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ON THE BEST APPROXIMATION BY 
RATIONAL FUNCTIONS WITH FIXED POLES 

IN H~(p 으 1, q > 1) SPACES 

Xing FlIchong a.nd Jin Yuanze 

If a flln ct ion J( z) is analytic in the unit di sc Izl < J and satisfìes the 
condition 

/ j|Z|< l(l - | z |2)「2|f(z)lPdoz < +∞ 
for parameters p and q, where z x + iy , do-, = dxdy , 、\'e say that the 
function J(z) belongs to H: spaces. The condition q > 1 is needed , so 
that con stant~functions J (z) = C belong to J-J: spaces. 

Suppose 

ll f( Z)1| = [/ / 1z|< l ( l lzl2)q-2lf(z)lP씨￡ 

It is easy to prove that H~ spaces are Banach spaces if p ::: 1 and q> 1, 
bllt Freche t spaces if 0 < p < 1 and q > 1. 

In [1J, Charles K . Chui and Xie~chang Shen gave a formula expressing 
the fun ct ion in H: spaces ‘ In [21 and [3J , we proved the theorems about 
t he est imation of the o rder of the best approximation by polynomials in 
H:(p 으 1, q > 1) spaces and their inverse theorems. In [4J and [5], we 
made a research on or studied the Hardy~L iltlewood ~ type tbeorems and 
the bes t a떠p끼〕끼재p끼〕기1'0α야Xl이on때1 
In t“bi s paper, we a re go ing to make a research on the es timation of the 
order o f t he best a pproximation by rational function s with fìxed poles in 
H: spaces for parameters p ::: 1 and q > 1. 

Let Z { Z 1' Z2 ,'" ,Zn} be a fìnite sequence of (possi bly repeated ) 
points in the extended complex plane, 1씨 > 1 (k = 1,2,' . . ,n). By R( z) 
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we denote the cJ ass of rationa! functions with poles among the points 
occuring in Z and of a maxima! multiplicity equa! to the number of repe 
titions. Hence r(z) E R(Z) if and only if 

r( z) = P( z) II (z - ()-I 

where P(z) is a polynomia! of degree at most n if Z = {zdk=l' If (= ∞， 
then (z - ()-l is interpreted as 1. 

Let p(f, z) be the best approximation error of the function f(z) by the 
functions of R(Z) cJass in H: spaces 

Denoting 

p(f, z) = , J!lL , {lI f( z) - r(z) lI} 
(Z) 

).= 응 (1- -L) 
꾀 IZkl 

noting the resu!t of [2] , and using the methods of [6] and [7 ], we can obtain 
the following main resu!t of this paper: 

Theorem. For a때 function f(z) E H:(p?: 1,q > 1) ψe have 

p(f, Z) S A1 /i 암펴dt + Ce-밤， 
JO l 

ψhere ω(t ， J) if the inlegral modulus of the fiψun‘ 
H$ S때'pace: 

ω(t ，J) = sup{ lI f(z + h) - f(z)l l}, 
Ihl~' 

and Al is a constant independent of). and f , C is a constant independent 
of ). 

lt is easy to see that the result of [7] is a particu!ar condition of the 
result of this papel 

In order to prove the Theorem of this paper, we need introduce two 
lemmas firs t ‘ 

Lemma 1. Suppose a function Q(z) is analytic i71 the unil disc Izol :::: ~ 
then we have the inequalitν 

IQ(zoW:::: 렇 IIQ(zo)IIP 
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for p > 0, q > 1, in which s = max {2 ,q} . 

Proof As Q(z) is analytic in the unit disc we have 

j 2f |Q(zo)|Pd6 s L 2” |Q(zo + r e!8)|Pd8 
n ( 

for p > 0 and r < 1 - Izol 
Multiplying two sides of (1) by rdr and integrating them from 0 to 

~(1 -!Zol) , we have 

l-lzol ' 2 _ f f 
πIQ(zo) I"(-=---τ=)' ::; 1 1. . , . . .. IQ(z )l"dα (2) 

ι J J Iz- zo l<t(!- Izoll 

Then, if q ::; 2, we can obtain 

IIQ(z) ll" ~ / /IZ←3혜-냉헤%헤|세 -카얘폐Iz버씨z어셰o씨씨l 
> //|Z ZO| < :(1 |%|) I1 - (편띄?W-2 IQ(z)l"da 

+ Izol ' 0 - 2 ,1 - Izol (-3-)「2 (-?-)q πIQ(zo )l" 

1 - Izo l 
π(-3-)q|Q(zo)|P. 

Noticing that fo 1' Izol ::; ~ we have 

so we have 

l-lzo l\o -.... ,1\0 , 1 
( -=---τ~)q 즈 (~)q=(~)" s=max{q,2} 

ι 4' ' 4 

IQ(zoW ::; 떤Q(a)II" ， 
when p > O ， q 즈 2 . 

lf 1 < q < 2, using (2) to Izo l ::; ~ we have direct ly 

IQ(zo)l" s #(날꾀)2/ jlz-%|< S(1-|%l)|Q(Z)lPdo

::; ://1μz←상껴-→내z애셰o비I < t윈센( 1 -1꺼-카야얘폐lμ버써z애셰o비꾀| 
< f ||Q(z)||P 
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The proof is complete. 

