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DIVISION SEMINEAR-RINGS 

J. Ayaragarnchanakul and S. Mitchell 

We show that any finite division seminear-ring is uniquely determined 
by the Zappa-Szép product of two multiplicative subgroups, and c1 assify 
all seminear-fields in three out of four categories 

1. Introduction 

1n [2] the authors investigated semifields in which the addition and 
multiplication are both commutative. In [3] the first author extended 
most o[ the work in [2] to the non-commutative case: this paper outlines 
the more significant results in [3] 

2. Seminear-rings 

씨닝 say that (5, +,.) is a right seminear-ring if 5 is a set with tw。
binary operations + and . such that (5 , +) and (5,.) are semigroups and 
the right distributive law holds: (x + y)z = xz + yz for all x ,y,z E 5 
A left seminear-ring is similarly defìn ed, and if 5 is both a left and a 
right seminear-ring then it is a semiring ‘ An important example of a right 
seminear-ring is obtained by starting with an arbit rary semigroup (5, +) 
and letting M (5) denote t he set of all maps from 5 into itself; if + and 
are defined on M (5 ) as pointwise addition and composition respectively, 
t hen (M (5), +, .) is a right seminear-ring which is not left distributive 
provided 151 > 1 

1n what follows , the word ‘semina r-ring’ will mean a ‘r ight seminear­
ηng’. A division seminear-ring is a semi near-ring (D, +, .) in which (D, .) 
is a group. The set R + of positive real numbers with the usual add ition 
and multiplication is a division seminear-ring in which the left distribu tive 
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la.w holds: th a.t is , it is a. division semiring. To obtain a. fa.mily of right 
(bllt not left) division seminea.r-rings , we need the following notion 

If (G ,.) is a. group a.nd H , J( a.re subgroups of G , we sa.y G is a Zappa­
Szép (ZS) product of H and J(, written G = H * J(, if G = H J( and 
H n J( 1. Note tha.t a.ny direct product is a. ZS-product but not 
conversely. For example, if G S3 a.nd H =< (1 ,2) >,!< A3 then 
G = H * J( but S3 is not a. dired product of a.ny of its subgroups. The 
proof of the following result is straight-forward a.nd so is omitted 

Lemma 1. If G = H * J( for some subgmups H , J( of a gmup G , then 
G = J( * H and 

(a) for each x E G there exist unique h" h2 E H and k" k2 E J( sμch 
that x = h,k1 = k2h2, and 

(b) for each h E H , k E J( there exist uniqμe h’ E H and k' E J( such 
that h'k = k'h 

The next result provides a way of constructing division seminear-rings 
which a.re not division semirings. 

Theorem 1. IfG = H *J( for some subgroup H , J( of group G , theη there 
exists a μπique binary operation + on G such that (G , +,.) is a division 
seminear-ring in which (G , +) is a rectangular band conlaining H and J( 

as left and right zem subsemigmups respectiνely and G = H + J(. 

Pmof. Let Xj ,X2 E G. By Lemma 1, we ca.n write Xl k,h"X2 h2k2 
a.nd h냐2 단h ， for suitable uniqlle elements of H and J( . In this case, 
we deJlne x, + X2 to be h~ k2. 

Suppose X ε G and x kh , hk,. Then , by uniqueness and the 
definitions, h1 1 . h" k, = 1 . k1 imply that h1 + k1 hk, x ‘ 

Moreover, if x = h + k = h' k = k ’h then h’k = hk1 and uniqlleness implies 
k = k1 ; similarly, h = h1 and we have shown th a.t for each x E G, there are 
unique h E H , k E J( such that x = h + k ‘ In addition, if hk1 = kh 1 and 
h싸 = k'h2 then (h 1 + kJ) + (h2 + k2) = kh 1 + h써. Hence, if h /l k2 = k /l h, 
then (h , + k,) + (h 2 + k2) = h , + k2. Now , it is well-known that H x J( 

under the operation: 

