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FUNCTIONS TO SOME CYCLOTOMIC 

CONGRUENCES 
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1. Introduction 

Let p be an odd prime and ( be a fixed primitive p-th root of unity 
Then take the number A(T) = n섣(날f in the p디me 띠otomic βeld 
Q( () over the rational Q, where T is even , 2 ::::: T ::::: p - 3 

Then Washington [5J proved the following theorem by making use of 
theory of p-adic L-functions, more precesely speaking, by Leopoldt ’s for­
mula for L p( l , x ). If there exists q E Z, the rational integer ring, with 
A(r) 三 q (mod p) , then p divides the Bernoulli number 8 p - 1- r . Conversely, 
if pIBp_ ,-r, then there exists q E Z with A(r) 프 qP (mod p(l - (J2) 

The first half of this assertion was proved by Thaine, as was remarked 
by W‘Na잃shington. Sim깨lilar“Iy’ another co이ngrue밍nκce of Tha머iηne was proved by 
p- adiκc logar끼it바t야hms 

1n the present note we shall sho、w that the congruence of Thaine can be 

also deri ved by making use of a form뼈to Leopoldt ’s formula. Here the fun ct. ion Gp(s , x) means the interpolating 

funct ion for the Euler numbers [2] 
Let B(r) = n;':-1' (a + bψ)’ ， where a, b are rational integers . Then the 

theorem of Tbaine is stated as follows. Let 1 ::::: T ::::: p - 3 and suppose 
p ,j'ab(a + b) . If there exists q E Z 、、 ith B(r) 三 q (mod p) , then 

힐γ ’(감때 (mod p) 
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Conversely, if this congruence holds , there exists q E Z with B(r) 三 qP 
(mod p(l _ ()2) ‘ 

Hasse [1) treated already these numbers above in the left hand side, 
and incleecl usecl the polynomials 

Jm (t) = εjm-1 f1 (m=2 ,"', p-2) 

T hus by Hasse’s notation we can rewrite the above congruence such as 
Jp- 1 - ，(감 ) 三 o (mocl p). ln the following we show that these numbers 
coincicle just with the Eu띠l니ler m띠1u따um마] 
from a s잉1m떼n미l니p미)le p미)1'00아fo이f the theorem 0이fTηh빠때aine can be gi ，、 en by ma삶ki…mg use 
of the formula for Gp (1, x) 

vVe are able to discuss these cyclotomic congruences from the view 
point of the classical K ummel ’s logarithmic differential quotients, namely 
from the stanclpoint of ex plicit reciprocity laws. This methocl gives us 
more various assertions 

2. Euler numbers and p-adic zeta functions 

Let x be a Dirichlet character with the conductor J and μ be an al 
gebraic number ￥ 0, 1. Then we cl enne generalized Euler numbers H;(u) 
belonging to μ as follows ‘ 

느쓰f Fl 선암칸한;r fIx(U)X 
u 1 낌 e1X - ,,1 

1n the case where x is the principal chara.der XO the generalized Euler 
numbers H;o(u) are the ordi뻐y Euler numbers Hn(u) belonging to μ [2) 

Then we ha、 e for a.ny n > 0 

파7Hn(μ)= 김χ) 승( i)퍼맨n(때) 
- uJ X J ,=l i u‘f J 

where (1 mean s a primitive J-th root of unity ancl T(X) denotes lhe Gauss 

sum, namely 'L{=t x (i)야 
Let Qp( () be the p-adic prime cyclotomic fielcl with the p-a.dic valuation 

11 50 normaJizecl as Ipl = p-l. The prime icleal in the ring of integers of 
Qp( () is c1enoted by þ. Hereafter we assume that the pa.rameter u sa. tisfies 
the condition 11-u1PP

I 즈 1 for a.ny p E N U {O} , the set of nat ur a.l numbers 
ancl 0 
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Let fo denote the p-free part of the conductor f and define a p-ad ic 
mea.sure μu on t he additive group of t he ring 

by 

X = lim_ Z/ fpP Z 은 Z/ foZ x Zp 

’‘ fpP-a 

dμu ( a + pP f Zp) = 슴과; (0::; a ::; fpP - 1) 

Then we ha.ve an analytic fun ction on Zp 

Gp(s,u ,x) = L < Z > - s x(z)dμu(x ), 

where X ' mea.ns t he unit group of the ring X and t he measure dμu(x) 
is induced on X ‘ by the additive measure above, and < x > denotes t he 
principal unit in the canon ical decomposition :r = ω(x) < x > with t he 
Teichmüller chara.der w as usual 

Furthermore, in the case U‘ p) = 1 it hold s t hat 

T(xl./-
Gp(s , u , x) = 7-ε X(i)Gp(s , 띠， l 

Herein t he fun ct ion Gp(s, u) is the funct ion , which in terpolates the ordi­
nary Eu ler nllmbers [21. T hll s it yields that for a ny n 즈 O 

Gp ( - n , ll , xw") = 그L띠(u) - x(P)pn」rL딱( uP ) 1 -u1 Oß >.. \~. J A\ r Jr 1 _ tl P! 