Lemma 2 . 1J a Junction g(z) is analytic and bounded by M in a c/osed 
disc Izl .:::: T , ψhere T > 1, ψe h띠av 

AιI/T . T - 1 
p(g , Z) .:::: (~)p . ,;.,- ~ , . exp(- 시 

q - l ' T - 1 . "r \ T + 1 

JOI‘ P 즈 1, and q > 1 

P1"00f We know tha.t t he ra.t iona.l funct ion with poles ( E Z a.nd interpo. 
la.t ing g(z) a.t Z can be expressed by (see 에) 

r r, B(ω) 1 g(ω) 
(z) = -;;-: I [1- -n~-: ]~dψ， Iz l ':::: J 

2πi J ! ，ω !=T> l , - B(z) ω -z 

It is easy to see that r( z) E R( Z) and that 

r B(ω) g (ω) 
g(z) r (z) = / - - - dω ， Izl':::: 1. 

2π i J!w!=T>l B (z) ω -z 

Hence, the extended Mink。、vsk i ’ s inequality gives 

p(g, Z) .:::: Ilg(z) - 1.(z) 1I 

r r (, ,.,2\o -2 r 1 rμ2. ， B (Te낭‘꺼 g(Te'‘얘어 .:::: {/ I (1- lzI2)'-2 [ ...... I I~;;(~\)' ';:\;'^~ ) ITd<p]Pdo-z }P 
J J !z!<I'. ,. " ' 2π Jo ' B (z) Té 'P - z 

1 rh r r r (, ' . '2 ,a_ 2 ,B(Te''I') Tg(Te''' ) ... '. I [/ I (1_ l z I2)q -21~;;( ~\). ~"~，:~ !lPd에 Ï> d<p 
2π l o J j lz| < 1 B(z) TeM z 

= 윤 r TIB(Tei")I'lg(Tei 'P )1 (3) 
ιπ J O 

{jjlZ| < l(1 -1z|2)q-2{| B(z)1 lTelκ zl1-Pdoz}Edp 

M T πL r2 r. 

< 짚 T각 (되)Ï> • J
O 

IB(Te’‘P)ld<p 

From [7] we know that 

I B(ψ) 1 .:::: exp( 뤘시， Iw l = T > 1, 씨
 η 

( 

Combining (3) with (4) gives 

M T π , 2n T - 1 
p(g, Z) .:::: ~ ' . ~ . (-"-, )p . I exp( -;:, , : .\)d<p 

2π T - 1 ' q - l ' Jo . "n T + 1 
M . 1 MT T-1 

= (--)S -- -exp(---A) 
q-l ' T-l . , T+1 
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The proof of Lemma 2 is completed 
To prove the Theorem of this paper , we will use the following simple 

fact ‘ If PN(z) is a polynomial of degree at most N and PN(z) satisfies the 
inequality 

/PN(z)1 S; L, if Izl = r , 
then it satisβes the inequality 

IPN(z)1 S; RN L , if Izl = Rr > r. 

B(z)=rr;二(
κ21- <z

Proof of the Theorem of this paper: In [2J we have already proved that for 
any function f(z) E Hi(p 으 1, q > 1) and any natural number N there 
exists a polynomial PN(z) of degree at most N statisfying the inequality 

빨
 
t 

--” r l 
I 
。

A < 
-씨

 
씨
 

F J “ / η
 μ
 

where A 2 is a constant independent of N and f. Thus we have 

p(J, Z) S; Ilf(z) - PN(z)11 + p(PN, Z) 
fi ω(t ， J) 

2!" :=.èτ:'....é dt + p(PN, Z). 

It is evident that we can suppose PN(z) satisfies the condition 

IIPN( z)II- IIf (z)11 S; Ilf( z) - PN(z)11 으 IIf(z) - 011 = Ilf(z) 1I 

Hence we have 

IIPN(z)11 S; 21If(z)ll. 

From Lemma 1 for Izl S; t we can obtain 

|κ(z) | 5 (f) ￡ ||페 (z)11 S; 환 21If(z)11 

in which s = max{2, q}. Furthermore, we can obtain 

IPN(z)1 S; (2T)"1 . t다 .21If(z) 1I 
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for Izl = 2T. ~ = T > 1. Using Lemma 2, we have 

p(PN,Z) ::; (-L)￡ (2T)N (￡)i 2|1f(z)ll 
q - 1 π 

T-1 
-- --exp( A) 
T-1 ., T+1 

T - 1 
( -'-，)~ . 21 1J(Z)II ' ~ exp( - ~ , ~ À q_1 J -"n- Jl I T-1 ---n T+l 

+ Nlog2T) 

Particularly, taking T = 3‘ N = [섬 + 1, we find that 

p(PN , Z) 
3 . 1. À 

(~)~ ' 11 1(z) ll' ~exp(-~À + -i 1og6+ log6) a - } ' 1\ -' \ 11 1 2 ~ '2 5 

::; (그L)i l8|1f(z)| 1 exp(-스) q-1 1 -~ I I"\ 111 .1 \ 10 

Notin e: +. < '.0 in this moment . we have 
ó N - • A 

A 2 Lft 땀끄dt < A쐐24lf댐 땀되맘dt 
4쐐2 10" 펠f센，f괴I끄l 

0A24lf 밸끄 
Finally, taking AI = 10A2 , C = (윌다 18111(z) 1I in which s = max{2 ,q} , 
we can obtain the desired inequality 

ri ω(t ， J) 
p(J, z) ::; A, / " ' ," J dt + Ce- Tõ , 

ι o 

where A1 is a constant independent of À and 1 , C is a constant independent 
of λ 

The proof is complete 
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