
K yu.ngpook Mat.hemat. ica1 Joum찌 

Vol.34, No.2, 181-192, December 1994 

ON OSCILLATIONS OF NEUTRAL PARABOLIC 
DIFFERENTIAL EQUATIONS 

Zheng-Rrog Liu and Yuan-Hong Yu 

1. Introduction 

Recently the fundamental theory for partial differential equations with 
deviating arguments has undergone an intensive development. However, 
t he equalitat ive theory of these important classes for applications of partial 
differential equations is still in a initial stage of its development . Espe
cially, only a few results have been published so far which deal wi t h the 
oscillatory properties of t he solu tions of parabolic differential equations 
with deviat ing arguments . We refer the reader to the papers by 8ykov 
and Kultaev P], Kreith and Ladas [4], Yoshid [7], [8] , Mishev and 8ainov 
[5], and Cui [2]. But the necessary and su뻐cient condit ion for oscillation 
of solutions of parabolic equat ions has not been studied 

ln the present necessary and s u태 ci ent conditions for oscillations of the 
solutions of neutraJ linear parabo Ji c equations of the form 

￡Iu(I， t) + ε aiU(X + 지 ) ] + 야(X， t) + ε bj u(x , t + Oj) 

l'.u(x , t) + ε ck l'. u(X , t + Pk) , (x , t) E 11 x (0, ∞) 三 G, (1) 

are obtained, 、，vhere 11 is a bounded domain in R n with a piece、"ise smooth 
boundary, l'.u(x , t) = L:仁 l 옳u(x ， t) ， I ,J,I< are 1111μ al segments of nat

ural numbers and ai ,Ti ,b, bj ,aj ,Ck, Pk E R for i E J,j E J and k E I< . 
Consider boundary cond itions of the form 

앓 = 0, (X ,t) E al1 x [0 ，∞) , 
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u=O , (x ， t)E8nx[0 ， ∞) , (3) 

Definition 1. The c1 assical solu t ion u(x , t) of (1) satisfying the boundary 
condition (2) or (3) is oscilla.tory on G if u(x , t ) has a. zero 00 n x [t, ∞) 
for a.nv t > 0 

2. Main results 

In the fo llowing theorems a necessary and su댐cien t con di ton for osci 1-
lation of the so lu tions of problems (1) , (2) and (1), (3) in the domain G 
is obtianed 

With each so lution u(x , t) of problem (1), (2) we associate the fun ct ion 

v( t) = 싸(x ， t)dx , t 2 0, (4) 

Lemma 1. Lel u(x , t ) be a solution of p,'oblem (1), (2) . Th en the funct ion 
v( t) deβned bν μ) satisfies the diJJe‘ rential equation 

￡{U(t) + ε aiv(t + r;)J + bv(t) + ε bjv( t + C7j) = 0, t 2 10, (5) 

ψhe ，'e 10 ;s sufficiently Io,,.ge ]Josit;ve numbe ,' 

Proof Let u(x , t) be a solution of problem (1) , (2). Int roωce the notat ion 

10 = max{1며 ， 1 C7jl ， Ipkl : i ε J, j E J, k E K} 

Integrating both sides of (1) with respect to x over the domain n, fOl 

t 2 to we obta.i n 

:t [k u(x , t )dx + ε o,iU(X , t + η )dxJ +b k싸U(야x ，낌띠， t씨tη) 

+ F ‘패k U미(πx ，’， t +벼떼낀센)d따x-카[k t>U미(x ，μ때’，1 

+ F c다k k t>u미(떠 +서M싸p“씨k니)d씨r샤] = O. (7) 

From Green ’s formu la it follows that 

I t> u(μ)dr = / aEds = o, 
‘ n J8n an 

(8) 

l t>u(x , t + Pk)dx = L폐(x， t + pk)ds = 0, k E K. (9) 
H J8n un 
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Using (7) and (8) , from (6) 、ve obtain that 

￡ [U(t) + ε aiv(t + 세 

This completes the proof of the lemma 

In the dO ll1ain 0 consider the Dirichlet proble ll1 

ðU(x) + QU(x) = 0, x E 0 , 

U(x)=o , xE δ0 ， 

에
 
씨
 

( 

( 

where Q = const. [t is well known [이 that the smallest eigenvalue Qo of 
problem (9) , (10) is positive and the corresponding eigenfunction <p(x) can 
be chosen 80 that <p( x) > 0 for x E 0 

With each solution u(x , t) of the problem (1) ‘ (3) we as80cia‘te the 
function 

w(t) = 10 u(x , t)ρ(x)dx ， t 으 O 찌
 

( 

Lemma 2. Let μ (x ， t) be a sollltion of problem (1), (3). Then the fllnction 
ψ(t) defined bν (1 1) satisfies the differential eqllation 