(h 1,k ,) (9 (h 2, k2) = (h" k2) 

is a rectanglllar band [1]. And, from the foregoing remarks , f G • 
Hx J(, h+k • (h , k) , is an isomorphism from (G ,+) onto (H x J(, 0) 
ThllS, (G , +) is a rectangula.r ba.nd in which H is a left zero semigroup 
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For, if h E H then h. 1 = 1 . h implies t hat h + 1 = h . r = h and so H is 
isomorphic under f to H x 1, a left zero subsemigroup of (H x K ,0 ) 

To show that (G,+,.) is right dist ri butive, let x ,y ,z E G and write 

xz = h, + k, = h; k, = 서 h， 

yz = h2 + k2 = hμ2 = k~h2 

Then , if x = h3k3 = k4h4 and y = h5k5 = k6h6 , we have z = x-' 서 h， = 
y-'hμ2 and so 

k:;1 k; h, = h4k;;' . h;;' h;k2 = k7h7 . h;;1 h;k2 

for some h7, k7 in G . Since h7h긴 h; E H and k:;' k:;' 시 E I<, we conclude 
that xz + yz = h, + k2 and this equals h7 . /，념 'h;k2 . But, x = h4 + k3, y = 
h6 + k5 and so 

(x + y)z [(h4 + 1.:3 ) + (h6 + ks)]y-'h;k2 

(h 4 + ks)(hskst 1 hμ2 = h7h;;1 h싸2 

xz + yz 

since h4 + ks h~ks k~ι， implies that /;씨 = h7' Finally, to show 
+ is unique, suppose EB is another operation for which (G, EB , .) has tbe 
same properties as (G , +, .). Now , under the stated condi tions , k + h = 

(l+ k)+(h+l) = l+ (k+h)+1 = 1. Tlll페 if hEB k = h,k, = k2h2 = h2+k, 
Tben 

1 = 1 EB kh • 'EB 1 = (h EB I.: )h-' EB 1 = k2h2h- ' EB 1 

and so 1 = k2 EB hh21 = (k2h2h-' EB l)hh2' = hh2'. Hence, h = h2 and 
similar ly k k ,. So, if x , ν E G satisfy x = h1 EB k, h , + k, and 
y = h2EB k2 = h2+k2 then x EB y = h, EB k2 = h, + k2 = x+y , as required. 

With tbe same notation as in Tbeorem 1, it can be shown tbat (G, + ) 
is a lways isomorphic to the direct product of (H, +) and (κ +). On the 
other hand , the division seminear 디ng (G, +,.) is left distributive if and 
only if (G ,. ) is the direct product of (H ,.) and (I<,.). 

We say that the division seminear-ring defìned in Theorem 1 is in­
duced by tbe ZS-product G = H * I< . In the finite case, we can prove 
tbe converse of Theorem 1. 
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Theorem 2. gνery finil e division seminear-ring D is induced by a Z S 
product of multiplicalive subgroups of D . 

Proof Since (D ,+) is a fi nite semigroup, d+d = d for some d E D [I ] and 
so x + x = (d+d)d- 1x = x for all x ε D. Now, let H = {x E D : x+l = x} 
and ]( = {x E D : x + 1 = 1} where 1 is the identity of (D , .). Note that 
Hn]( = 1 and if x ， ν E H then x y+ 1 = (x +l )y+l = xy+ y = (x+ l )y = 
x y: that is, 때 E H. Hence, since (D ,. ) is a fini te group, if x E H then 
xn = 1 for some n :::: 1 and x-1 = x n- 1 E H: that is, (H ,.) is a group, 
and the same holds for (κ ). 1n parti cular, if x , y E H then x y- l E H 
and so 때 1 + 1 =xν 1: that is, x + y = x. Hence, if u , v E D , we have 
u+v + μ = [1 + (vu- 1 + 1)]u = u since vu- 1 + 1 E H , and so (D ,+) is a 
rectangular band. 

