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A REMARK ON STRONGLY NONLINEAR 
PARABOLIC PROBLEMS 

A. T . EI-Dessouky 

In the present paper We deal with the existence of weak solu t ions of 
strongly nonlinear variational inequaliti es of parabolic operators of the 
form 

8u(x , t ) 
- -~~'-' + Au(x ,t) , (x ,t) E Q = n x (O ,T) 

ôt 
u(O) = 0; 

where Au(x , t) ε;누 1 Di A
‘
(x , t, DiU(X , t) + Ao(x, t, u(x , t)) , is strongly 

nonlinear in the sense that its coefficients has a libral growth. Although we 
restrict ourselves to second order operators, our results are still workable 
for higher order operators 

” ( 

Introduction 

Consider the parabolic initia l-boundary value problem 

얀 + A(u) + g(x ,t ,u) = f in Q 
ðt 

u(O) = 0 in n 
D"ulo.T)x an = 0, 10< 1 ::; m - 1 

where 
A(u)(x,l) = ε (_ 1) IO'ID" A,, (x , t, Du) , 

l"ISm 

D" denotes the partial derivatives with respect to the space variables cor 
responding to the multi-indices 0< = (0<1," . ,O<N) of order 10< 1 = ε:1 a ,, 
Du stands for the function u with all its derivatives up to order m. 
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If the coeflìcients Ao(x , t , 0 are subject to some growth condition im 
plying A(u) to be a bounded operator of a Sobolev space, respectively 
Sobolev-Orlicz space, into its dua l, whi le g(x ,t, u) = 0; the existence of 
weak solllt ions is obtained by t he theory of monotone operators. Brezis 
and Browder [2 ] proved that for g(:r:, t, u) th e growth concl it ion can be sub 
st itutecl by certain st rll cture concl it ions. Landes [5] extended the above 
resul t of [2] to incl ll cle t he top order coeflìcients. In [6] he discussed suflì 
cient cond it ions for the perturbed term to establish t he existence of ‘veaJ‘ 
solutions. In [3] Bro‘,vcler and Brezis general ized their results [2] to t he 
c1ass of variationaJ inequalities. It is t he purpose of th is work to extend 
t he res ul ts of Landes [5],[7] to t he corresponding c1 ass of variat iona.1 in
equali t ies of a.rbitra ry order 

The a.lI thor wOllld like to thank professor R. La.ncles for hi s very frui t f비 

di scuss ion on t his subject. 

Prerequisites 

Let n be a bounded dO ll1ain in R N ha.ving a. smooth bound a.ry ôn. 
Let us introduce fo r A( u) the follow ing hypothes is. 

A l ) For i O, I ," ', N , ea.ch Ai(x ,t ,ç) is continuous in t a.nd ç for 
alll10st a ll x and Il1casu ra.ble in x fo r all t a.ncl ç with Ai(X , t, 0) = 0 for all 
(x , t) E Q. Moreover, for any s 으 o there exists a fll따t ion h, E L~(Q ) 
such t ha.t for all (x , t) E Q 

sup IAi(x , t, ,.)1 :S h,(x , t) 
Irl:;' 

A2) For a.1I (x , t) E Q and " E R, 

N 

ε Ai(X ， t , r)r 즈 에서 p - k,(:r:, t ), Ao(x ,t ,1' )r' :::: 0 

wit h co > 0 and k, E [ ' (Q) , 

A3) For a ll (x , t) E Q and r , ,,- E R , 

ε(A싸， t , r) A‘ (x ,t ,r-))(r - r -) > 0 

For the Ga.lerkin meth여 we choose a. seq uence ψj c cQ' (n) such tha.t 
U뚱1 Wn with Wn = spaη( ψ ， ， '" ,Wn ) is clense in wJ,p(n) ,j > 뭉 +1. 
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Denote by ζ = c(O,T ; H씨. Since t he closure of uζ with respect to the 
norm 

11비 1 1,0:= sup IDiu(x , t) 1 
C(Q) i =I ,2, .. . ,N 

(x ,t)EQ 

contains Cû(Q) , we have t hat fo1' ! there exis ts !k E U응l Y，‘ such that 
!k • ! in L2(Q) 17J . Let lí be a closed convex subset of C(O, T; L2( !1)) 
with 0 E j，ι In troduce the space 

X = L2 (Q) n L' (O, T ; W~ ， I (!1 )) 

with the norm 

11 ‘ II x = lI ul12 + I lu lh시 

where 11 . 112 is the usual norm in L2( Q) and 11 . Ih." , is defined by 

|lu||I l l = L E |DlU |dτdt 

For more details of these spaces we refer to 11 J 

Definition l. A function un E Y"n K (n E N ) is called a Galerkin solution 
of the variational inequali t ies of the operator (1) if and only if 

fn (앓) (v - un)dx+ < Tun(t) ,v - un(t) >쇄 !n(t)(v - un)dx 

for all t E [0 , T) and all v E ι n K , 

u ,, (O) = 0, 

where 

< Tun(t) , v - u ,, (t) >= fn 힐 A,(t , Diu ,, (t))(D 

The existence of a Galerkin so lu tion and its main property which is a 
consequence of our hypot heses is stated in the following lemma. 

