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Efficiency Loss Due to Censoring for Testing
against a Change-Point in Failure Rate
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Dept. of Statistics, Dongguk University

Abstract

A frequently recurring question posed by researchers concerns a test of a
constant failure rate against the alternative of a failure rate involving a single
chang-point. Park (1988) has presented a new test procedure for testing constant
failure rate against a bathtub shaped (upside-down bathtub shaped) failure rate.
assuming that the proportion of population that fails at or before the change point
of failure rate is known. Jeong (1992) has extended Park’s test to randomly
censored data under the same assumption. In this paper, we have investigated
efficiency loss to the presence of censoring.

1. Introduction

Failure rate has been investigated extensively, particularly in reliability studies
and actuarial science. If the failure distribution F has a density f, the failure rate
function » (#) is defined for those values of ¢ for which F(#) < 1 by

where F(t) =1—F(t) is the survival function. If »(¢) increases monotonically
over time, the life distribution is said to have increasing failure rate (IFR). If
r(¢) decreases monotonically over time, the life distribution is said to have
decreasing failure rate (DFR). If »({) is constant, the life distribution has
constant failure rate (CFR). Another typical failure rate is a bathtub-shaped or
U-shaped function. A life distribution has bathtub-shaped failure rate (BTR) at
rif #is)zr(t) for 0<s<t<rtand r(s) <7(f) forr<s<¢t<ow. Itisa class of
life distributions arising naturally in reliability situations. The BTR testing is
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useful for the many situations [ Guess, Hollander and Proschan, 1986 : Park, 1988].

Recently, Park '1988) presents a test procedure for testing CFR against a BTR
in uncensored data, assuming that the proportion of population that fails at or
before the change point of failure rate is known. Also, Jeong (1992} has extended
Park’s test to randomly censored data under the same assumption. Thev
established the asymptotic normality of the test statistics by the L-statistic theory
and calculated the asymptotic null variances. We are interested in efficiency loss
due to censoring as censoring amount varies. In this paper, we calculate the
efficiency loss due to censoring using their asymptotic null variances.

2. Efficiency Loss Due to Censoring

In this section we study the efficacy loss due to censoring by comparing the
efficiency of Park (1988) test based on T*, for uncensored model with the efficacy
of Jeong (1992} test based on 7", for randomly censored model.

Assuming that = F{1) r = change point, is known, Park (1988) has considered
asymptotic null variance of the test statistic 7, for BTR test as follows.

v u T* - N0, p’el) as n— x,
where g =6 (J. F) = (1/3) — p + p*
Jeong (1992) also has derived asymptotic distribution of test statistic for censored

case using the Kaplan-Meier estimator (1958) and calculated asymptotic null
variance.

Von Ty — N, u?ei(F.H)) as n— x.
where

GHF H) = [ 1=p=2p01., (5B (1= [L(F ()] "ar.

In ¢/( F, H), H is censoring distribution and L'#) =1~L(#) = F()H(#). Also

Bty = [ Ju du
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Since the T'; statistic reviewed in this paper is an extension of the 7' statistic
of Park (1988) to accomodate the censored data, it is interesting to compare the
power of the 7'* test based on » observations in the uncensored case with the
power of the 77 based on ' observations for the randomly censored case. Let F'.
be a parametric family within the BTR class with F, being exponential. Then
we assume the randomly censored data with F =F, and with censoring
distribution H. Consider a sequense of alternatives 0, = 6,+cn ' “(with ¢>0
tending to the null hypothesis, let f,.(6,) be the power of the approximate a—leve!
T*, test based on » observations in the uncensored case, and let $, (6,) denote the
power of the approximate «-—level T, test based on »' observations in the
randomly censored data. Consider »’ = k(%) such that lim £,(0,) = lim g, (6,
where the limiting value is between 0 and 1, and let R =1lim »n/»’'. The value o!
1—-R can be viewed as a measure of the efficiency loss due to censoring. The
value of R is adapted from Pittman’s measure of asymptotic relative efficiency bu:
the interpretation of R must be modified because the tests based on 77 and 7', are
not competing tests in the randomly censored data (7} cannot be applied to the
data arising in the randomly censored model). Roughly speaking, for large # and
BTR alternatives close to the null hypothesis of exponentiality, the T, test
requires #/ R observations from the randomly censored model to do as well as the
T* test applied to » observations from the uncensored model. Since 7' and T
have the same asymptotic means, it can be shown that & reduces to the limiting
ratio of the null asymptotic variance of ' * T to that of »' *T, namely,

R Lo def e (7":» T:‘)

1/3)—p+p:
fnli (]."’D)(l"ZP)[\u.p (l‘)_B(t)]z (]A'"t)it LL(FAl(t))]—Idf

In order to provide a reference point to the amount of censoring, and thereby
facilitate the interpretation of ¢,(7,. TF), we also include in (Table 1) the value
of P,=P(X<T =(14+0)", the probability of obtaining an uncensored
observation when X is exponential with scale parameter 1 and 7 is independent ot
X and has the censoring distribution H.
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3. Conclusion

In this section we have calculated efficiency loss due to censoring ¢, (7. T*
for several choices with parameter p and f. Direct calculations of ¢, (T.. T} s

as follows.

et T,.TH

LU /3)—p+p ]

[[4G =00 =4@2=p) ] @2=0) '+ @—p)- A-p) " =3p+3)1-6) " ]
{Table1 ) el T, 7F) when the censoring distribution is exponential with mean }7
t) , , > | ;
’ ; 1710 174 | 1/3 1/2 2/3 3/4
¢.1 (1.648315 0.499587 ‘ 0.420108 1.273928 0.151924 0.102039
.3 (1.391128 0.299362 0.251875 (.165802 | 0.093764 0.063771
¢.5 0.342224 0.261962 0.220864 (1.146732 | 0.084353 0.057994
.7 (1.583557 0.468691 0.406654 | (.287596 0.177397 0.126704
0.9 {1.891533 0.735026 0.661245 } (1518860 | (.381473 0.311594
! | i i o T T
! Prob. of an 1
| uncensored | _ ]
' obs. i (,909090 0.300000 0.750000 (1.666666 0.600000 (.571428
RSO

Note
that 9 = 0 implies no censoring. The table also shows that when p increases ‘o

{Table 1) showx that as ) decreases, the value of ¢. (T, T} increases.

0.5. the efficiency of 7', with respect to T} decreases and that when p increascs

from 0.5 to 1, the efficiency increases.
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