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A NEW CLASS OF C O NTIGU OUS FUNCTION 
RELATIONS F OR GENERALIZED 

HYPERGEOMETRIC F U NCTIONS BY USING 
A DIFFERENCE OPERAT O R 

Maya. La.hi ri a.nd Bava na.r i Satyanar‘ayana 

The object of this paper is to give a new class of contiguous function 
relations for certain genera.lized hypergeometric fun ctions. 

1. Introduction 

Recent ly, we [1] introdllced a class of generalized hypergeometric fun c 

tions r:해(x ， w) 뼈뼈 by 떠ng a difference operator and a.lso derived 
the following relation: 
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where F감， “ (x , y) is a dOllble hypergeometric funclion (see Sri vastava and 
Karlsson [5, p.2ï(28)]) 

The following 1J0tations of a difference operator given by Milne- Thomson 
[2], and by Par ih a.r and Patel [3], have throllghout been adopted : 

긴
 

--‘ ( f (x + w) - f (x) 
/'::， x ，ωf (x) = 

w 

이
 

l ( 와(Ux ' Vx ) = 잖 (~ ) /'::，파Ux+kω삭 αVx 

(1.4 /'::， x ，ψ(￡ )R = (깐)(조 + l )R- l 
tu tu w 
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and 

(1.5) 6x ω( ￡)R = (-E)(-￡ + l)R-l 

In this paper, we have assumed the followi ng notations for convenience 

;(ap)( ~.，T .,,\ 
_ (1 +의:!.F!.o，2~ I \~p): -n , 웅 + r;-조 | (1. 6) 1:;씨 

= 
(1+ 0)" F.~}~ I (ap ): _-n , -!; - -! + r; 

w . wl (1.7) 폐때)(x. 씨) 다「 q I10 | (%) : 1 + Q , - ; | 
and 

(.P){ . ,T 
_ 

. .. \ 
_ (1 + 0')" I:' po2;1 1 (a p ) : -n, -! + r; -웅 + r; _ 

.. 
_ 
.. 1 (1.8) 1껍í)C ，T때) = 각「Fq l o | (bq) : 1 + 0; -; | 

2. The main contiguous function relations 

、IVe have derived the following relat ions of cont iguous functions in t he 
direct ion given by R.ainville [4] 

(a) The (p + q - 1) simple relation; Using t he operator 0 = x . 6 x ,w
’ we see t hat 

(2.1) (bq)(O + aT)I:펴，> (x ， w) 

(bq)(aT)I:않f)+)，(ap，r)(1 ， ψ) - x(ap){I체때ψ(x.' L， ω) 

-1섣댐며)(X . ， 1 ， ψ ) }， 

where r = 2,' " ,p. Simi larly, it follows that 

(2.2) (bq)(O + bT - 1 )객(법 (x ， ω) 

(bq )(ι - 1)IZjZ3)-) 싸)(z， tU) + (Qp)z {ltJ폐벼)(X . ， 1 , ψ) 

-1센웹) (X . ， I ， ψ)}; 

where r = 1,2, ' . . , q 

The equations (2.1) and (2.2) follow at once by elimination of 쩨없(때) 
to (p + q - 1) linear algebraic relations between 1:.폐，)(x ， ψ) and pairs of 
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its contiguous functions. Let U8 use 1.캔:섬’ffg앙%펌jFn셉a1T?);「I니)+써써+꺼샤써).씨’.(싸ap써Pμ씨l니)(x ，’끼씨씨11ψJJ셰j 
e않ac며h equation. We get the following r양uhs: 

(2.3) (al -ar)~i，랩 (x ， ψ) 

and 

= al 맥，’앓 )+).(ap; I\X패)-a짜f댐)+).(ap;，\x ， ψ); 

r = 2,3,"', p 

(2 .4) (a1 - b， +I)객랩(x ， ψ) 

