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ESTIMATION OF ROOTS OF PERTURBED 
POLYNOMIALS BY NEWTON’S 
INTERPOLATION FORMULA 

Young Kou Park 

ln this paper, we wiU derive some results on the perturbation of roots 
using Newton ’s interpolation formula. ln addition to obtaining some new 
results in this area, we give a new proof of an important classical theorem 
of Cauchy on bounding the roots of a polynomial. A nd using well known 
absolute root bound functionals , we also compare our results with those 

obtained by Ostrowski [9] by giv때、Vilkinson's polynomials . 

1. Introduction 

In the practica.l work of solving polynomi a.l equations, the values of the 
coeffìcients are usually rounded off, i.e., replaced by approximate values 
Gautsch i [2] approached the problem by deriving a condition number to 
measure the sensit ivity of the roots with respect to smal1 perturbation in 
coeffìcients of polynomials. Another approach is to consider the round 
off of the coeffìcients as a continuity problem and to use the geometry 
of the complex plane. In our work we will approach the problem on the 
perturbation of roots with the aid of Ne‘,vton ’s interpolation formula and 
Rouche’s Theorem , For more references on this approach , see [10, 13] 
And then we will app ly the obtained results to the followi ng problem; 

Find disks at given points containing all roots of a polynomial. Finally 
we give some numerical experiments with Wilkinson 's polynomials for the 
results. 

2. Definitions and some known results 
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The set of all complex numbers is denoted by C. ßy B(zo, p) we sha lJ 
always mean the closed d isk of radius p centered at Zo . U S is any bounded 
set in C , its diameter is given by 

dia(S) = SU P，ι’Es(lz - z’1) 

Some known resu lts from the theory of the di vided differences can be 
found in Milne- Thornson [까 

D e finition 2.1. Let p(z) be a polynomia l in the complex variable z. The 
fir st divided di fTerence of p(z) is denoted by p [zo ,zd and defined by the 
relation 

p( zo)-p(z,) p[zo, zd ï \ -U / . \ -1 1 

Zo - Z} 

The wth dlVlded d ifference IS dc6ned by InductiOI1 ln tel mth o ne by the fo rmula 

(2.1) z’‘] - p{ZO ,', Zn-2 , Zn-d 
p[zo ,' .. , Zn] = 

ιn ιn- 1 

Lemma 2.2 [7] 

r p(z) 
p[ZO' 써 =~ I 

π1 ι (z - zo) .. . (z - zn) 

where the points Zo , ‘ , zn lie inside the contour r 
By Callchy ’s in tegral formllla, we have the fo llowing estimate; 

(2.2) Ip[zo ,'" ,znJl ::; ~SUP'ED(lp(n)(z) lJ， 
n! 

where D is a ny convex region in t he complex pla ne, containing Zo,"', zn 
For n + 1 coincident arguments Zo, we obtain the eqllality 

(2.3) 、

이
 

z ( 이
 

l 

얘
 
n 

= 1 

시
 이
 

? ‘ o z r 

때
 

If p( z) is a polynomial of degree n , t hen by Newton ’s interpolation 

formllla, p미(μz샤) ca뻐n b야e reconstrllcted II비lln씨n…1니띠，(씨싸때q…ψlμ센II삐l 
d이ifferen따ce않5a따t Zoι’ , z“n a잃s f，삐o이씨110α‘WS‘.vs녕5 : 

p(z) = p[zo] + p[zo , zd(z - zo) + .. . + p[zo, " . , zn](z - 20) ... (z - zn-d 
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For more information and references to these di scoveries, see [ï ]. 
For p(z) = zn + bn_1zn- 1 + ... + b1z + bo wit h roots qJ, ... ,qn, u(p) is 

defi ned by 

u(p) = M AX(lq‘1). 

