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ON POWERS OF RADICALS

Richard Wiegandt

In a recent paper [1] Yu-lee Lee defined the square 72 of the Jacobson
radical J and proved that J? is again a radical class. It is the purpose of
this brief note to prove that such an assertion is true for all powers of all
radicals and to determine explicitly the powers of radicals.

It is well known that the class ¢ of all idempotent rings is a radical
class. Let p be a radical class and

o = {Al(p(A)) = A}
for k =2,8,-5%

Theorem. For any radical class p the class p* is a radical class, and it

holds

k 2

Proof. (p(A))* = A implies also p(A) = A, and so p¥ C p? C p. A
straightforward reasoning (or a verbatim quotation from the proof of [1])
shows that the class p* is homomorphically closed. Thus, if A € p* then
also AfA? € p* and so

AJA? = (p(AJA)) C (AJAR = 0.
Hence p* consists of idempotent rings which proves that p¥ C pN¢. Con-

versely, if A € pN« then (p(A))* = A¥ = A, whence pN ¢ C p* for each
b=23.-x
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Since the intersection of radical classes 18 again a radical class, the
proof is complete.

Notice that the Theorem holds true also for not necessarily associative
rings (with the usual interpretation of the powers).

A few consequences of the Theorem:

1) If t C p then p* =4, and if p C ¢ then p* = p.

2) If p contains a non-simiprime idempotent ring, then p* is not hered-
itary, because A € pNi = p* and A contains an ideal [ # 0 with I? = 0,
whence I ¢ p*.

3) If p and 7 are radical classes and A is an idempotent ring and
A € 7\p then p* # 2. In particular, since a simple idempotent Jacobson
radical ring is not locally nilpotent (cf. [2] Proposition 22.5 and Example
32.7), and since there exist simple primitive rings without unity element,
for the Levitzki radical class £ of all locally nilpotent rings and for the
Brown-McCoy radical class G the relation

EQQJ?QQE

holds where 7 denotes the Jacobson radical class.
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