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PRIME IDEALS ASSOCIATED TO THE I-ADIC 
FILTRATION • 

Sung Hun Ahn 

1. Introduction 

In this paper, R will always be à commutative Noetherian ring, 1 will 
be an ideal of R and M will be a finitely generated R-module unless 
otberwise stated. We denote by R the Rees ring R[u , It] of R with respect 
to 1, where t is an indeterminate and u = t-1 . Similarly, we will denote 
by M the graded R -module M[u , It] = EÐ InM. It is finitely generated 

n>O 
over R. If (R , P) is a local ring, then R‘ will be the P-adic completion 
of R and M" will be tbe completion of M with respect to the P -adic 
filtration {pnM}n>O' In particular, we will denote by Rp and M;' the 
Pp-adic cornpletion of R p and M p , respectively, where Rp , Pp and lV!p 

are localizations of R , P and M at P, respectively 

In recent years , two concepts similar to regular sequences have ap 
peared , asymptotic sequences and essential sequences. In several papers , 
[[3], [4], [5], [6], [7] , [9], [14], [15] ], D.Katz, S. McAdam and L.J.Ratliff, Jr 
have introduced various sets of prirne ideals associated to ideals of Noethe
rian rings. We denote these by E (1, R) ,Q(I,R) , A"(I,R) , and Q“ (1, R). 
For tbe definition of these, see definition (2.1). It was sbown that these se
quences bebave very sirnilarly to regular sequences. For a detailed survey 
of the prime ideals associated to the I - adic filtration , we refer the reader 
to the above papers 

Tbe following result about their behavior under lifting and contraction 
played very irnportant role in tbe asymptotic theory 

Received August 17, 1993 
This paper was partially supported by TGRC 1993-1994 

73 



74 Sung Hun Ahn 

Theorem 1.1. Lel R aηd T be Noethe 1'ian rings with R ç T a faithfully 
βat exteηSIOη of R. Let A(I, R) represent any one of E (I, R) , Q(I , R) , 
A ‘ (I ,R) , 0 1' Q*(I, R). 

(1) IfQ E A(IT,T) , then QnR E A(I, R) 
(2) If P E A(I, R) a뼈 σ Q E Spec(T) is minimal over PT, then 

Q E A(IT ,T). 

The purpose of the present paper, we extend this result on the con 
traction and lifting of asymptotic primes to modules. 

2 , Preliminaries 

We begin thissection by defining the counterparts for modules of the 
sets Q*(I, M) , A '(I, M) , Q (I, M) and E(I , M) and prove a few of the 
basic properties of these sets 

Definition 2.1. Let R be a commutative noetherian ring with unity and 
1 an ideal. Let M be a finitely generated R.module 

(1) Q*(I, M) = {P E Spec(R); there exist a prime q minimal in SUPPR 'p (Mp) 
with P R "p minimal over 1 R "p + q} 

(2) A*(I, M) = {P: P = Q n R for some Q E Q*(uR, M)} 

(3) Q (I, M) = {P E Spec(R):there exists a prime q E AssRp(M;') with 
Pp minimal over 1 R "p + q} 

(4) E (I, M) = {P : P = Q n R for some Q E Q(uR, M)} 

Lemma 2.2. Lel A(I, M) πpπseπt any 0ηe of the above. Let S be a 
multiplicaiively closed subset of R disjoint from the prime P. Then 

P E A(I, M) σ and only if PS E A(Is,Ms) 

Proof This is straight forward. 

We state the following important theorem which is sometimes known 
as Bourbaki ’s Theorem. [[1] , Chap.6, Section 2.6 , Theorem 2]. It and its 
corollary will be used frequently in this paper. 
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Theorem 2.3 (Bou rbaki ) . Let φ :R • T be a ring homomorphism oJ 
Noetherian rings and M a R -module. Suppose that F is a T -module 
which is β'at as an R -module . 

