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1. Introduction

Let A and B be two non-empty sets, M the set of all mappings from
A to B, and T" a set of some mappings from B to A. The usual mapping
product of two elements of M cannot be defined. But if we take f, g from
M and « from I' then the usual mapping product fag can be defined.
Also we find that fag € M and (fag)Bh = fa(gBh) for f,g,h € M and
a,fel.

If M be the set of m x n matrices and I be a set of some n x m matrices
then we can define A, 00 mBmn such that (An w@nmBmu)BamCmn =
Asi 500 (B © PuinCinn) Where Avins Bmp, Cins € M and @y Bnm €
I'. An algebraic system satisfying associative property of the above type
is a [-semigroup [1].

Definition. Let M = {a,b,¢,---} and ' = {e, 3,7, -} be two non-
empty sets. M is called a I-semigroup if (i) aab € M for @ € T and
a,b € M and (ii) (eab)fc = aa(bfc), for all a,b,c € M and for all
a,B € T. A semigroup can be considered as a I'-semigroup in the following
sense. Let S be an arbitrary semigroup. Let 1 be a symbol not representing
any element of S. Let us extend the given binary relation in S to S U {1}
by defining 11 =1 and la = al = a for all @ in S. It can be shown that
S U {1} is a semigroup with identity element 1. Let I' = {1}. Putting
ab = alb it can be shown that the semigroup S is a I'-semigroup where
I' = {1}. Since every semigroup is a [-semigroup in the above sense
the main thrust of our work is to extend different fundamental results of
semigroup to I-semigroup. In [2], [3], [4] and [5] we have extended some
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results of semigroup to I'-semigroup. In this paper we establish maximum
idempotent separating congruence on an inverse ['-semigroup.

2. Preliminaries
We recall following definitions and results from [2], [3], [4] and [5].

Definition. Let M be a I'-semigroup. A non-empty subset B of M is
said to be a I'-subsemigroup of M if BI'B C B.

Definition. Let M be a I'-semigroup. An element a € M is said to be
regular if @ € al'MTa, where al’'MTa = {aabfa : b€ M,e,8 € T}. A

I-semigroup M is said to regular if every element of M is regular.

Definition. Let M be a I'-semigroup. An element e € M is said to be an
idempotent in M if there exists an a € I' such that eae = €. In this case
we shall say e is an a-idempotent.

Definition. Let M be a I'-semigroup and ¢« € M. Let b € M and
a, 3 € T. bis said to be an (e, 3) inverse of ¢ if a = aabfa and b = bBacd.
In this case we shall write b € V?(a).

We have defined £, R, H, the analogue of Green’s relation in [3].

Lemma 2.1. Let M be a regular I'-semigroup and let a € M. Suppose
e is an a-idempotent and f is a B-idempotent of M with eRaLlf. Then
there ezists a unique b € Vg'(a) such that afb= e and baa = f.

Definition. A regular I'-semigroup M is called an inverse I'-semigroup
if [V8(a)| = 1, for all @ € M and for all a,3 € T', whenever V?(a) # 0.
That is every element a of M has a unique (a, 3) inverse whenever (a, 3)
inverse of a exists.

Theorem 2.2. Let M be a I'-semigroup. M s an tnverse I'-semigroup if
and only if (i) M is regular and (ii) if e and f be any two a-idempotents
of M then eaf = fae.

3. Maximum idempotent separating congruence on
an inverse ['-semigroup

Theorem 3.1. Let M be an inverse I'-semigroup. If e be an a-idempotent
and f be a B-idempotent of M then eaf, fae are f-idempotents and e3 f,
fPBe are a-idempotent of M.
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Proof. Let e and f be two elements of M such that e is'an a-idempotent
and f is a f-idempotent. We show that eaf is a f-idempotent. Now
eaf € M. Since M is an inverse T-semigroup let z € V'(eaf). Then
(eaf)ézy(eaf) = eaf and zy(eaf)éx = z. Let g = féxyeaf. Also let
h = fézvye. Then (fézyeaf)B(féxye)a(féryeaf) = fé(zyeafbz)vea f
= féxveaf = g. This shows that gfhag = ¢g. Similarly hagBh = h.
Hence g € VP(h). Also, eaf € VP(h). Since M is an inverse I'-semigroup
therefore ¢ = eaf. Hence eaf is F-idempotent. Proceeding similarly
we can show that fae is G-idempotent and e3f, ffe are a-idempotents.
Hence the theorem.

The following lemma can easily be proved.

