tnte—-7—k+2) e & MA]V*HAL,

L. ('IL’_i_I, y/)n*"/'k»l»jz T'f (‘t:2+[;\")méi

C(ndi—j-k+2)
F(nti- j-k-m+2

) expi—c (t.+¢t.)t],

PEYY S IO

i 7T 0

] r(n z+k—+~l+2) nrrz-zHH»Hi C[)u*i*%k‘Hl'm .
(£, 4t )ik e (f)AHt
C(n—i+k+i+2) (n+j— z+1>
F(n- i it T o) EXPi—alt +t D] ] (z‘ 4
o I(ntj—i+1 ‘)
- w(_;i+_t_v)mﬂ r(”‘i“]il"l"l"iﬂ) exp {—c, (¢, +t, )f] '

ntic ik nti-io k-m

[ Cinti-j—kt+1) e .
(t, -+t Fgyrti-imn ,,,L,‘, (t.+¢t, +¢)"

r{éﬁ»jl—z—{kiﬁlin) expi—c. ({.+¢, +0)}]
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Lt ,
R NG TATEDTES

i N l R S C}nﬂ+k-Hl' w
(Lln—itkdite) "y <

(tl +f +_t)nvw+'kH"}’j. s (tl/_l__t!_+_t)m+x :
[(n—itkt+i+2) F(ntj-{+1)
I“(n—z+k+l+ 2 m) exDl +t +t) ]L ([ +f1 +t)n+r 141
‘ni! (1""] i m I“(n+]~—l—+—1)
b (t bt Tlntj=I+1-m)

- r n+l"] k+1) nti- g~k cng: Jkem
—e (¢, +E ~ ,
EXD{ €y 1 1 ) J t +t _+_f)r+l Foktl mZ(:) (fz+t;z/'+l)mﬂ

A L TR A ) exp e (141 01

r
I (

3.2.2 Gamma prior

Now we consider a gamma prior distribution. The gamma prior distribution for
Ais as follows;

g(x) g ag (x)g. (1) (3.2.5)

where
&) =2" "expli—B At A,>0, a,>0 and >0, i=0,1,2.

From (2.2.1), (3.2.1) and (3.2.5), we derived the joint posterior distribution of A as
follows;

ag -1 nqta, ~1 Mo tay ~1
(Alx, y) = K, H, (=R gmp, o Ty
Tl A A, ’

(A, +a,) M A, +a)"E - (3.2.6

exp {——ll (t | +t:' +ﬁ1)'—kg (tz +t2' _f"ﬁ:z)—lo (t1, +t'z +,Bo)}

where

n iy "y wojtay o1 .
o N[ 1 2 —j+ 2 -1 n—j—irag 1
Y Y L (OHOGHEHCTTTE ) o
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B
rii+j+kta,) [ r2n—j—Il-kta +a,—1)
£ AR tt +t —t,—t") ke e T
Zne ity ok Inw gl kmprbey b, b
Y T .
== (t,+1,) —t,—t, )
T(ew—-—j—Il—kta,ta,—1) .
. =ttt )]
T2 G mta, ta 1) P Tttt mh )
and
I—1 . . .
ploio r(/—i+1) B A

i=i=] oy ym-1 S
LT ey B e, 4t )

r(i—-0

o )T : . :
+ (”1)1 o F(Z_‘l) E]{(t/+t)7']l. lf(l—l)<0

for any ~> 0.
Then the Bayes estimator of P is as follows:

Pr =Q(P, - P))

where
T LU L ",
Q= ; 2. ;; i (i )( j ) ( kl)( z)

run—i+k+i+a,) Fn+j7—I{+a)
(£ +t + 4 )n-"H'kJ-/'!a;, (1 ]+t],+ﬁl)wr:¢-nx
I'(n+i-7j—kta,+1)
(£, 40 +p) i

