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Rc-Lindelöf sets and almost rc-Lindelöf sets 

Karin Dlaska 

1n this paper we introduce t he class of rc-Lindelöf sets and the class of 
almost rc- Lindelöf sets which represent a generali zation of the well known 
class of S -sets. We study some basic properties of (almost) rc-Lindelöf 
sets and investigate the relat ionship between (almost) rc- Lindelöf sets and 
(almost) rc-Lindelöf subspaces. 

1. Introduction 

Recently there has been con5iderable interes t in studying covering 
properties of topological spaces involving regular closed sets . 1n [17] 
Thompson in t roduced the class of S-closed spaces which has been ex
tensively studied 50 far (see e.g.[1 ], [11] and [13]). A space (X, T) is called 
S- closed if every regular closed cover of X has a finit e subcover. If we 
replace in thi s definition “every regular closed cover" by “every countable 
regular closed cover" we obtain the important class of countably S-closed 
spaces (also known as countab ly rc-compact spaces [12]) which were intro
duced and invest igated in [5]) . Furthermore, Jankovic and Konstad뻐{I 

[12] defin ed and explored the class of rc-Lindelöf spaces, i.e. spaces in 
which every regular closed cover contains a countab le subcover. Clearly, 
a space is S -closed if and only if it is coun tably S-cl05ed and rc- Lindelöf 
Finally, in [6] Dlaska and Ganster introduced and studied the class of al
most rc- Lindelöf spaces wbich generali zes the cla.ss of rc- Lindelöf space5 
in a naluraJ way. A 5pace (X , T) is said to be almost rc-Lindelöf if every 
regular closed cover of X admits a counlable subfamily lhe union of whose 
members is dense in (X ,T). 

Closely related to t he notion of an S -closed space is the concept of an 
S -set [3]. A subsel A of a space (X , T) is called S-set if every ∞ver of 
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A by regular c이lose해d set“s in (X’π끼T셔)co이ontams 
turned out to be useful in a variety of i따tances (see e.g. [2] , [4] , [9] and 
[15]). 

In the present note the analogous concepts of rc-Lindelöf sets and 
almost rc-Lindelöf sets are introduced and investigated. We study some 
basic properties of (almost) rc- Lindelöf sets and explore the relationship 
between (almost) rc-Lindelöf sets and (almost) rc-Lindelöf subspaces 

For a subset A of a topological space (X , T) we denote the c\osure of 
A and the interior of A by CI A and int A, respectively. The subspace 
topology on A is denoted by TIA. A subset G of (X , T) is called regular 
open ifG = int (cl G). F 드 X is said to be regular c\osed if X - F is regular 
open, or equivalentJy, if F =cl (int F). The famiJi es of reguJar open subsets 
in (X , T) and regular closed subseis in (X , T) are denoted by RO(X, T) and 
RC(X, T) ‘ respectiveJy. RO( X , T) is a base for a coarser topology T, on X , 
called the semi-regularization topology on X. A subset G is called locally 
dense in (X, T) if G is dense in an open set, or equivalentJy, if G 드 int (cl 
G). In [14] Levine called a subset V ç X semiopen if there exists an open 
set U C X such that U C V C cl U. We will denote the set of natural 
numbers by ω and ßω is the Stone-Cech Compactification of ω 

2. Rc-Lindelöf sets and almost rc-Lindelöf sets 

Definition. A subset A of a space (X , T) is called an rc-Lindelöf set in 
(X , T) (an aJmost rc-Lindelöf set in (X , T) , respectively) if for every cover 
of A by regu Jar closed sets in (X , T) there exists a countable subfamily 
that covers A (there exists a countable subfamily the closure of the union 
of whose members contains A, respectively). Since every regular closed 
set is semiopen and the closure of a semiopen set is regular closed the 
following characlerization of (almost) rc- Lin빠öf sets is obvious 

Lemma 2. 1. A 드 X is an (almosl) π Lindelöf 8rl in (X, T) if and only 
σ eve,-y cove ,. {v,‘ i E I} of A by semiopeη sels in (X, T) admils a 
counlable subsel 10 of 1 such that A 드 U{cl 끼 ‘ i E 10} (sμch that A 드 cl 
(U{ V,‘ :iElo})) 