(1) For any prim e ideal P oJ R 
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(2) AssT (μ 0R F) = U A ssT(F j PF ) 
P EA ssn(M) 

T he next corollary is obvious from theorem (2.3) , But we state this 
for the convenience of readers 

Corollary 2.4 . Let (R , m ) be a Noethe,-ian local ring and R ‘ be its m 
adic completion. Let M be a R -module and M" its completion uπth 

respect to the m-adic filtrat ion {m" M} ,,>o. Then 

A SS R. (M ‘)= U A ssR.(R"j PR’ ) 
P EA ssn( M) 

Proof Set R ‘ = T = F. T he corollary fo llows from Theorem (2.3). 

T he next \emma immediate\y follows from the defi ni t ion and lemma 
(2.2) but we give a proof of th is. 

Lemma 2.5. !J q E AssR(M) and P is a prime ideal minimal over ! + q 
then P E Q(I , M ). !J q is a m ini 

Proof Let q E AssR (M끼) and let P be a minimal prime over 1 + q. By 
lemma (2.2), we may assume that (R , P ) is \ocal. Let q" E Spec(R" ) be 
rnin imal over qR". Then q* E A ssR. (R*jqR") and P" is minimal over 
! R" + q". By corollary (2씨 ， q" E A ss w(M‘ )‘ Hence P E Q (I , M ). lf q 
is minimal in S UPPR(M ), t hen q* is mi nimal in SupPw(M* )‘ Hence P E 
Q*(I, M) 

3. Main Results 

In this section , we extend the result on the contract ion and li fting of 
asymptotic primes to modules 

First , we prove the following t heorem which is one of our main theo. 
rems. It shows that most information concerning the primes associated to 
an ideal are usefu l for modules 
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Theorem 3. 1. Let R be a commutative noetheriaη rmg ωith unity and 1 
an ideal. Let M be a fiηitely generated R-module. 

(1) P E Q (I,1\n (πsp. E(T, M)) if a뼈 only if there exis싫 q E AssR(M) 
with q 드 P and 

P/q E Q(I + q/q , R/q) (resp. E(I + q/q,R/q)) 

(2) P EQ*(1, M ) (πSp. A ‘ (I, M)) ifa뼈 onlν if there exists a pηmeq 
minimal iη S때PR(M) ψith q 드 P and 

P/q E Q‘ (I +q/q ,R/q) (resp. A "{I +q/q,R/q)) 

Proof By lemma (2.2) , we may assume that (R,P) is local. 
The proof of (1): Let P E Q (I, M). Then there exists 

q* E AssR*(M’) w뼈 P* minimal over 1 R* + ψ. 

By corollary (2 .4), 

q* ε AssR*(R‘ /qR*) 、、，here q = q* n R E AssR(M) 

Hence ψ/qR* E AssR*/qR*(R*jqR*) and P*/qR“ is minimal over ((I R* + 
qR*)/qR*) + q* /qR*. Therefore, P/q E Q(I + q/q, R/q) 

Conversely, let q E AssR(M ) with P/q E Q(I + q/q ,R/q) ‘ Then 
there exists q‘ E Spec(R*) such that q’‘ /qR* E ASSR*/qR*(R*/qR*) and 
such that P*/qR* is rninimal over ((I R* + qR*)/qR*) + q*/qR*. Then 
q* E AssR* (R*jqR*) 드 AssR* (M*) and P* is rninimal over 1 R* + q*. 
Thus P E Q (I, M). Let P E E (I, M). By the definition, Q n R = P 
for some Q E Q(uR , M). By the above, there exists q E ASSR(M ) 
such that q 드 Q and Q/q E Q(uR + q/q,R/q). Set p = q n R , then 
P E AssR(M) a뼈 q = pR[u , t] n R. But we have an isomorphism R/ q 즈 
(R/p)[( (1 + p)/p)t ,u] [see [12]]. Under this isomorphism , Q/q intersects 
R/p at P/p. Hence P/p E E(1 + p/p ,R/p) Conversely, let q E AssR(M) 
with P/q E E (1 + q/q ,R/q) and let p = qR[u ,t] n R. Then there is a 
Q/p E Q(uR + p/p ,R/p) such that Q/p intersects R/q at P/q under the 
isomorphism R/p 은 (R/q)[(1 + q/q)t ,u]. Since p E AssR(M) , by the 
above , Q E Q(uR, M). Thus P E E(I, M) 