￡ Iω(t) + ε aiw( I + 바 

+ Qo[ω (t) + ε CkW(t + Pk)) = 0, 1 즈 10 , 페
 

( 

ψhere 10 is α 81얘óenlly large positive nllmber 

Proof Let μ(x ， t) be a solution of the proble ll1 (1), (3). Introduce the 
notatJOn 

10 = ll1ax {I세， 1 <7jl ， I씨 : i E I , j E J, k E K} 

Multiplying both sides of (1) by the eigenfunction <p( x) and integrating 
with respect to x over the dO ll1ain 0 , for t 으 10 we obtain 

:t [ 10 u(x , t) <p(x)dx + ε ai 10 u(x , t + π) <p( x )dx) 

+ b 10μ(Lt)p(z)dI + FbJLn(Lt +0j)%(z)dz 

[L AU(Lt)V(z)dI + F싸 Aμ(x ， t + pk)<p (X )dx] = O. (14) 
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From Green’s formula it follows t hat 

10 6u(x, t)cp(x)dx = 10 u(x , t)6cp(x)dx 

= -ao 10 u{x , t)cp(x)dx = -aoψ(t ) ， ( 15) 

10 6u(x , t + Pk)<p(x)dx = 10 u(x , t + Pk)6<p(x)dx 

ao 10 u(x , t + Pk)cp(x)dx (16) 

= -aoψ(t + Pk) 

Using (14) and (1 5) , from (13) we obtain that 

￡l1U(t) + ε aiψ 

+ao[ψ( t ) + ε Ckψ(t + pdJ = 0 

T his completes t he proof of t he lemma. 

From the above lemmas it follows that it su fFì ces to investigate con 
di t ions for osci lla tion of the so lu t ions of (1) in the domain !1 to fund 
conditions for the oscilla.tory properties of neutraI ordinary differential 
equations of the form 

￡{x“)+ ε PiX( t + 바 
where J and ]{ a.re ini t ia.l segments of natural numbers a nd Pi, η ， qj ， Uj E R 
for i E J and j E J 

D efinition 2. T he solut ion x(t) of t he differential equation (16) is called 
。sci llatory if it ha.s arbitrar ily large zeros. Otherwise it is called nonoscil
latory. 

ln the proof of the subseqllent theorems we shall lIse the following 
reslllt of [3J 

Theorem 1 (Grammatikopoulos and Sta.vroulakis [3]). A necessary and 
su댐cient condition for the oscillatioll of all solutions of ρ6) is that is 
chamcteristic equation 

À+Àε Pi eÅT， + ε qj eM， = 0 (18) 
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has no real roots 

A corollary of Lemma 1 and Theorem 1 is the following necessary and 
sufficient condition for oscillation of the solutions of problem (1) , (2). 

TheorelTI 2. A necessa1'ν and sufficieηt condition fo 1' all solutions of 
pγoblem (1), (2) to oscillate in the domain G is that the equation 

,\+,\ ε ai eÀTi + ε bje>'u, = O. (1 9) 
J 

has no real roots 

Pmof (Necessity) If '\0 E R is a root of (18) , then the function u(x, t) = 
eλ0' is a nonoscillating positive solution of problem (1) , (2) in the domain 
n x [to ， ∞) 

(Sufficiency) Suppose that the assertion is not true and let u(x , t) be a 
nonoscillation solution of problem (1) , (2). Let u(x , t) > 0 for (x , t) E G 
(The case when u(x , t) < 0 for (x , t) E G is considered analogously). 

From Lemma 1 it follows that the function v(t) defined by (4) is a 
positive solution of the differential equation (5). Then from Theorem 1 
applied to (5) it follows that (18) has a real root , which contradicts the 
condition of the theorem. 

A corollary of Lemma 2 and Theorem 1 is the following necessary and 
sufficient condition for oscillation of the solutions of problem (1) , (3). 

Theoren1 3. A necessa1'ν and sufficient condition fo 1' all solutions of 
pmblem (1), (3) /0 oscillate in the domain G is that the equation 

시1+ ε a ‘ e.\T,] + b + ε bje'\u, + ao[1 + ε qeλpk = 0 (20) 

has no real 1'Ool.s 

p，ηof (Necessity) If '\0 E R is a root of (19) , then the function u(x , t) = 
eÀO'<p (x) is a nonoscillating positive solution of problem (1) , (3) in the 
domain n x [10 , ∞) 

(Sufficiency) Suppose that the assertion is not true and let u(x , t) be 
a nonoscillating solution of problem (1) , (3). Let u(x , t) > 0 for (x , t) E G 
(The case whell u(x , t) < 0 for (x , t) E G is considered analogo삐y). From 
Lemma 2 it follows that the function w( t) defined by (11) is a positive 
solution of the differentiaI equation (12). Tben from Theorem 1 applied 
to (12) it follows that (19) has a real root , which ∞n t. radicts the condition 
of the theorem 
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