Due to the definitions, (X , T) is an (aJmost) rc- Lindelöf space if and 
only if X is an (aJmost) rc-Lindelöf set in (X , T). Moreover, it is clear that 
every S-set is an rc-Lindelöf set, and every rc-Lindelöf set is an almost rc
Lindelöf se t. The converses, however, are not true as the following example 
shows 
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Example 2 .2. Let R be the real line with the Euclidean topology. The 
set Q of all rationals is clearl y an rc-Lindelõf seL, but it is noL an S-set. 
Furthermore, R is almost rc- Lin뼈öf [6] , but il is noL rc-Lindelöf [7] 

Lemma 2.3. A 드 X is an (almost) ,'c-LindelöJ set i71 (X , r) iJ and only 
υ A is an (almost) rc-LindelöJ set in (X , r,) 
Pmof This follows from the facts that RC(X, r) = RC(X , r,) and that 
for every union o[ regular c10sed sets the r-c1osure coincides with the r ,

c10sure ‘ 

Our nex t example exhibits that if A 드 X is a n (almost) rc-Lindelöf 
set in (X , T) then the subspace (A ,rIA) is not necessarily an (almost) 
rc-Lindelöf space. 

Example 2.4. Since ßω is S-c1osed [17] one easily checks that βω - ω 

is an S-set and t hus both an rc-Lindelöf set and an almost rc- Lindelöf 
set III βι But ß.ω - ω IS 삐ther an rc-Lindelöf space [12] nor an almost 
rc-Lindelöf space [6J 

In order to prove Theorem 2.6 and Theorem 2. 8 Lhe following Lemma 
wiU be very useful 

Lemma 2.5. IJ A is a locallν dense set in (X , r) then 

RC(A , rlA) = {F n A : F E RC( X , r)} 

Theorem 2.6. Let A 드 X be locally deπse in (X ,r). Then A is an 
(almost) ,'c-LindelöJ set in (X , r ) iJ and only iJ (A , r lA) is an (almost) 
rc-LindelöJ subspace. 

Pmof ( =추 ) ‘ Assume t hat A is an rc-Lindelöf set in (X , T) and let {F; 
i E l} be a cover of A by regu lar c10sed sets in (A , r IA ). Then , by Lemma 
2.5, for every i E 1 there exists B; E RC( X , T) such that F; = B; n A 
Since {B; : i E 1} is a cover of A there exists a countable subset 10 of 1 
such t hat A 드 U{B; ‘ i E 10}. Consequently, we have A = U{F,‘ : i E 10} 
which proves t hat (A ,rIA ) is an rc-Lindelöf subspace. In the case that A 
is an almos t rc- Lind elöf set in (X , r) the proof is analogous. 

(ζ=) : Let (A , TIA) be a l1 rc- Lindelöf subspace and let {F; : i E I} be a 
cover of A by regu lar c10sed sets in (X , r). By Lemma 2.5, {F; n A : i E I} 
is a cover of A by regular closed sets in (A , rlA) and lhus there exists a 
countable su bset “ of 1 such that A = U {F; n A : i E 10} 드 U{F; : i E lo} . 
This shows l hat A is an rc- Lindelöf seL in (X , r ). If we assume (A , r lA) 
to be an almost rc-Lindelõf subspace then t he proof is similar. 
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Coro lJary 2.7. JJ (A , 띠A) ;s an open (almost) π-LindelöJ sllbspace in 
(X , η) then (A , r.IA) “ an open (almost) rc-LindelöJ sllbspace ;n (X , r ) 

Theorem 2.8 . Let A and B be sllbsets oJ a space (X , r ) sllch that A 드 
B 드 X and B is locallν dense. Then A is an (almost) ,.c-L;ndelöf set in 
(B ,r IB) iJ and on lν σ A is an (almost) π-Li뼈elöJ set in (X ,r) 

Proof We only consider Lhe case that A is an rc- Lindelöf set. If A is an 
almost rc-Lindelöf set then the proof is simi lar 

( =셔 lf {Fi : i E J} is a cover of A by regu lar closed sets in (X ,r ) 
then A is clearly contained in the union of {Fin B: ; E I} and, by Lemma 
2.5, {Fi n B : i E I} 드 RC( B , r IB ). Thus there exists a countable subset 
10 of ] such t hat A 드 U{Fi n B : i E lo} a nd hence A 드 U{Fi : iE μ} ‘ 
This shows t hat A is an rc-Li ndelöf set in (X , r ). 

