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AN APPLICATION OF p-ADIC ZETA
FUNCTIONS TO SOME CYCLOTOMIC
CONGRUENCES

Katsumi Shiratani

1. Introduction

Let p be an odd prime and { be a fixed primitive p-th root of unity.
Then take the number A" = ?;;(%%)‘T in the prime cyclotomic field
Q(¢) over the rational Q, where r is even, 2 <r < p — 3.

Then Washington [5] proved the following theorem by making use of
theory of p-adic L-functions, more precesely speaking, by Leopoldt’s for-
mula for L,(1,x). If there exists ¢ € Z, the rational integer ring, with
A =4 (mod p), then p divides the Bernoulli number B,_;_,. Conversely,
if p|B,_1_,, then there exists ¢ € Z with A" = ¢* (mod p(1 — ()?).

The first half of this assertion was proved by Thaine, as was remarked
by Washington. Similarly, another congruence of Thaine was proved by
p-adic logarithms in [5].

In the present note we shall show that the congruence of Thaine can be
also derived by making use of a formula to G,(1, x), which is a similar one
to Leopoldt’s formula. Here the function G,(s, y) means the interpolating
function for the Euler numbers [2].

Let B() = ':—:11((1 + 6", where a, b are rational integers. Then the
theorem of Thaine is stated as follows. Let 1 < r < p — 3 and suppose
p fab(a + b). If there exists ¢ € Z with BY") = ¢ (mod p), then

e g —b..
ZJ’””""(—)} =0 (mod p).
i=1

a
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Conversely, if this congruence holds, there exists ¢ € Z with B(") = ¢*
(mod p(1 — ¢)?).

Hasse [1] treated already these numbers above in the left hand side,
and indeed used the polynomials

p—1

fm(t)zzjm—ltj (nga"'!p_z)'

Thus by Hasse’s notation we can rewrite the above congruence such as
fr1=(Z2) = 0 (mod p). In the following we show that these numbers
coincide just with the Euler numbers which were treated in [2], and there-
from a simple proof of the theorem of Thaine can be given by making use
of the formula for G/,(1, x).

We are able to discuss these cyclotomic congruences from the view
pont of the classical Kummer’s logarithmic differential quotients, namely
from the standpoint of explicit reciprocity laws. This method gives us

more various assertions.

2. Euler numbers and p-adic zeta functions

Let x be a Dirichlet character with the conductor f and u be an al-
gebraic number # 0,1. Then we define generalized Euler numbers H7(u)
belonging to u as follows:

-1 .
1 —uf {2 x(a)erXul—e _ HJWX
wf efX —uf '

a=0

In the case where x is the principal character x° the generalized Euler
numbers H7(u) are the ordinary Euler numbers //"(u) belonging to u [2].
Then we have for any n > 0

ud

) 1 Lo .
WHX(U) = fT(X)t;X(?)

1 — ug}

where (; means a primitive f-th root of unity and 7(y) denotes the Gauss
sum, namely .7, x (@)

Let Q,({) be the p-adic prime cyclotomic field with the p-adic valuation
|| so normalized as |p| = p~'. The prime ideal in the ring of integers of
Q,(() is denoted by g. Hereafter we assume that the parameter u satisfies
the condition |1 —uf?"| > 1 for any p € NU{0}, the set of natural numbers
and 0.

H"(u),
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Let fo denote the p-free part of the conductor f and define a p-adic
measure g, on the additive group of the ring

X =lim_Z/fp’Z = Z/foZ x Z,

fpP—a

1 — ufr®

du(a+p’fZ,) = (0<a< fp*—1).

Then we have an analytic function on Z,

Gylssux) = [ < 2> x(@)duu(a),

where X™ means the unit group of the ring X and the measure dpu,(z)
is induced on X* by the additive measure above, and < x > denotes the
principal unit in the canonical decomposition r = w(z) < =z > with the
Teichmuller character w as usual.

Furthermore, in the case (f,p) = 1 it holds that

T(X)
[

Herein the function G,(s,u) is the function, which interpolates the ordi-
nary Euler numbers [2]. Thus it yields that for any n >0

f .
X(0)Gp(s, uly).

1

Gp(s,u, x) =

ul uPf

v My n. o R AL n, P
Gy(—n,u, xw") = l—ufH‘(u) x(p)p l_quprx-(“ )-

By the way, we know the p-adic zeta functions attached to the Lubin-
Tate formal groups defined over Z, of height one. Shortly below we give
their properties. which we use in the sequel.

Let F(X,Y) € Z,[[X.Y]] be a Lubin-Tate group with height one and
erp(X) the exponential series of F, Ap(X) the logarithm so normalized
that their leading coefficients are both equal to one. Let O be the integer
ring of the completion of the algebraic closure of the p-adic rationals Q,.

For any meromorphic power series h(X) € O((X))* we define a system of
numbers B,(F, k) by

Xh'(ep(X)) — BIFR)X _ o~ Ba(F,h)
Ne(ep(X)h(er(X)) 2

n=0

X",

n!
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Then there exists a locally analytic function (,(s, F, k) such that at any
positive integer m = 0 (mod epd) we have

(1= m, F,h) = —{Bn(F,h) — p™'e™ B,.(F, Nh)},
m

where eg = p— 1 or 2 according as p is odd or 2, and d is a certain divisor
of p—1, and finally N denotes the Coleman’s norm operator.