The proof of (2): Let P E Q‘ (1 , M). Then there exists a prime q* min 
imal in 5μPPR*(M‘) with P* minimal over 1 R* + q*. Set q = q* n R , then 
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q is minimal in SUPPR(M) ,and q" /qR" is minimal in SUPPw/qR. (R‘ /qR’ ), 
and PïqR* is minimal over 1 R* +q* /qR*. Hence P/q E Q' (I +q/q, R/q). 
Conversely, let q be a minimal prime ideal in SUPPR(M) with q 드 P 
and P/q E Q "(1 + q/q,R/q). Then there is a prime qïqR* rninimal in 
Suppw(RïqR" ) with PïqR‘ minimal over ((1 R* + qR* )/qR*) + qïqR*. 
It is clear thal q* is minimal in SUPPR. (M*) and lhal P* is minimal over 
1 R* + q*. Therefore P EQ* (I, M). Let P EA *(1, M). By the definition , 
there is a Q EQ*(uR, M) with P = Q n R. By the above, there is a prime 
q minimal in SUPPR(M) with q 드 Q and Q/q EQ “(uR + q/q , R/q). Set 
P = q n R. Then P is minimal in SupPR(M) and q = pR[t , u] n R be 
cause q E ASSR(M) . Under the isomorphism R/q ~ (R/p)[( I + p/p)t ,u], 
(Q/q) n R/p = P/p. Hence P/p EA* (I + p/p ,R/p) . Conversely, let q be 
minimal in S때PR(M) with q 드 P and P/q E A* (1 + q/q,R/q) and let 
q' = qR[t, u] n R. By the definition , there is a prime p! E Q*(ωu‘(R/q띠씨)[川[(띠(1+ 

q띠/샤셰q이)t ， U띠]，μ’， (R/q띠)[川[(1 + q이/껴예q이)t ， u띠)]) 、w‘v…’
φ -

phism (R/q)[(I + q/q)t씨르R/q' ， φ(pU ) = Q/q' EQ*(uR + q'/q' ,R/q') 
with Q n R = P. It is clear that q' is minimal in SUPPR(M). Hence, by 
the above, Q EQ*(uR,M). Thus P EA* (I, M). 

Remark 3.2. Recall that if M = R then 

A *(1, R) = AssR(R/W).) for all large n [See [11]) 

B ‘ (I ,R) 드 Q(I ,R)nA’ (1, R) 

Q(I, R ) U A *(1, R) 드 E(I ,R) 드 A*(I , R) 

where A *(1, R) = AssR(R/ln) , for alllarge n [See [2]). In particular, all 
sets in the above are finite. 

Corollary 3.3 . Let R be a commutative ηoetherian ring with unity and 
1 an ideal. Let M be a finitely generated R-module. The Jollowing hold. 

(1) Q‘ (I, M) 드 Q(I,M)n A‘ (I ,M) 
(2) Q(1 ,M)UA ’ (I, M) 드 E(l , M) 
(3) The sets Q*(l, M) , A* (l, M ),Q(l, M) andE (l, M) are βnit e. 

Proof This follows from Definition 2.1 , Theorem 3.1 and those results 
known for rings 

Finally, we extend the result on the contraction and lifting of asymp
totic primes to mod ules . 
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Theorem 3 .4. Let A(I, M) denote any oJQ' (I, M) , A' (I, M) , A ‘ (I , M) , 
Q(I, M) or E(I,M). Let φ :R • T be a JaithJu l/y βat ηng homomor
phism 

(1) IJQ E A(IT ,M0RT) , then QnR E A' (I, M). 

(2) IJ P E A(I, M) aηd Q is a minimal pπme ideal over PT, then Q E 

A(IT , M 0 R T). 