J( “’ill denote the class of monic complex polynom ia ls of degree n , i. e., 

J( = {p ( z) : p( z) = zn + bη 1Zn -1 + ... + b1z + 110 , ea.ch bi E C} 

A root-bound fu n ctio때 (rbf ) on J( 、‘ ill be a rea l function a.l M such 
tba. t M(p ) ~ u(p) for all p(z) E J{ 

Definition 2.3 . A rbf M on ]{ such th a.t M (p) = M (iJ) whenever p(z) = 
z" + bn_1zn- 1 + ... + b1z + 110 , p( z) = zn + Cn _1Zn- 1 + .. . + C1Z + co with 
Ic;l = 1시 ， 0 :::; i :::; n - 1, is called an absolute rbf on ]( 

Remark 2.4 [3 , 6, 14 ]. By Ca.uchy's T heorem t he unique positive root Zo 
of the equat ion; 
(2.4 zn - Ib,‘_l lzn- 1 _ ... -Ibo l = 0 , 

이 Ib’‘- il is an absolute root bound fun ctiona.1 and clearly 1\11 AX1<i<nl\,/ '-"-"] is an 
V O: i 

애timaI abso lute rbf on κ and e뼈 to Zo if we choose O:i = ~챔니 

For any p(z) , (f zn) E f{ , we denote the correspo nd ing Zo as B (p) = Zo 
a.nd a lso defin e B(zn) = 0, t hen B is t he best a.bsolute rbf of all a.bsolute 
rbfs. While B is opt imal, the pos itive root Zo of the equation (2 .4) can ' t 
be easily calcul a. ted. Therefore, othe r more comp utab le absolu te rbfs a re 
wide.ly used. ì'iext we give examplcs of absolute rbfs which are well -known 
from the li lerature . 

Let p(z) = zn + bn_1zn- 1 + ... + b1z + b。

ε I b;l if ~ J 

1) Q(P) = i=O 

if < 1 

2) R (P ) = M 1 N (R 1(p)‘ R 2 (p)) , whereR1(p) = MAX (I , ε I bil ) ， R 2 (p) = 

M AX (1 + Ib1 1, ... ,1 + Ibn - 1 1, 1 에). 

3) S(p) = 2M AX { I씨， 따피‘ ’ n싸1 ， 쐐} 
4) T (p) = M AX {2Ibn - 1 1, 2붉뉘 1 '" ， 2밥，업} 
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Remark 2.5. Van der Sluis [14) showed that for the absolute rbf S, S(P) ~ 
2B(p) for all p(z) E ]( and hence S is nearly optimal among all abso\ute 
rbfs 

We derived the following abs이ute rbfs H (p) and L(p) in [10, 11) that 
in the sense of the maximum overestimation factor , are better than the 
nearly optima\ S( p) and that in particular, H(p) is nearly equa\ to the 
best abso\ute rbf B(p) , see [10 , 11) for more detai l. 

Lemma 2.6 

H(p) = h늄M AX1~j~n(폐ζi) 
L(p) = 핍MAX{lbn _ 1 1 ， 낸꾀， 2빠펴" .. ， 2빠} 

3. Estimation of Perturbed roots 

We first introduce the f，이\owing resu\t which is c10sely related to our 
research on the perturbation of roots. The proof is found in page 221 of 
Ostrowski [9) 

Theorem 3.1 [9). Let p(z) = zn + bn_1zn- 1 + ... bo with 1"0015 q" ‘ , qn , 
p(z) = Zn + Cn_1Zn-1 + ‘ + eo with 1"00lS ih , ... , íin. 

(3.1) Lel p(n) = 꺼 ε Ibi - c;lm ’ , ψheπ m = MAX (lq‘], 내1) 

Then the 1"00ts qi a.nd qi can be orde,'ed ;n such a way thal 

Iqi 끼| 5 dm(Cl) - p(n), I = l , - , n , 

whe ,-e. ci is the conneκCμtαed cωom찌n띠째ponen띠t con띠l“tω띠a따!nlllg q이’ oJU미:;누 IB ( qι‘ã ， P이(n띠))， anμ띠 d I 
@ψ’ !s tμ띠he pe윈，.ψ‘ 

T되heo야rem 3.2. Lei p(μz) zn + bn_1zn- 1 + ‘ + bo with mols q" ‘ ’ q 
T서(μz긴) some po이lωνnorrl，1. a띠1 0에'J d값eg，'ee ~ n - 1,’ b피(z긴)=z감n+c“n-카l Z상n-카1+ ... + eo 
with mots q, ‘ ,iln. IJ k(n) is th e positive 50lution oJ the equation; 

(3.2) kn - Ir[qdl- I때"q，)I k _ . . . - Ir[q" ... ,qn )l k’‘ -1 = 0 

then 
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(1) p( z ) aηd jí( z) have the seme number of roots, counting multiplici 
ti es, in each connected component of the rτgion G = Ui~ IB(q; ， k(n)). 

