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LITTLEWOOD-PALEY FUNCTIONS ON 
GROU PSOFHOMOGENEOUSTYPE 

Choon-Serk Suh and Yoon Jae Yoo 

1. Introduction 

Let G’ be a group of homogeneous type which is a more general setting 
than Rn. Then t hese groups form a natu ral habitat for extensions of 
many of the objects studied in Euclidean harmonic analysis. In 1985, R.R. 
Coifman, Y. Meyer and E.M. Stein [1] introduced the tent spaces on the 
upper half-space R'ì.+l which are well adapted for the study of a variety of 
questions related to harmonic analysis and its appLications. In this paper, 
we will develop the theory of t he tent spaces on G x (0, ∞)， which is an 
analogue of the upper half-space R'ì.+1

. T he purpose of this paper is to 
show that t here is a connect ion between the tent spaces T!( G x (0, ∞)) 
and the atomic Hardy spaces H:,(G) for 0 < p ~ 1. To do thι we shall 
cons ider the operator κ(J) defined on T!(G x (0, ∞)) for 0 < p < ∞， by 
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、이lÎ ch \’ is an appropriate Littlewood- Paley function defined on G 

2. Terminologies and notations 

Let G be a topological group endowed with a positive measure μ on 
G. Assume that d is a pseudo-metric on G, i.e. , a nonnegative function 
defined on G x G satisfying 

(i) d(x ,x) = 0; d(x ， ν) > 0 if x ￥ y, 
(ii ) d(x ,y) = d(y ,x) , and 
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(ii i) d(x ,z ) :S 1< [d(x ,y) + d(y,z )], where 1< is some fìxed constant. 
Assume further t hat 

(G1 ) for p > 0, the balls B (x ,p) = {y E G : d(x ,y) < p} form a 
bas is of open neighborhoods at x E G, and that μ satisfì es the doubling 
properly 

(G2) 0 < μ [B(x ， 2p ) J :S Aμ [B(x ， p) J < ∞， wbere A is some fìxed 
constant . Fi na lly we assume that μ is left-invariant: 

(G3) μ (xE) = μ (E) for each x E G and a ny measurable set E C G, 
and 

(G4) μ(E- ' ) = μ마(E) ， 
’ 

(G5야) d is le f“t-이깨Jnva、 
Tben tbe trip le (G, d, μ ) is ca lled a g1"OUp of homogeneous type. Let 
(G, d, μ ) be a group of homogeneous type. Then, for p > 0, an auto­
morphism 6p of G wh ich is call ed a dilalion on G is assumed to satisfy 

(2.1 ) μ [6p ( E ) J = pnμ (E) 

for some fìxed posit ive integer n and any measurable set E c G 
Jt is known that d is left- invariant if and only if 

d( x ,y) = Ix- 1yl , 

where I . I is a nonnegative fun ct ion on G satisfy ing 
(i) Ix l = 0 if and on ly if x = e, 
(ii ) Ixy l :S 1< (l x l + Iy l) , where f( is some fì xed constant , and 
( i“ ) Ix- 1

1 = Ixl. 
For detail s see [5J 

For x ,y E G, and p > 0, the set 

B (x ,p) = {y E G : Ix- 1y l < p} 

is ca.lled tbe ball centered at x E G with a radius p. Now consider t he 
space G x (0, ∞) ，w h ich is called the llppcr half-space over G. For any 
a > 0, and x E G, t he set 

f o(x ) = { (ν ， t ) E x(O, ∞) : Ix-1 yl < at} 

is called the coπ e of apert ure a w hose vertex is x E G ‘ For simplicity, we 
put r(x) = f ,(x ) 

For any closed subset F C G , and any a > 0, let R(<>)(F) = UxEFf o(x) . 
For simpl ici ty, we pu t R(F ) = π(1 ) (F) . Let 0 be an open subset of G 
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which is the complement of F, 0 = FC. Then the tent over 0 , denoted 
by T(O ), is given as T(O) = π(Fy 

For a funclion f denned 이1 G x (0‘ ∞) ， we define a functional A(f), 
for x E G , by 

[ t rF . \1 2 dμ(y)dt ' lI A(f )(x) = [L . 1 .f (y ， t) lr~~:~ -- ]11 
“r( x) L''' ' 