AL S NPT n 7,

IMNn-i+k+i+a,+1) INn+j-l+a,)
no ikt ity (tl"+'t1/‘+‘/)’1)"+’“[“1

(tll_i»tg"i‘ g"+'t)
Clnti—j—k+ay)

fon ok g

N S
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B b

and

n+ i "__1‘ "y +1 ; 1 ,
P-S YT YOG

1
[in-it+k+i+a,+1) Irn+j7j—-l+a)
(0 4B+ B

I'int+i—j—k+a,)
(£t gt

nt -ty

4. Empirical Comparison and Conclusion

Though we obtain the M.L.E. and Bayes estimators of P=Pr(X <Y), the
exact distributions of such estimators are very difficult to derive analytically.
Thus, through the Monte Carlo simulation, we compared the relative
performances of the M.L.E. and Bayes estimators of P. For the generation of
two dependent exponential random variables of Block & Basu's model, we use the
method proposed by Friday and Patil (1977).

4.1 In the case with identical marginals

We consider the bivariate exponential distribution with identical marginals,
A, =1,, in Block & Basu’s model. The estimates of the bias and M.S.E. were
obtained from 1,500 trials and # =5 under the uniform prior distribution with ¢, =
¢, =1 and under the gamma prior distribution with a,=a, =, =4 =1. From
tables 1 and 2, we observe the following facts for the ACBVE with identical
marginals ;

(1) The M.L.E. of Pr(X <Y ) performs better than the Bayes estimators with
respect to bias when the true values of P is not too small.

(2) The bias of Bayes estimator with uniform prior distribution is less than the
bias of Bayes estimator with gamma prior distribution when the M.L E. of P
don’t perform hetter than the Bayes estimators with respect to bias.

(3) The ML.S.E. of Bayes estimators for P is less than that of M.L.E.

(4) The M.S.E. of Bayes estimator with gamma prior distribution is less than
Bayves estimator with uniform prior distribution in moderate value of P.

(5) As Pr(X <Y tincreases, the M.S.E. of Bayes estimator with uniform prior
distribution increases.
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i6) For fixed A.. as A increases, the bias of Bayves estimators decreases initiall,
and then increases.
77 For fixed A,, as A . increases, the Bias of Bayes estimators decreases initially,

and then increases.

4.2 In the case with nonidentical marginals

We also consider the ACBVE with nonidentical marginals. The estimates of
the bias and M.S.E. were obtained from 1,000 trials and »=5 under the uniforin
prior distribution with ¢. =¢ =c¢ =1 and under the gamma prior distribution with

a, =, ca.=f ==/ = =1. From tables 3 and 4, we observe the following fac!s

¢

for the ACBVE with nonidentical marginals;

1) The M.ILE. of Pr{ X <Y) performs better than the Bayes estimators of *
with respect to bias in most cases.

(2) The bias of Baves estimator of P with gamma prior decreases as i
increases for fixed A,., A where{7,.7.,7.!is a permutationof { 0, 1, 2.

13) The Baves estimators of [/ performs better than the ML E. of P with
respect to M 5.E. in most cases,

‘4) The MS.IE. of Baves estimator of P with uniform prior distribution is less
than the M.S E. of Bayes estimator of P with gamma prior distribution.

(]

) The M.5.E. of Baves estimator of P with gamma prior decreases as A
increases for fixed A, =1, 0<< A, <landA, =1, 0<a, <1.
(6) The M.S.E. of Bayves estirnator of P with gamma prior increases as A

increases for fixed A, =1, 0< A =1,
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{ Table 1>

(A, 1) PriX<Y:
0.25 0.25 0.0719
0.25 050 0.1104
0.25 075 0.1424
0.25 1.00 0.1688
050 0.25 0.0907
050 050 0.1254
050 0.75 0.1540
050 1.00 0.1775
0.75 0.25 0.1074
0.75 0.50  0.1385
075 075 0.1640
0.75 1.00  0.1848
1.00 025 0.1219
1.00 050  0.1498
1.00 095 0.1725
1.00  1.00  0.1908