Proof If A(I, M) = A'(I ,M) , (1) and (2) follow from Theorem 2.3 
A(I, M) = Q(I,M): Let P E Q(IT,M0RT). By Theorem 3.1 

there is a prime q E AssT(M 0 R T) such that P/q E Q(IT + q/q, T /q) ‘ 

Let q' qnR. Then by Theorem 2.3 q' E AssR(M) and q/q'T E 
Assq/q’T(T/q'T) ‘ But P/q ~ (P/q'T)/(q/q'T) and thus by Theorem 
3.1 P/q'T E Q(IT + q'T/q'T,T/q'T). But since T/q'T is faithfully flat 
over R/ψ ， (p/q'T)nR/q' E Q(I + ψ/q' ， R/q'). But it is clear that 
(P/q’T) nR/q' = (P n R)/q'. Hence by Theorem 3.1 pnR E Q(I ,M) ‘ 

Conversely, let P E Q(I , M) and let Q be minimal over PT. Then there 
Îs q E AssR(M) such that P/q E Q(I + q/q , R/q). Since Q/qT is mini
mal over PT / qT and T / qT is faithfully flat over R/ q, Q / qT E Q(IT + 
qT/qT,T/qT) [see [10], (1.9)]. Hence there is q'/qT E ASST/qT(T/qT) 
such that Q/q' = (Q/qT)/(q*fqT) E Q(IT + q*fq*, T/q*). But it is clear 
that q' E AssT(T/qT). By Theorem 2.3 q' E AssT(M0 RT). Thus 
Q E Q(IT ,T) 

A(I, M) =Q'(I, M): 1et P EQ*(IT, M 0R T) By Theorem 3.1 there 
is a prime q minimal in Supp( M 0 R T) such that P / q E Q‘ (IT +q/q,T/q) 
1et q’ = q n R. Then it is clear that q' is minimal in Supp(M) and that 
q/ q'T is minimal in ASST/"T(T / q'T) and thus is in Supp(T / q'T). Hence 
P/q'T EQ*(IT+ q'T/q'T, T/q'T). Since T/q'T is faithfully flat over R/q'’ 
(P n R)/q’ EQ' (I + q' /q' , R/q') [see [1 이， (1.9)]. Thus P n R EQ* (I, M). 
Conversely, let P EQ’'(I, M) and let Q E Spec(T) be a prime m띠l 
o야ve앙r PT. By Theorem 3.1 , there is a prime q minimal in Supp(M) such 
that P/q EQ' (I + q/q,R/q). Since Q/qT is minimal over PT/qT and 
T/qT is faithfully flat over R/q, Q/qT EQ*(IT + qT/qT,T/qT). By 
Theorem 3.1 , there is a minimal prime q’ /qT E ASST/,T(T/qT) such 
that Q/q’, EQ ’‘ (IT + ψ/q* ， T /ψ). By Theorem 2.3 , q' is minimal in 
Supp(M 0R T). Therefore, Q EQ'‘(IT ,M0RT) 

A(I, M) = E(I, M): Let T be the Rees ring of T with respect to 
IT. 1et Q E E(IT , M 0 R T). Then there exists a prime ideal P in 
Q(úT, M0R T) with P n T = Q. It is clear that T is faithfully flat over 
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R [see [10] , Lemma 1.8]. Hence P n R E Q(uR,M). ‘ Thus Q n R = 
(pnR)nR E E(I, M). Let P E E(I, M) and Q E Spec(T) a 
minimal prime over PT. Then there exists a prime ideal p in Q(uR, M) 
such that pnR P. Let q be a minimal prime over pr in T , then 

q E Q(úI', M i8lR T). Hence we have q n T E E (IT , M 0R T). We may 
assume that (R , P) and (T , Q) are local rings , so that PT is Q-primary 
ideal and q n T ;;:> PT. Hence we get Q = q n T. This completes the 

proof 

A(I, M) = A*(I, M): The proof is anaJogous to the case A(I, M) 二
E (I, M). 
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