By the way, we know the p-ad ic zeta func lions aìtached to the Lubin­
Tate formal groups defìned ovcr Z p of height one. Shortly below we give 
their propert ies. which we lI se in the seq llel 

Let F(X , n E Zp [ [χ Yll bc a Lu bin-Tate grou p with height one and 
eF( X ) the exponential series of F , 샤(X) the loga디thm so normalized 
that thcir leading coe ffÎcienls are bolh eqlla l to one. Let 0 be t he integer 
ring of lhe comp lel ion of the algebraic closure of the p-adic rationals Q p. 
For any meromorphic power seri es h(X ) E O((X ))X we define a system of 
numbers Bn(F,h) by 

X h'(eF(X) ) ιB(태x 풍 효꾀E꾀 yn 
샤(eF(X))h(eF(X)) 섬 n! “ 
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Then there exists a locally analytic function (p(s , F, h) such that at any 
positive integer m 三 o (mod eod) we have 

μ(l - m , F, h) = -￡{Bm(F， h) - pm-쐐 

where eo = p - 1 or 2 according as p is odd or 2, a nd d is a certain divisor 
of p - 1, and fin a lly N denotes t he Coleman ’s norm operator ‘ 

For any Dirichlet charader x with conductor J and fo r any series 
h(X) = n{=l h;(X ) with arbitrarily given h;(X ) E O((X ))X we can define 
the most widely generali zed Bernoulli numbers and p-adic L-functions by 
setting 

e B(F.h.X)X = X센l仁넌넨二걱괴l브l 효한침샅싫i치싸째(i에i샤)맴e엉엠엠멜뺀B마따빠빠(F.κ따F.재샤씨’끼ι시hι씨. ) 
T서(x치) ‘.=터 I 

x( -1 ) 아 
Lp(s ,F,h,X) = A>_~I L X(i)(p(s ,F,h; ). 

T(f) : 

Because we have, in t he case where F is the multipli cative group Gm , 

-묘_pH(u)X _ u _ ~p-B(Cm.h(이)X 
1-u eX- u X -

wi t h h(u)(X) = X + 1 - u-1 we see for any m :::: 1 

난고Hm-l (u) = (-l )m￡Bm(G싸 

From the definition of Coleman ’s norm operator , namely 

Nh(U) 0 [p]cη (X ) = II (X + cm (("- I ) + l- u- J
) 

v::::O 

= II W(X + 1) - u-1
) = (X + l)P - u- p , 

and lP]Cm( X ) = (X + I )P - 1 we have 

Nh(U )(X ) = h(uP)(X) , na mely N(X + 1 - u- 1 ) = X + 1 - u-P 

Therefore we have 

많;H’n- l (UP ) = (- 1 )념 Bm(Gm ， Nh(u)) 
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By noticing d = 1 in the case of the multiplicative group Gm we see 
consequently for any m 프 o (mod eo) 

.. P 
(p (1 -m,Gm ,h(U)) = -{τ二-Hm-l(u) -pm-Ir二-:-.; H m - ' (uP)} 

’ 1 - U 1 - u'" 

On the other hand the function -Gp(S, u, ω-1) is a continuous function 
having the same interpolating property, and hence we obtain 

(p(S , Gm , h(u)) = -Gp(S , u ， ω 1) , 

In general , from the definition the function Lp(s ‘ GmJILl h(u<;), x) lMer­
polates at S = 1 - m , m 三 o (mod eo) the numbers 

.. . 1 .. ,pJ 
-냥감H;-'(U) - pm- 1X(p)난감7H’n-1(UP ) 

and hence we have 

Lp(s , Gm , (X + 1)' - U', x) = -Gp(S, u , xω- 1 ), 

By making use of t he formula for Lp(1 , F , h, x) [4] we have especially 

Theorem 1 , 1t holds that 

r(x) ..!-- ,- f ' \ L _1 , , - 1 , - ; \ r(x).!-Gp(1 ， u ， Xω- 1 ) = T할(i) log( 1- u- '(ï') 了활(I)ilog(l-u-pr) 

P l'Oof We ha.ve only to rema.rk the formula 

Lp(1 , Gm , (X +1)'-u • ', x ) = :::.디꾀l낀센l낀l t한파k치(에I샤싸) 
f ~티 l 

In pa.rticul a.r we see in the ca.se 1'1/ 

T(x) f 
Gp (l ， u ， xω→ l ) = 「「ε X(i) log(1 - u- 1(ï ’) 

Corollary , In I he case whe1'c x = ω-， with r 줄 o (mod l' - 1) ψe have 

r(ω- ' ) ~ Gp (1 , u ， ω-r-l) = -;-εω'(i) log( l - u- 1Ç-;), 
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Now , ‘,ve have from the defini tion 