For any Dirichlet character y with conductor [ and for any series
h(X) = [T, hi(X) with arbitrarily given h;(X) € O((X))* we can define
the most widely generalized Bernoulli numbers and p-adic L-functions by
setting

¢BFRX)X _ Xf&l)) zf: () eB(F.h.)X,
] f
Ly(s, Fohox) = 52 3 5o, Fo).
=1

Because we have, in the case where F' is the multiplicative group G,,,

_% Hwx _ Y _l_e-B(Gm.hM)x
1-u eX —u X

with A (X) = X 41 —u~! we see for any m > 1

u

H™ Y (u) = (—1)"‘iBm(Gm, R()),

1—u m

I'rom the definition of Coleman’s norm operator, namely

h-]
I
—

N o [plg,(X) = JI(X +6,. (¢"=1)+1-u"")

<
I
=]

I
=

(X +1) =)= (X + 1) —u,
1

T
I

and [plg,.(X) = (X +1)? — 1 we have
NAM(X) = A™)(X), namely N(X +1 —u ) =X +1—-u"".

Therefore we have

H™ () = (=1)™= By (G, NA™),
m
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By noticing d = 1 in the case of the multiplicative group G,, we see
consequently for any m = 0 (mod eg)

1~ mavah(u)) =

()~ P B )],

u

On the other hand the function —G,(s,u,w™") is a continuous function
having the same interpolating property, and hence we obtain

C:D(Sa Gma h(u]) = —GP(S, u,w_l)‘

In general, from the definition the function L, (s, Gm, [T/, h("(}), x) inter-
polates at s =1 — m,m = 0 (mod €p) the numbers

u! m—1 upf Hm—l P
" u) —p x(p)l_u,,,Jr (u”)

and hence we have
LP(S‘G‘m?(‘Y + l)f - ujv X) = _GP(S,u, prl)'

By making use of the formula for L,(1, F, h, x) [4] we have especially
Theorem 1. [t holds that

L
-

Gp(l,u,xw =

7) log(1 logl u™P(; )

Proof. We have only to remark the formula

—~

L,(1,Gay (X411 —u~1 %)

(2){log(1—u~ C;‘)——log(l w7}

i..—_I

In particular we see in the case p|f

.

Go(1,u, xw™)

x(2) log(l — u']Cf ).

Corollary. In the case where y = w™ withr Z0 (mod p — 1) we have

G,(l,u,w™™ )

Zw )log(1 — w™1(7).
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Now, we have from the definition

gl = (p—1—-7),Gus (X + 1P —u",0™) = —Gp(—(p—r— 2),u’w—r-1)

= ————H" "),

1l —u

Moreover, from the continuity of the function we see

Lp(ls Gma (‘}( + l)p - u—p,w—r) = Lp(l - (p SR r):\Gm-’ (‘Y 4 1)19 - u_—p,w-r)
(mod p),

and hence we obtain

T(L;)_r) ;w"(g) Iog(l = u_l(:_i) = ¥ i qu—r—Z(u) (mod P)

Theorem 2. For any integer a € Z,, o # 0,1 we have

—T

b~

w (— 1 Z (i) log(1+a(¢™'—1)) = (o-—l)H”_r_z(aT_l) (mod p).

Proof. It sufficies to set u = =1 in the above.

3. Cyclotomic congruences

As in Introduction we take a number B™(a) = [T°2; (1 + a(¢' — 1))*
with the parameter a € Z,, a # 0,1 in the prime cyclotomic field Q,(().
Herein r is any rational integer such that 1 < r < p — 3. Then we see at
once that this number is a representative of the coset containing 1+a({—1)
in the Takagi decomposition of the unit group U/ modulo the subgroup U7
of p-th power of it.

Here we know and can easily verify the following congruence, which is
a special case of Stickelberger theorem. Let p be the prime ideal in the
field Q,(() as before, namely o = (( —1). Then we have

{6 — 1)

rw)= - : (mod p"t1).
(-
By Theorem 2 together with log(1 +a(¢* —1)) = 0 (mod p?) we have first
i P
log B")(a Zlog (1+a(¢—1)) = > _w(i) log(14+a(¢'—1)) (mod p"*!).

i=1 1=1

Il
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Namely we have

a— 1

log B (a) = w™"(-1) (a — 1)HP¥

) (mod *P~17),

(W)

For 1 < r < p — 3 we have consequently

log B (@) = w"(=1)—L (a—l)H”"'z(Q;l)(mod PPt

)
Therefore we see from these that
log B (a) = 0 (mod pP*!'), which is equivalent to B")(a) € U?,

yields H”""z("—;l) =0 (mod ¢"*?). Because the number HP~"%(2=1) €
Z, this concludes
a—1

HP™ ) =0 (mod p).

Conversely, if the last congruence holds then we have directly the congru-
ence log B (a) = 0 (mod p**').
Thus we obtain finally

Theorem 3. Let BT (a) = [172)(1 + a(¢* = 1)) with @ € Z,,a # 0,1
(mod p), 1 < r < p—3. It is necessary and sufficient for the num-
ber B (a) to be a p-th power, namely B (a) = 1 (mod pr*+!) that
Hp=r=2(2=1) is divisible by p.

We remark the numbers B()(a) come out from the Fermat equation.
As for the number A") in Introduction it is also a representative of a coset
in the Takagi decomposition of the multiplicative group Q,(¢)* modulo
the subgroup Q,({)**.

I'rom the generating function of the Euler numbers H"(u) it follows

readily that for any m > 1

p—1

1 —u!

p—1 _
fm(u) =2 j" 7' = {H@™) +p)" ™ =B (W),
3=0

If the numbers H™(u™') are p-adic integers for 0 < n < m — 2 then we
have the congruences

u?

fm (1) p— l(l —u")H™ ' (u™") (mod p)
= I::’__ll H™ Y(u™") (mod p).
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In the case where u € ZX,u # 1 we have u? = u (mod p), and H™ ' (u™")
(1 £m < p—1) are all p-adic integers. Hence we obtain for any m > 1

fm(u) = Hm_l(u-l) (IT]Od p)

This is what we have mentioned in Introduction.
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