T hen the tent space T t( G x (0, ∞)) is defined as the space of functions 
f on G x (0, ∞) ， so that A(f ) E LP(dμ) when 0 < p < ∞ Define 
IlflIT," = 11 씨.f) l lp . The fund amental principle is that these spaces have 
an atomic decomposition. Here we will deal with Tf( G x (0 ∞)) for 
o < p < 1. A function a(x , t) defined on G x (0, ∞) is said to be a 
Ti -atom if 

(i) a (x , t) is supported in the tent T (B ) for some ball B in G, and 

(ii ) {펴 JT(B) la(x , tW렉뷔1/2 :<; [μ (B)]- I /p 
ote that the constant C 、，vi ll be used without any explicit explanat ion 

throughout this paper , 

Lemma 1 ([8]). There exi따 a constant C so that if f E Ti( G x (0 , ∞)) for 
o < p :<; 1, then the7'e exisi a sequence {Qj} of Ti -atoms, and a sequ ence 

{시} of positive numbers such that 

If( x , t )1 :<; ε시aj(x ， t) , and ε객 :<; C I IA(f)11응 
3=1 )= 1 

We are now going to introduce the atomic Hardy spaces associated 
with a group of homogeneous type G. For 0 < p < q, p :<; 1 :<; q :<; ∞ a 

function a( x) defined on G is said \0 be a H : -atom if 
(i) a(x) is supported in some ball B in G, 

(ii ) {펴 JB la(.>:) Iq dμ (x)}'/q :<;μ (B)]-I/p if q < ∞， or I la l l∞ < 
{μ ( B)]-1/P if q = ∞， 

(iii ) JGa(x)dμ(x) = 0 
ln lhe present se tting we introduce an appropriate space of linear func­

tionals in order to define the atomi c Hardy spaces. In order to do this, we 
introduce the Lipschitz spaces L:,, (G) , a > 0, cons isting of those functions 
1 on G for which 

II (x) - 1(y)1 :<; C[μ (B )]。 ’ 

where B is any ball containing both x and y and C depends only on 1. 
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We now define the space H:;' (G) for 0 < p < 1 :::: q :::: ∞， to be the 
subspace of the dual .c:(G) of .c,, (G ), where a = 1/p - 1, consisting of 
those linear functionals h which admit an alomic decomposition 

h= ε 시aj， 

where t he a j ’s are H: -atoms, t he 시’s are posit ive numbers, and ε얻I 샤 < 
∞ The infimu m of ε품l 객 t aken over all such decomposit ions of h is 
denoted by I l h ll H함 T hen R.R. Coifman and G. Weiss [4] show that 
H짧(G) = H감∞ (G) 、이lenever 0 < p < q < ∞. Thjs enables us to define 
the atomic Hardy space H:,(G) for 0 < p :::: 1, to be any one of the spaces 
H멈(G) for 0 < p < q :::: ∞， 1 :::: q 

A function ψ defined on G is said to be a Littlewood-Paley funclion 
provided it sati sfi es the following properties: 

(2.2 a) ψ has a compact support in the unit ball , 
(2.2 b) Iψ( x) 1 :::: C(1 + Ix l) -( n+이 for some a > 0, 
(2.2 c) JG Iψ (xy) - ψ(x) l dμ (x ) :::: C lyl~ for a ll y in G and some "f > 0, 

and 
(2.2 d) JG ψ( x )dμ(x) = 0 
For t > 0, we de f1 ne ψ， by 

싸 = C
n 7þ 0 0'/ t> i.e. , Z
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Let f and 9 be measurable functions defined on G. Then the convolution 
J * 9 of f and 9 is defined by 

J*g(x) =k f(ν)g(y- 1 x) dμ(ν) = k J(τν -l)g(y ) dμ (y) 

for a ll x such that the integral exists. For ψ as in (2.2), we consider the 
operator κ(f) defì l1ed 011 T;( G x ( 0 ， ∞) ) for 0 < p < ∞， by 

f∞ dt 
κ(f) = Jo J( .,t) * ψtτ (2.3) 