( {= ) : Let {Fi : i E J} 드 RC( B ‘ r lB ) be a cover of A. By Lemma 
2.5, for every ; E 1 t here exists Gi E RC( X , r ) such t hat Fi Gi n B 
Obviously, {G‘ i E l} is a cover of A and t hus we can find countably ma ny 
Gi’5 covering A. Consequently, A is contained in the union of counta bly 
m a.ny Fi ’s 

Coro lJary 2.9. Le/. 1'1 and 8 be open sets oJ a space (X , r) such thal 
A 드 B . Th en (1'1 , TIA) is on (alm08t) 1"c-LintielöJ sωspace oJ(8 , r IB) iJ 
anti only iJ (A,r IA) is an (a/most) 1"c-LintielöJ subspace OJ (X ,T) 

Theorem 2.10. If A is an (a lmos t.) ,.c-LintielöJ se/. ;n (X , T) and B E 
RO( X , T) then A n B is an (a lm081) rc-LintielöJ se t in (X , T) 

Proof Suppose that A is all rc- Li ndelöf set in (X , T) and let 1'1 n B 드 
U{Fi : i E J시} 、w‘v써1 
11…n F = u {Fi : i E l }U( X - 8 ) and sin ce (X - 8 ) E RC( X ,r) F is a regular 
closed covcr of A ‘ T hus t here ex ists a coun ta.ble subset 10 of I such that 
A 드 U { Fi : i E 1o} U (X - B ) and consequently A n B 드 U{Fi : i E 10}. 1n 
the case th a.t. A is an a.lmos t rc-Lin뻐。f set in (X , T) lhe proof is an alogous. 

Reca.1I lhal a subsel 1'1 드 X is called O-semiclosed [J3] (O-semiopen , 
respeclively) if A is the inLcrsect ion of regul a.r open se t. s (the union of 
regular closed sets, respecti velyl 

Remark 2. 11 . T he proof of Theorem 2 .1 0 revcals also tha t. if A is an rc
Lindelöf set in (X , r) and B is O-semiclosed then A n 8 is an rc- Lindelöf 
set in (X , T). 
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Corollary 2.12 ‘ i) IJ (X , -r) is an (alm08t) rc-LindelöJ space th en evel'y 
-reglllar open 8et is an (almost) rc-&indelöf sllbspace; 

ii ) If (X , -r ) is π Lindelöf then every 8-semiclosed s l1 bset is an π
Lindelöf 8et; 

iii ) Let A be an (almost) 1'C-Lindelöf sel in (X , -r ) and B E RO(X , -r). 
Then 

1) A n B is un (almost)rc- &indelöf sel in (B,-r [B ); 
2) B is aη (almost) rc- Lin뻐öJ 8et in (X , -r) μB 드 A, 
3) int A IS an (almost) rc-LindelöJ set in (X , -r) iJ A is closed; 
iv) !J (A , -r [A) is an open (almost) rc-LindelöJ sllbspace and B E RO(X ,-r) 

th en (A n B , T [AnB) is an (almost) π-LindelöJ Sllb8pace 

Proof i) follows from Theorem 2.6 and Theorem 2.10. To prove ii) app ly 
Remark 2.11 and let A X . iii ) is a consequence of Theorem 2.8 and 
T heorem 2. 10 and iv ) follow s frolll Theorem 2.6 and Theorem 2.10 

The next result is easily proved. 