To show D = H * ]( , let x E D and note that x + 1 E H , and 
x(x + 1)- [ + 1 = (x + (x + 1) )(x + 1)-1 = 1: that is, x( x + 1)-[ E ]( 
T hus, x = x(x + 1)- I(X + 1) E f( H and so, by Lemma 1, D = H *]( 

Finally, let x , y E D , and note that x = x (x + 1)- l (X + 1) E ]( H , ν = 
y (1 + y) -[(1 + y) E H f( and if z = (x + 1)(1 + y) - 1 = z( z + 1) -[ (z + 1) 
then (z + 1)( 1 + y) = (z + l )z -[(x + 1) where (z + I )Z-1 E K. T hat is, 
if ffi denotes the addi tion induced on D by the ZS-product of H and ]( 
then 

x ffi y = (z + I)( I + ν ) = (x + l)+(I+y) 

x + [1 + (x + ν ) + 1] + ν = x+y , 

and this completes the proof 

1t can be shown that two fin ite division seIIÚnear-rings are isomorphic if 
and only if t here is a multipl icative group isomorph ism between them that 
preserves the ZS-products of their subgroups, as specified by Theorem 2. 

3 . S e minear-fie lds 

A right seminear- ring (F, +, .) is a seminear-fie ld if there is a E F 
such that a2 = a and (F \ a, .) is a group. 1n this case, we write Fa = F\α 
and say that F has b ase a 

If F = {a, x} and we define operations + and . on F so t hat (F, + ) is a 
righ t zero sernigroup and (F, -) is a band with a as an identity then (F, +, .) 
is a seminear- field in which both 강 and Fx are mul t iplicative groups‘ On 
the other hand , it is easy to check that if (F, +,.) Îs any seminear-field 
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with IFI > 2 then there is a unique a E F such that a2 '= a and (Fa ,.) is 
a group 

Theorem 3. 1f (F, +,.) ;s a sem;near-field w;th base a, then F belongs 
to one of the follo떼η9 calegol'ies of seminear 껴eld. 

1. ax = xa = a for all x E F , II. ax xa = x for all x E F , III 
ax = a and xa = x for all x E F , IV. ax = x aηd xa = a for all x E F. 

Proof Let 1 denote the identity of Fa and suppose a.1 = a. If x E Fa and 
ax 동 a then there exists y E Fa with (ax)y = 1 and so a = a(ax)y = 1, a 
contradiction. That is, if a . 1 = a then ax = a for all x E F. If a . 1 =J a 
then (a . 1 j2 = a. 1 implies a . 1 = 1 and so ax = x for all x ε F. Similarly, 
we can establish the disjunction: xa = a for all x E F or xa = x for all 
x E F , and this proves the result 

Note that any division ring is a category 1 seminear-field (with a = 0) , 
so there is little hope of describing all seminear‘껴elds in category 1. On 
the other hand, those in categories II-IV can be completely characterised 

Theorem 4. 1f F ;s a calegory II seminear-껴eld w;th base a , then (Fa , +,.) 
is a d;vision sem;near-ri때 Converselν， suppose (D , +, ‘ ) is a때 division 
sem;near-ring and a rj. D. Then the operatioπs on D caη be extended 10 
D* = D U a so that (D* , +,.) ;s a category II sem;near-βeld 

Proof If x ,y E Fa and x + y = a then 1 = a. 1 = x. 1 + ν 1 a , a 
contradiction. Hence, (Fa , +, .) is a division seminear-ring. If D is any 
division seminear-ring and we extend its operations so that ax = xa = x 

and x + a = x + 1, a + x = 1 + x then it can be checked that (D* , +, .) is 
a category II seminear-field 

Theorem 5. 1f F is a categoηI 1II or 1V seminear-field with base a, then 

IFI = 2 

Proof If F is category III and x E Fa then x 2 = (xa)x = x(ax) = x and 
so x = 1. A similar argument works for when F is category IV 

It can be shown that there are only five pairwise non-isomorphic pos 
sibilities for the additive structure of category III seminear-fields; namely: 

+ a 1 
a a a 
1 a 1 

+ a 1 
a a a 
1 1 1 

+ a 1 
a a 1 
1 a 1 
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+ a 1 
a a a 
1 a a 

+ a 1 
a a 1 
1 1 a 

Likewise, it can be sbown that there are only tbree pairwise non-isomorphic 
possibi li ties for the add itive structure of category IV seminear-fields: namely, 
the first three tables listed above 
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