{ Table 2 >

(A,

0.25
0.25
0.25
0.25
0.50
(.50
0.50
0.50
0.75
0.75
0.75
0.75
1.00
1.00
1.00
1.00

0.25
0.50
0.75
1.00
0.25
0.50
0.75
1.00
0.25
0.50
0.75
1.00
0.25
0.50
0.75
1.00
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Estimates of Pr{X <Y )in Block & Basu’s Bivariate Exponential
identical case (t=0.22), n=5

MLE

0.0025
0.0035
0.0038
0.0022
0.0032
0.0034
0.0038
0.0024
0.0035
0.0037
0.0037
0.0030
0.0037
0.0036
0.0040

0.0017

MSE

0.0004
0.0005
0.0007
0.0008
0.0006
0.0006
0.0006
.0008
0.0007
0.0006
0.0006
0.0007
0.0007
0.0006
0.0006
0.0006

0.0005
0.0004
0.0004
0.0008
0.0007
0.0004
0.0004
0.0009
0.0006
0.0003
0.0004
0.0010
0.0004
0.0002
0.0005
0.0012

BE(unif) BE(gamma) MLE

BIAS

BE(unif) BE(gamma)

0.0130
0.0149
0.0133
0.0139
0.0128
0.0157
0.0122
0.0116
0.0124
0.0135
0.0125
0.0179
0.0138
0.0116
0.0116

0.0051

0.0066
—0.0004
~0.0088
—0.0168

0.0092

0.0011
—0.0077
—0.0157

0.0098

0.0014
—0.0072
—0.0153

0.0103

0.0010
—0.0069
—~0.0150

Estimates of Pr(X <Y )in Block & Basu’s Bivariate Exponential
identical case (t=0.44), n=5

PrixX<y

0.1254
0.1775
0.2112
0.2310
0.1498
0.1908
0.2162
0.2300
0.1677
0.1994
0.2179
0.2266
0.1803
0.2041
0.2169
0.2215

MLE

0.0033
0.0038
0.0040
0.0039
0.0036
0.0038
0.0036
0.0037
0.0032
0.0037
0.0036
0.0036
0.0036
0.0037
0.0037

0.0039

MSE

BE(unif) BE(gamma: MLE

0.0007
0.0007
0.0011
0.0016
0.0006
0.0006
0.0009
0.0013
0.0005
0.0005
0.0008
0.0011
0.0004
0.0004
0.0007

0.0010

0.0008
0.0006
0.0007
0.0010
0.0008
0.0004
0.0005
0.0006
0.0006
0.0003
0.0003
0.0003
0.0005
{1.0002
0.0001
0.0001

0.0092
0.0020
—0.0105
~—0.0246
0.0124
0.0015
-0.0128

—0.0053
~0.0201
-------- 0.0334

BIAS

0.0157
0.0099
0.0052
—0.0056
0.0115
0.0043
--(.0013
~{.0090
0.0056
--0.0008
—0.0058
-—0.0142
0.0045
--{(1.0032
-0.0090

--0.0160

0.0039

—0.0128
—~0.0268
~0.0374

0.0038
-0.0131
-0.0257
—0.0342

0.0017
-0.0137
—0.0243
—0.0311
-0.0004
-0.0137
—0.0224

—0.0274

0.0078
-0.0065
-0.0199
-0.0290

0.0101
--0.0051
--0.0169
--0.0233

0.0103
—0.0039
-~0.0132
-0.0170

0.0097
-~0.0021
-—0.0086
--0.0097
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{ Table 3) Estimates of Pr(X <Y )in Block & Basu’s Bivariate Exponential
nonidentical case (t=0.44), n=5