Lemma. FOI' every n E N there exists a Galerkin solution u" E κ n I< 
such that 

lI u ,, 11 S; Cj (Cj > 이 (2) 
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Proof Define a vector-valued function gn(t , a) : [0 , T] X R N • R N by 
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Clearly gn( t , a) is continuous. Therefore the system of ord inary differential 
inequali t ies 

(((t) + gn(t ,O, n - ((t)) ~ (fn(t) ,1) - ((t) ) for a.a. t E [0 , T) 

((이 = 0 (3) 

W뻐 (fn(t))i = fn Jn(t)ψidx ， has a. locaJ solu tion [8]. 
From (3) we get t he es timate 

뚫1 ((1 )1 ::; IJn(t )I IW)1 

and hance, 
IW)I ::; Gn(T) 

including t he existen ce of a solutioll (n ε Yn n />ι In exadly the same 
manner as ill [5] we may prove (2) 

Definition 2. A fun ction u E X n f{ is called a weak solu tion of (1) if 

(얀 ， v - u) + (Tu , v - u) ~ (f, v - u) for all ν E G' (0, T; G8"(!1)) n K 
ðt 

witb 
u(O) = 0 

where 

파ψ) = 10활(x ， t ， DiU)Diψdxdt 

Existence Theorem 

Theorem. Let j( be a c/osed convex subset oJ G(O, T; L2( !1 )) containing 
the origin. Let th e hypotheses A 1) - A 3) be satisfied. Then J01' a given 
J E G'(O , T; U (!1 )) the pmblem (1) admits a weak solution . 

Proof From t he a.bove lemma we obtain the ex istence of a Galerkin solu 
tlon U 7‘ 

such that 

(Ùn , V - un) + (Tu ,‘’ V - un) 으 (fn, V - un), in , V E κ n K , (4) 
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and 
!n • ! in L2(Q) 

Setting v = 0 in (4) we obtain the uniform boundedness from above the 
numerical sequence {Ai(X , t , DiUn)DiUn}~o- The proof will follow if we 
show the following assertions for some subsequence of (u n ) 

꺼ι ÔU ‘ 
~-n • weakly in L'(Q) 
ôt θt 

U n • U strongly in LP(Q) 
N N 

ε A‘ (X , t; DiUn)Diω • ε A‘ (X , t; DiU)Diψ γψ E C;'(Q) 
‘=0 i=O 

N N 

(5) 

(6) 

(7) 

lim infε Ai(X ， t; Diun)Diun ~ ε Ai(X ， t; Diu)Diu Vn (8) 
’=0 ‘=0 

uEXn K. (9) 

Assertions (6) - (9) follows in exactly the same manner as in [4] and [5]
The crucial point to prove is to show assertion (5)_ 1n order to prove (5) 
Given p > 0, an n E N and any 따 E J( n Yn; put v = Un - PWn- Since v 
is arbitrary, W n is absolutely arbitrary for a given U n - Substituting in (4) 
we get 

< 싸(t) , ψn(t) > + < Tun (t), ωn (t) >:S< !n (t), ψn(t) > 

1n particular, since v is arbitrary we have from (4): 

U n(t - p) - un (t) _ _ 'T'. 1.\ un (t - p) - un (t) 
< Ún ( t) ’ P > < Tun(t), 

U n(t - p) - un (t) 
- < fn(t) , p 

Allowing p • 0, we get 

< 따(t) ， Ún(t) > - < Tun(t) , μ(t) >:S - < !n(t) ,ún(t) > _ (10) 

Similarly, from (4) , we have, 

μn(t+p) μn (t) 싸 (t + p) - un(t) 
< ún (t + p) ’ p > + < Tμn(t + p), p 

< !n(t + p) , 
μn(t+p)-un (t) 

p 
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Let p • 0, we get 

l댐{< un( t+ p) , un(t) > + < Tun(t+p) , un(t) >::; 땀 < f n(t+p) , 싸(t) > 
(11 ) 

Adding (10) and (1I ) and in tegration over (0, t) , we obtain 

Ll]꽤t 10 [~n(s + gγ-Uιι씨따t，μ씨싸n셔따‘」μ(μ페s 

+ L댐 승싫10' 10짜1o(Tu파폐u따씨n(μS + p) - Tun(S))(Un(S + p) - un(s))dsdx 

< li맘t 10 [Ln(t + P; fn셈n(s)dsdx 

Using A2), A3), we get 

10 lun (tW - IUn (빠 

Therefore, 

I l tμ (t) 1 1 싸)::; 2 10' IIJ'n(s) 1112(!ì)llun(s) 1112(!ì)ds + I lùn (O)11싫 (12) 

On the other hand , we get fro111 (4) , 

< un(t) ,un(t) > + < Tun(t ),un(t) >::;< fn(t) ,un(t) > 

In part icular, in view of Al) we have 

< ùn(O) , un(O) >으 < fn{O ), un(O) > 

IIUn(O) 1Iι“ àllJ'n{O)1112(11) + àll따(0)1112(11)' (13) 

ow from (12) and (13 ) as 、well as Gronwall ’s inequality we conclude the 
a priori bound 

IIUn(O) 1I ι(11)::; const. γ'nE N . 

and assertion (5) [，이 lo\\'s 
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