(2) If C; is the connected com1'onent of G coπtaining q‘’ then 

(3.3) Iq; - <1;1:::; dia(c‘ )-k(n) , i=l ,"' ,n , 

where <1; is the perturbed root of q; for each i. 

Proof By Descarte’s rule of signs [3,12J we know that the equation (3.2) 
has only one positive solution. Suppose k(n) is the positive solution of the 
equation (3.2). For Ó > 0, let us set G, = Ui~ ， B(q;; k(η) + ó). For all z 
on the boundary of G6 we have 

Iz - q;1 즈 k(n) + ó > k(n) for all i 

Newton ’s interpolation formula gives 

r( z) = r[q,J + r[q" q2]( z - qd + ... + r[q ], ... ,qnJ( z - qd ... (z - qn- ,) ' 

By using the fact that 

|r[qdl + Ir[q" q2J Ilz - q,l + ... + Ir[q ], ..• ,qnJ Ilz - q,1‘. 'Iz - qn-,I 
Iz - Qll ... Iz - qnl 

is a decreasing function of Iz - q;l > 0, we have, for all Z on the boundary 
of G" 

Ir( z) 1 

Ip(z) 1 

< 1r[q,JI + Ir[q" q2JI(k(η) + ó) + ... + Ir[q" . .. ， q씨 (k(n) + 8)"- ' 
(k(n) + 5)" 

< 
|r[qdl + Ir[q" q2J Ik( n) + ... + Ir[ql' ... , qnJ Ik( n )n

k(n) n 

From Rouche’s Theorem, we see that 1'(z) and jí(z) have the same number 
of roots in each connected component of G6 , where G6 is the interior of 
G6 . Since 5 is arbitrary, we can see that 1'(z ) and jí(z) have the same num 
ber of 1'Oot8 , counting multiplicities, in each connected component of G. 
Moreover, f1'Om the well known fact tha\ the 1'Oots of a polynomial are con
tinuous functions of the coefficients, the conneded component containing 
q; has also 따 perturbed root q‘ This proves the first statement (1) 
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For the second part (2) , if C; is the connected component containing 
q;, t hen from the above proof the perturbed root íj; of q‘ lies in c; . 50 we 
see that Iq; - íj;! ::; dia(c;) - k(n) because C; is the union of some closed 
disks of rad ius k(n) 

As a corollary of Theorem 3.2 , we will derive Cauchy’s Theorem on 
bounding the roots of polynomial 

Theorem 3.3 . Let p( z) = zn + bn_1 zn- 1 + ... + bo. 1μ(n) 싫 the posμ!ve 

solution of the equation; 

(3 .4 ) kn = Ibol + 1 1시 Ik + ... + Ibn_dkn- 1, 

then all roots of p(z) lìe in the disk 8 (0, k(n)). 

Proof 5uppose that k(n) is the positive solution of the equation (3 .4). 

From Theorem 3.2, let us set p(z) = zn and r (z) = bn_1zn- 1 + ... +b1z+bo. 
5ince each coefficient b; r[O , . .. , 이， the number of 0 in the bracket is 
i + 1, by (1) of T heorem 3.2 we ca n see that 8(0, k(n)) contains all roots 
of p( z) 

Remark 3.4. (1) Let qn be the largest absolu te value of the roots of p( z ). 
Then the est imate p(n ) in T heorem 3.1 increases as 1씨 Ìncreases . How
ever, the pos itive solution k(n ) of t he equation (3 .2) does not change when 
Iqn 1 does increase because r [q1' Q2 , ... ， qn- 1 ， 씨 = r [qt, q2" " ， qn- l ， q~] for 
any qι 

(2) Theorem 3.1 says tha.t beca.use of t he l /n exponent, the bounds 
between q; and q; are weal‘ in general for sma l1 perturbing polynomial 
r(z ). 