(As A, A.) Pr(X<Y) MSE BIAS
MLE BE(unif) BE(gamma) MLE BE(unif! BE(gamma:
1.00 0.25 025  0.1803 0.0120  0.0018 0.0157  —0.0042  0.0360 0.0682
1.00 0.25 050 0.1256 0.0091  0.0062 0.0104 -0.0118  0.0757 0.0453
1.00 0.25 0.75  0.0965 0.0069  0.0104 0.0077  —0.0124  0.0995 0.0415
1.00 025 1.00 0.0778 0.0059  0.0135 0.0059  —0.0123 0.1145 0.0351
1.00 0.50 0.25 0.2659  0.0170  0.0014 0.0183 0.0053 —0.0320 0.0680
1.00 050 050  0.2041 0.0134  0.0005 0.0120 —0.0209 0.0134 0.0310
1.00 050 075  0.1646  0.0120  0.0025 0.0106 —0.0156  0.0466 0.0284
1.00 050 1.00 01365  0.0098  0.0052 0.0080 —0.0179  0.0703 0.0217
1.00 075 025 03243 0.0166  0.0075 0.0148  —0.0052 —0.0845 0.0468
1.00 075 050  0.2615  0.0173  0.0014 0.0151  -0.0079 —0.0341 0.0340
1.00 075 075 0.2169  0.0144  0.0002 0.0118  —-0.0164  0.0030 0.0210
1.0 0.75 1.00  0.1832 0.0137  0.0012 0.0103 —0.0152  0.0322 0.0135
0.25 1.00 0.25  0.3428  0.0195  0.0070 0.0309 0.0175 -0.0781 0.1201
0.25 1.00 0.50  1.2986 0.0184  0.0042 0.0234 0.0073 —0.0592 0.0735
0.25 1.00 075  0.2620  0.0169  0.0018 0.0178  —0.0064 —0.0365 0.0350
0.25 1.00 100 D2310  0.0160  0.0006 0.0145  ~0.0164 —0.0127 0.0167
050 1.00 025  0.3583  0.0173 0.0117 0.0199  -0.0016 —0.1053 0.0739
{ Table 4 > Estimates of Pr(X <Y jin Block & Basu’s Bivariate Exponential
nonidentical case (1 =0.44), n =5
(A, A, i1 PriX<Y) MSE BIAS
MLE BE(unif) BE(gamma) MLE BE(unif; BE(gamma!

050 1.00 050  9.3057 0.0177  0.0054 0.0176  -—0.0078 —0.0708 0.0440
050 1.00 075  9.2641 0.0181  0.0019 0.0161  —0.0203 -—0.0393 0.0177
050 1.00 1.00  0.2300  0.0158  0.0004 0.0128  —0.0252 —0.0117 0.0044
0.75 1.00 025 03668 0.018  0.0144 0.0170 0.0005 —0.1184 0.0576
0.75 1.00 050  0.3081 0.0210  0.0058 0.0175  —0.00561 —0.0742 0.0341
075 1.00 075 02628 0.0177  0.0017 0.0136 —0.0212 -0.0380 0.0129
075 1.00 100 0.2266  0.0172  0.0003 0.0124  —0.0268 -—0.0074 0.0004
0.25 025 1.00 10721 0.0052  0.0074 0.0037  —0.0081 0.0756 0.0140
0.25 050 1.00 01329 0.0105  0.0042 0.0092  —0.0095  0.0564 0.0192
0.25 0.75 1.00  0.1853 0.0138  0.0011 0.0133  —0.0118 0.0234 0.0192
050 0.25 1.00  0.0754 0.0052  0.0105 0.0054  —0.0081 0.0973 0.0290
0.50 050 1.00  0.1361 0.0107  0.0046 0.0099 —0.0085  0.0630 0.0254
.50 0.75 1.60  0.1868  0.0146  0.0011 0.0125  —0.0064  0.0259 0.0231
0.75 0.25 1.00  0.0772 0.0058  0.0122 0.0059 —0.0100 0.1074 0.0330
0.75 0560 1.00 01372 0.0112 00.0050 0.0095 —0.0102  0.0676 0.0258
(.75 055 1.00 1).1859 0.0145 0.0011 0.0116 —-0.0113 0.0286 0.0201
1.0 1.00 0.0159 0.0002 0.0117  —0.0220 —0.0005 0.0089

1.00

1.2215
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