L.(1- (p - 1- r) ,Gm , (X + l)P一 u-P， ω→) = -Gp ( -(p - r - 2) , u ， ω-r-1 ) 

=난고W-r- 2 (u) 

Moreover, from the continuity of t he fun ction we see 

Lp(l , Gm, (X + 1)P - u-p ， ω- r ) 프 Lp(I - (p -1- r) ,Gm, (X + I )P - u- P ， ω-r) 

(mod p), 

and hence we oblain 

(ω-r) -!-
p 활(i) log( l - u-1C') 三 T감w-r-2( u) (mod p) 

Theorem 2. For a때 integel' 0- E Z p, 0- 폼 0, 1 ψe have 

(ω”) P - - Q l 
wr

( -1)τ 활(i) log(l+o-(C' - l )) = (o-- I)W-←2(τ) (modp) 

Proof It s u뻐c ies to sel u = 원 111 미le above 

3. Cyclotomic congruences 

、w‘v따! 

As in lntroduct ion we take a number 8(r)(0-) = nf，긴 ( 1 + 0- ((’ - 1 )끼)f ’F 
r 

He밍rell1 .,. IS ally ratμ~ l O이11…l“‘a녀I i 11따lιlege윈r suc이마h tμ마h at 1 :S l' :S p - 3. Then we see at 
once that t his number is a represenlative of lhe coset containing 1 + o-( (- 1' 
in the Takagi decomposition of the unil group U modulo the subgroup UP 
of p-th power of it. 

Here we know and can easily vcrify the foll ow ing congru ence, which is 
a special case of Stickelberger theorem. Let fP be the primc idea1 in the 
field Qp(() as before, namely fP = (( - 1). Then we have 

(( - 1) r I ' r+ 
r(ω ’ ) 르 --τ「→ (mod fP

r+l
) 

By Theorem 2 together with log( 1 + 0-( (' - 1)) 三 o (mod fP2) we ha.ve first 

logB(rJ(o-) = εlog( 1+o-((‘ 1) ) 三 εωr(i) log( l+o-(Ç- l) ) (mod fPp+ l ) 
1= 1 t= 1 
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Namely we have 

log B(')(O') 르 ω '( -1 ) _ 1 P_. , (0' _ 1 ) W-'-2(으二l) (mod p2{p-I)-r) 
(ω-') 

For 1 으 r :::; p - 3 we have consequently 

log B(r)(O') 三 w-' ( -l )，간:-;-;-(0' - 1) W-'-2(으二l) (mod pP+1 )· 
-r (ω '") , -- -, -- Q ' 

Thereîore we see from these that 

log B(')(O') 三 o (mod p"+I) , which is equ ivalent to B(')(α) e UP, 

yields HP-' -2(렌) 三 o (mod p'+2). Because the number HP-' -2 (띈) E 

Zp this concludes 
HP-r-2성-r←까r-냐-2깎2 

Co이nvιv’e rse리Iy’ if the last congruence holds then we have directly the congru­
ence log 8 (')(0') 르 o (mod pP+1) 

Thus we obtain finallv 

Theorem 3. Let B(' )( O') = m~i (1 + 0'((‘ - 1))’. with 0' E Zp ,O' 좋 0, 1 
(mod p) , 1 < r < p - 3. It is necessal'y a뼈 sufficie nt for the num­
beT 8(')(0') to be a p-th ]1owel', namely 8(')(0') 三 1 (mod pP+ 1) that 
HP-r-2(똥 ) is divisible by p 

We rema rk t he numbers B(')(O') come ou t from the Fermat equat ion 
As [0 1' the number .4(') in Jntroduction it is a lso a representative of a coset 
in the Ta kagi decomposit ion of t he multiplicative group Qp (()X modulo 
the su bgroup Q p(()XP 

From t J.e generat ing funclion of t he Euler numbers H n(u) it follows 
readily that for any m 2 1 

μ씨싸싸(ω에싸u띠) =휠§jfnm‘「닝돼-카바댐1닝념u퍼) 딴늑니니{(H川”……빠(1ωκψuι꾀j끼-니까l 

If the numbers 11"(u- ’ ) are p• adic in tegers for 0 < n :::; m - 2 then we 
have the congruences 

’’p 
f m(u ) 둡I뉘낸(1 -카11ι션펴lιπ꺼-p치pη)ν川}μj m- 1바(“u- 1 ) (씨매( r끼(m빼] 

'J I P _ 1 

== : Hm
-

1(u- 1
) (mod p)‘ 

U-1 
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ln the case where u E Z ; , U i' 1 we have u' 三 u (mod p ) , and Hm-l (U- 1
) 

(1 :S m :S p - 1) a re a ll p- adi c integers. Hence we obtain for a ny m 즈 l 

fm(u) 르 H m- 1(u- 1
) (mod p) ‘ 

This is wha.t we have mentioned in lnt roduclion 
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