(3) If k(n) is the posit ive solution of t he equation (3 .2) , then from the 
following example, we can see t hat t he est imate Iq‘ - ii;! ::; k( n) does not 
hold in general 

Consider p(z) = z(z - O.OI)( z + 1.8) with roots q1 = 0,q2 = 0.01 ,Q3 = 

- 1.8 
Now take ,.( z) = - 1, then p( z ) + r( z ) = z(z - O.OI )(z + 1.8) - 1 with roots 
q1 ~ 0.6446, q2 ~ -1.2174 + 0.2637i, q3 ~ - 1.2174 - 0.2637ι 

From t he equatio l1 (3 .2) , we get the positive solu tion k(3) = 1. There
fore it is impossible to get Iq; - ι 1 ::; 1 because Iq2 - ii21 = 1.2554 > 1 

Application of Theorem 3.2 



Estimation of roots of Perturbed polynomials 21 3 

If p( z ) = zn + bn- 1 zn-l + ... + b1 Z + bo is given , t. hen for any given t-points 
a ], .•. ,ai in C , we can find disks B( ai , p) such that t he union of all disks 
B (ai ,p) contains all roots of p( z ) 

Let us consider p(z ) = Z4 - 12z3 + 40z2 - 20z + 24 with roots 

0. 1710 + 0.8062i ‘ 0.1710 + 0.8062i, 
5.8290 + 1.l649i , 5.8290 - 1.l649i 

When 0 and 5 are given, we want 1.0 find k( 4) so t hat B (O, k( 4 ))U B (5, k( 4)) 
con t.ains all roots of p(z) . To apply Theorem 3.2, choose p(z ) = z2(Z-
5)2 = z. - 10z3 + 25 z2, then 

r (z ) = p(z ) - p(z ) = _2 z3 + 15z2 
- 20z - 24 

F'rom 

r [이 = 24 , r [O페 = 20, r[O , 0, 5] = -5, r[O , 0, 5, 5] = 2, 

、ve get the following eqllation hy (3.2 ); 

e - 2e - 5e - 20k - 24 = 0, 

‘vhich has the positive sollltion 

k(4) "" 4.4 3, (k(4) "" 5.43 by rbf (S(p)) 

Therefore , all roots of p( z) lie in 8 (0,4.43) U B(5‘ 4 .43). 
As background on th is problem, we may consider t he Gershgorin disk 

theorem. 

< Gershgorin Disk Theorem [4, 14] > 

Let A = ( a ij) be a complex mat ri x of order n and define the absolute 
n n 

off-diagonal row and col llmn sums by Tk = ε lakj I and Ck = ε lajkl, 

j #k j # 

respectively. F'or k = 1, ‘ . ,n , set Rk = {z : Iz - au l :S: rd and 다 = {z: 
Iz - aul :S: cd. Then 

(1 ) lf .\ is any eigenvalue of A, then .\ E Ck for some k and .\ E Rj for 
some J ‘ 

(2) Each ∞mponent of t he set Uk; 1 RdUk;I Cd contains as rnany eigen
values of A as points aii 



214 Young Kou Park 

To apply the Gershgorin Theorem to the above problem, we need to 
fìnd a matrix A so that the charaderistic polynornial of A = (a; j) , a;; E 
{a1 , ... , a,} for each i, corresponds to 

p(z) = zn + bn_1Zn- 1 + ... + b1z + &0. 

However, there is little hope that such a matrix can be easily calculated 
unless all a; = o. Bu t , as a specia.1 ca.se we note th a.t p( z) = zn +bn- 1 Zn- 1 + 

+ b1 Z + bo is the charaderistic polynomial of the matrix 

0 l 0 0 0 
0 0 1 0 0 

A= 

0 0 
-&0 -b1 -bn _ 1 

Using the Gerschgorin Theorem, we have the a.bsolute rbf R(p). 

4. Numerica l R esults 

ln this sedion we give some numerical experiments with 、，v ilkinson ’s

polynomi a.ls for the results obtained in section 3. And using well known 
absolute rbfs, we also compare our results Theorem 3.2, with Theorem 3.1 
。btained by Ostrowski [9]. 

We note t hat the positive solution k(n) of (3 .2) ca.마 be ea.sily ca.lcu
Ia.ted. J-Iowever, we can fìnd an approximation of k( n) by using previously 
discussed root bound functional s (rbfs) of polynornials. 

(4 .1 ) Let k( n) be a root bound of the equ a.tion (3.2) obtained 

by using absolute rbfs. 

In order to apply (3.1 ), we in troduce a wa.y to fìnd a convenient es 
timate of p(n) a.s follows ; Let ih = M AX (M (p), M (P)}, where M is an 
absolute rb f. 

(4. 2) 5et p(n) = ~I ε [b‘ - c‘1m;. 

50 we have 
Iq; - q;[ :S dia(c;) - p(n) , i = 1, . .. ,n, 
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where Ci is the connected component containing qi of U~，B(q‘’ p(η)). 
Let ω(z) = (z • 1)(z-2) .. ‘ (z - n) and r(z) = O.002z’녀 And set 

(4.3) 8(n) = MAX(lqi - 떠). 