3_ Main results 

Lemma 2. Suppose 1 < P < ∞ Let J E Tj(G x (0, ∞)) and 9 ε 

TnG x ( 0，∞) )， wilh 1/ p + 1/ ])' = 1. Then we have 

J 따i(?)dt J lJ (y, t )g(y, t ) l -rτl:::.. :::: C;: ' 1_ A(J)(x)A(g )(x)dμ(x ), 
Gx(O，∞) . t .. J ( 
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ψhere Cn is the vo/ume of the unit ba l/ 

Proof Suppose 1 < p < ∞ Let f E Tf(G x (0, ∞)) and 9 E Tt(G x 
(0 ，∞))， with l/p + l/p' = 1. Then it follows [rom Schwarz’s inequality 
that 

kx뼈 dμ(?)dt If(ν ， t)g(y ， t)1 

[ r[ __ \ l rI _ ... '-1 _ ~ \， dμ(y) dt 
= C;: ' JG [jGX(O ，∞) XB(y t)(x)lf(y, t)g(yJ)|수rldμ(x) 

{ , { Irf ，.，，-， _，，， dμ(y)dt 
= c.낀; l L[마Jq떠r야만} 
= 강， k A(J) (x)A(g) (x)dμ(x ), 

where Cn is the volume of the unit ball, and XB(ν ，，) is the characteristic 
function of the ball B (y , t) of radius t centered at y. Thus 

1x(0 =\ If(y , t)g(y , t)ldl-'( ‘ Gx(O ∞) If(y , t)g(y , t)1딴맏 C;:' k A (J )(x )A (g)(x) dl-' (x) , 

which completes the proof 

Theorem 3. Let 1 < p < ∞ Then the opemtor K., defined as (2.3) , can 
be extended to a bouηded linear opemtor from Tj(G x (0, ∞)) 10 U(dμ) . 

Proof Let f E T j(G x (0 , ∞)) for 1 < p < ∞ Then it suf!ìces to bound 
fG κif) (x)g(x)dl-'Jx) for 9 E U'(dμ) ， where l/p + l/p’ = 1. Let g(x , t) = 
g* ψ， ( x) ， with ψ， (x) = ψ(x-' /t)t- n

‘ Then , by Hölder’s inequality, it 
readily follows from Lemma 2 that 

(3.1) Ik κ(J)(x)g(x)dμ(x)1 < j dμ(y)dt 
Gx(O，∞) If(y , t)g(y , t)l-

n
; ,--

< 낀， k A(J)(x)A(뼈dμ(x) 

::::: C;: ' II A(J)llpIIA(g) llp" 

where Cn is the volume of the unit ball. Now it is true that , with slight 
modifications of [6 , Ch .3], we have IIA(g)llp’ ::::: C llg llp' for some constant 
C Therefore the last Slde of (3l ) lS less than C||f||Tf||g||pI Thus 

Ik κ(J)(x)g(x)dμ(x)l::::: CII JI빼Ilv 
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for some consLant C , and II,((J)II. ~ CI IJ IITf , which completes the proof 

Theorem 4 . Let 0 < p ::; 1. Then the operator κ(J)， de.껴ned as (2.3), can 
be extended to a bounded linea7' operator from Tf( G x (0, ∞)) to H:,(G). 

Proof Let J E Tf(G x ( 0 ，∞)) for 0 < p ::; 1. The n by Lemma 1, f can 
be written as 

l .f(x , t) 1 ::; ε시aj(x ， t ), 
)=1 

where the aj's are Ti -atoms, the )..j ’s are pos잉it버tive nu삐u비umbe밍I파 and ε;:1 샤 S 
CIIA(J) II~ . T hus it suffices to show t hat κ(a) maps a TI-atom to a 
bounded multiple of an H~-atom for 0 < p ::; 1. Let a(x , t) b e such a 
TI -atom , associaLed to the ball B. Then a(x , t) is su pported in T(B ). 
Since ψ is supported in the unil ball, it follows from the definiti on of κ 
that κ(a ) is supported in the ba ll B- having the same center as B , but 
twice the radius. Moreover, by the proof of T heorem 3, 

fc lκ(aWdμ(x) ::; C l l a ll삼 
r " ， u2 dJ1.(ν) 

= C A(B) |a (y i)|2-「

::; C[μ (B )] ' .2/' 

Finally, κ(a) sat isfì es 

fc qa)(x)dμ(x) = 0, 

since Ja tþ(x)dμ(x) = O. The proof is therefore completed 
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