(1 - bι시세r사J)”I:섣f않댐‘ )，’싸 )(x ，’씨씨ψ띠)+a띠1JI:1?%i$않:3rf「)H써+ 
r = 1 ，’ 2ι， ‘ , q 

(b) A relation involving (q + 1) contiguou8 function8: 
From (1. 1), we get 

;(ap)[ _ , .. \ _ (1 + α)n; ∞ {(ap)] k+ i( -nh(;';;)d-웅 )iψk+i 
(때)=-7-으 εε n;(bq)\w'~J- n! ~t; [(bq) lÆ+1 (1 +ahk!i! 

it follows that 

8IZj때)(x ， ω) 

(a p ) T ,, ;((a p)+) ‘ x(2 + a)n_1 ----f (z ,1, ψ) - ------(b
q

) "n;((bq)+) \w '~J - (n -1)’ (2.5) 

n-1 ∞ [ (ap)]k+i( -(η l)h(;';; + lh(-;';;) ‘ψk+i 
εε Sk+ 
k=0 ‘=0 ‘ [(bq)]k+i(2 + a)냐!z ’ 
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where Sn 않웹따:} {렘:;;t. Now, if p < q, then the degree of the 
numerator of Sk+ i is lower than the degree of the denominator and the el
ementary theory of rational fraction expansions yields (Rainville [4, p.717]) 

Sk+i 숫 bJUj 1 J -,---.---, P < q, 
j;; bj + η 

here U; = .,--llr 1 (as-bj) . Therefole 
b, lI :=I ,u )(b ,-b,) 

(2.6) 1(ap) - z(ap) Ia ,((ap)+) 
8I:,(b9) (z, tU) -감q) 찌((b9)+) (z·，1 ， ψ) 

-x ε [fJ I껍，i(펴+ ), (b
q 시 (X ,., l , ψ) 
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The e허Jiη1m뼈n 

leads to 

(2.7) (a1)(bq )잭댐)(x ， ω) 

(a1)(b，)폐않)+).(ap; J) (x ， ψ) + r(Qp)l:(((었r))(Zi 1 씨) 

+( bq)x ε UJI:rrJrCLubqj)(fI ， ψ) 

Sirnilarly, we can ob t.ain the following resuJts 

(2.8) (bq)aII:댐)(x ， ψ) 

(al)(bq)I:;않)+).(ap; J) (x ， α) 

+x(Qp)lZ((((짧))(L I , ψ) + xI셉，껍)(x" l， w) 

十‘r 효 UJ센(&dL)1(bql)(zi I, ω) , p = q, 

(2.9) (bq)a ， 객((엽 (x ， ψ) 
= (ad(bq)I섣않)+).(ap; J) (X씨) 

+x(ap)I얀((강)며)(자， ， ψ) + x(A - B)1멈펴)(zi11 ， ψ) 

(ap )x 2 1렌((((Z찌)( *, 1 x' ψ) - (ap)x(x ψ)1껄，않며) (x •. 2 , ψ) 

+x 효 Uj펴((따 

where A = ε~=1 a, and B = I:;=1 b, 
(c) A relation invoJving p reJations 
Now replacing a, by a,-1 in (1. 1) and using the same technique as 

applied in above resuJts , we have the following relations: 

(2.10) (b，)견，많 (x ， ω) 
= (b，)셈강)-)， (aw)(x ， ω) - x( ap;' )1:폐암p;r)+)(X* ， l' ψ) 

( b， )x 효 κ，，/셉댐+) (bqJ)(xi11 ， ψ); p::; q, r = 펴 ,p, 
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n:= l.(k )(a ,, - b, ) _ _ .J 
where W“ = and 

J ,< - bJ I J:=I ,(j)(b, -bJ ) ‘ 

(2. 11 ) (bq )객댐) (x, w) 

(따아씨씨)1:;엄f%짧않J감댐r3f「)←”너네-→네이)， (’，(싸apj r서r샤)(야x ，씨씨ψ띠) - x쳐(ap ;ιW’1씨r 

-zI:선rI냈33)q(zfi l ’띠씨 ψ띠 ) 

-x 효 μ/J1r렌 
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