Let us recall that k( n) is the positive solution of the equation; 

(4씨 kn - Ir[q,ll -Ir[q" q21l k - . .. - Ir[q" .. " qnl W-' = O. 

And recall that 

(4.5) p(η) = ,1 ε I bi - cdm‘, where m = M AX(lqd , I,W 

Then we obtain the following numerical results 

Table 

Numerical experirnents “ ith wilkinson ’ s polynomial 

deg w (z) p (n) p (n) k(n) k(n) ð(n) 

6 1. 580 6 .0 90 0.787 1. 180 0.278 

7 2.182 9.801 1. 142 1. 700 0.754 

8 2.837 10.58 1. 572 2.555 1.100 

9 3 . 575 14.78 2.075 3.386 1. 539 

10 4.449 27.52 2.655 4.195 2 .071 

11 5.408 35 .77 3.314 5.332 2 . 651 

12 6.453 45.23 4.044 6 . 569 3 . 279 

13 7 . 581 55.93 4.854 7.900 3.955 

14 8 . 793 67 .90 5.740 9.325 4.680 

15 10.09 8 1. 41 6.704 10.84 5.491 

20 17.76 17 1. 3 12.67 20.67 

~ _ 1’ For r(z) -2 "-'ZP , 

20 10 .92 없
 

3 
w ” ” ” “ ” “ 

” ” 
이
 ~~떤 
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( Note that to obtain the ITÙnimal estimates , we used the absolute rbf 

S(p) for k (n) for n 2 8 , and R ( p ) for n = 6 , 7 , and used L (p ) for ji (n) ‘) 

References 
[1) J. B. Conway, F. ’‘ctions 0/ one Complex Variable , 2nd ed ., Springer-Verlag, Ne\\' 

York , 1978 

[2J W. Galltschi , Queslions oJ Nunw'Í cal Con dilion relaled 10 polynomials, MAA 
Studies in NlImer ical Analysis , VoI.24(1984) (Gene H. Golub , ed.) , The Math응 
matical Association of America, 140-177 

I씨 P. Henrici, Appl때 and Compu lational Complex Analysis, Vol.i , John Wiley and 
50ns, 1974 

[4J L. J ohnson and R. Riess , N.merical A !l alysís, 2nd ed. , Addison-Wesley Pub. Co. , 
1982 

[5J r . M. Larkin , Root Fi !l ding by Divided DífJeπ!l ces ， Numer. Math. 37(1981) , 93-
104 

[이 M. Marden , Th e Geometry 01 the Zeros 01 a Polyn omial in Complex Variable, 
A.M .5. Math . 5urv . 111 , Ne아， York , 1949 

[끼7끼J L. MiI삐e-←T꺼ho。이on뼈1 
don , 1933 

[8J R. G. Mosier, 11001 NeighbOl'hoods 01 a Polynomíal, Math. Cornp. VoI.47 (1986) , 
265-273 

[9J A. M. Ostrowski , 501.lions 01 Eq.atíons and 5ysl.ems 01 Equations, Academic 
Press , New York and London , 1960 

[1이 Y. K. Park , Ph .D. Thesis , 0" Pertm'batíon and Location 01 Ilools 01 Polynomíals 
by Newton ’'5 mte 1ψolation lorrn.la, Oregon 5tate University, 1993 

[11J Y. K. Park , On Roo l bounds oJ Polyno míals, submitted to proceeding in Nu mer 
Math 

[I 2J G. Polya, G. Szegö, Prob/ems and Theo rems in Analysís 11, Springer-Verlag, New 
York , Heidelberg ßerlin , 1976 

[I 3J V. Tulovsky, 0 .. perlurbations 01 Roots 01 Polynomials, J ournal 0 ’analysis Math 
em itique , Vol.54 ( 1990) , 77-89 

[I4J A. Van der Sluis , Upper bonnds lor Rools oJ Polyn omials , Numer. Math. 1 5( 197이， 

250-262 

[15J J . H. Wilkinson , Rounding En'Ors in Algebraic Process, Prentice- Hall , Englewood 
Cliffs , N.J. , 1963 

OEPARTMENT OF MATHEMATJCS , Y EUNGNAM UNJVERSJTY, OAEDONG 214-1 , Ko
REA 