Proposition 2.13. Th e 'Ilnion oJ cOllntably many (almost) 1τ- Lindelöf 

sds is an (a.lmost) rc-LindelöJ set 

Theorem 2.14. !J A is an almost rc-Lin delöJ sd ,:11. (X , r) th en CI A and 
in l(clA) are almost rc- LindelöJ sets in (X , T) 

P1'Oof lf F = { 끼 i E J} is a reglllar c10sed cover or cl A then F is also a 
cover of A. Therefore t. herc exists a cOllntable su bramily 10 of J such that 
A 드 cl(U{ F; : i E lo}) and lhlls CI A 드 cl(U{Fi : i E fo}). Since int (c1 A) 
is reglllar open , by Theorelll 2. 10, int (c1 A) is an a lmost rc- Lindelöf set 
in (X , T) 

R emark 2. 15. If A is an rc- Li ndelör set then CI A and int (c1 A ) are not 
necessari ly rc- Lindclöf sets . For inslance‘ consider the real line R endowed 
wilh the Euclidean topology. Then t he set Q of a ll rationals is an rc 
Lindelöf set in R , but cl Q a nd in l (c1 Q) are nol rc-Li ndelöf sels since R 
is not rc-Li ndelör [ï ] 

As an illllllecliate con sequence or Theorelll 2.6 ancl Theorem 2.14 we 
have 

Corollary 2.16. IJ A is an a.lmosl π-LindelöJ se l and B = int {cI A ) th en 
(B , -r [B ) is n.n almos l rc- Li17delöJ subspace 

To prove the nex l resul t nole that ir A is a sellliopen subsel in (X , T) 
an cl B 드 A is sellliopen in (A , -r [A) then B is selll iopen in (X , -r ). 
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Theorem 2.17. Lel A be a subsel of space (X , r) and lel G = cl A. If 
A is an opeη almosl rc-Lindelöf sel in (X , r) then (G , rlG) is an almost 
rc-Lindelöf subspace. 

Proof Let G = U{끼 : i E I} whereevery V; is semiopen in (G ,rIG) . Since 
G is regular closed and thus semiopen in (X , r) , every V; is semiopen in 
(X , r ). By Lemma 2.1, there exists a countable subf라nily [ 0 of [ such that 
A 드 cl(U{μ : i E [o} ) and consequently we have G = clG(U{ 끼 :iE1o}) 
This shows t hat (G , rlG) is an almost rc-Lindelöf subspace 

Remark 2.18. Note that Theorem 2.17 is not true if we replace “alrnost 
rc-Lindelöf" by “ rc-Lindelöf" . For example, consider Isbell’s ψ [10]. Then 
ω is an open , dense rc-Lindelöf set in ψ ， but cl ω is not rc-Lindelöf since 
ψ is not rc- Lindelöf [6] . 

Recall that a space is said to satisfy the finite (countable) chain con
dition, abbreviated FCC (CCC), if every family of nonempty, pairwise 
di해oint open sets is finite (countable). In [4] it has been shown t hat a 
space sat isfies FCC if and only if every subset is an S-set. The next result 
points out that spaces satisfying CCC may be charaderized in terms of 
almost rc- Lindelöf sets. 

Theorem 2.19. Th e following are equivalenl: 

i) A space (X , r) sat isfies CCC; 

ii) Every open subse l is an almosl rc-Lindelöf set in (X , r) ; 

iii ) Every dense subsel is an almosl π-Lindelöf sel in (X , r ). 

PToof Apply Proposit ion 2.8 in [6] and Theorem 2.6 and the resu\t follows 
imrnediately. 

ln concluding this note recall t hat Ganster [8] has defi ned a space to 
be strongly s- regular if every open set is the union of regular closed sets 
(i.e. every open set is O-semiopen). Furthermore, a space (X , r ) is called 
almost Lindelöf [16] if every open cover of X admits a coun lable subfamily 
the union of whose members is dense in (X , r). The following observat ion 
is easily proved 

Proposition 2.20. [f a space is strongly s -regular lhen evel'y π Lindelöf 
sel is a Lindelöf subspace aπd evel'y almosl rc-Lindelöf sel is an almost 
Lindelöf subspace. 
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