Lemma 3.2. Let M be an inverse ['-semigroup. Leta € M. Ifa’ € V,f(a),
then for any a-idempotent e of M

(1) ayead', aceyd’, are §-idempotents

(i1) a'deca, a’aeba are y-idempotents.
Lemma 3.3. Let M be an inverse I'-semigroup. Let a,b € M. Ifd' €
Vior(a), b € V57'(b), then U Bya’ € Vi (aoyb), and Vaya' € Vi*(afab).
Proof. Let a' € V2(a), b € Véf?(b). Then acyd'aza = a, a'azaca’ = @',
b b/ Byb = b, W' 3,00,6 = V. Now ad'aga is aq-idempotent and b3 b is
3-idempotent. Hence a’ayac b3,V is Bp-idempotent, b3 B3ra' aza is ay-
idempotent, a'aya3:66, 8 is ay-idempotent and b3 6’ aya’aza is 33-idempotent.

(a1 0)By (V' Bod ) az(acyb) = aay(d agac;bBib')Ba(a’ azac bfb')Bab
= aoia’azao b b Byb

(since a'azaq;bpb’ is By — idempotent)

= amb
(0'Baa")az(ac b)B1 (' Bea") = b'B2(bB1b Bad' aza)e (b51b' Brd’ ana)ana’
= b By05,6 Bra cgacd
(since (bf1b Baa’aza is a; — idempotent)
= b’ﬁza’.

Hence 6'fya’ € Vg*(aa;b). Similarly it can be shown that baja’ €
Vi (a32b).
Lemma 3.4. Let M be a reqular I'-semigroup. Let a,b € M. Then aHb
if and only if there exists o’ € V?(a), V' € V2(b) such that aya' = WV,
a'éa = b'éb.
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Proof. Let aHb. Then aLb and aRb. Let o’ € Vi(a). Then ald'éa
and aRavya'. Again aRb. Then ava’RbLa’éa. By Lemma 2.1, it follows
that there exists a unique & € V(b) such that byb' = aya’, b'6b = a'a.
Conversely let ava’ = byl', a'éa = V/6b for o’ € V)(a) and ¥ € VI(b).
Then aRavya = byb'Rb. Hence aRb. Again aLa’da = ¥'§bLb. Then aLlb.
Hence aHb.

Definition. Let M be a I'-semigroup. A congruence on M is defined
as an equivalence relation p on the set M stable under left and right T'-
operation. That is, for every a,b,c € M, (a,b) € p implies (caa, cab) € p
and (aac, bac) € p, for all & € . A left (right) congruence on M is an
equivalence relation on M, stable under left(right) I'-opeation.

Definition. Let M be a I'-semigroup. A congruence p on M is said to
be an idempotent separating congruence on M if e be an a-idempotent,
f be an a-idempotent of M and (e, f) € p then e = f.

We can prove the following lemma.

Lemma 3.5. Let M be a regular I'-semigroup. If p ts an idempotent
separating congruence on M then p C H.

Theorem 3.6. Let M be an inverse I'-semigroup. Then the relation
p = {(a,b) € M x M : there exist v,6§ € T, o' € Vi(a), b € Vi(b)
satisfying aceya’ = baeyl/ for every a-idempotent e = eae € M} is the
mazimum tdempotent separating congruence on M.

Proof. 1t is immediate that p is reflexive and symmetric. Let us prove that
p is transitive. Suppose (a,b) € g and (b, ¢) € u. Then by definition there
exist v,6 €', d’ € V,f(a), b e Vf(b) such that aceya’ = baeyl/, for every
idempotent € = eae € M. From (b,c) € g, there exist v1,6; € ', b* €
VAi(b), ¢ € V¥ (c) such that b3fyb* = cffyic*, for every idempotent
f'=fBfe M. Now

byb'éa = bybdavya'éavyd'éa = byl é(ay(d'ba)ya')ba
= byb'§by(a'ba)yb'éa = (by(a'ba)vb )ba
= ay(d'ba)yd'ba = a.
Then av;(6*6:1b)ya’ = bbbyl = byl'. Let a = b*6,bya’ 607V .

ayiada = anb &by bbyb'éa = (ay,(b*61b)va")bbyb' ba
= by (67610)vb 6byb'ba = byb'éa = a
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abay,a =

b & bya’ §byb day, b™ 8, brya'§byb'
b8, bya’§(byb'§a)y, b 61 brya’ Sby b’
b*8,bya’§(av, (b°6,b)ya')dbyb

b* 8, bya' by, b™ 6, byt Sbyb

b6, bya'§byb' = a.

Hence a € Vf] (a). Next let & = b*6byc*6167Y'.

byt'de = byb'd(en(cbie)nic)éie = byb'8by (™ b1c) b b1 c
B O DA T

C‘y](b*(?lb)')'lc* = b’]’](b-é‘lb)"}’]b' = b‘}’] bt.

Then
enéde = (e b 61by )81 bvb bc = by 76,y b éc
= bybéc=c
8y by 6% 6, by €76, (byb'be)yi 6, by

c¢beye = b

i
= b
= b

Hence ¢ € V (c). Then

acey a

61 b’}"l c*ﬁl(cyl (b*élb)'ylc*)51 b"fb’
B1by1 6" 8y byy b 8, by b 6y b
bbb’ = e

= (aa(ey,b%6,b)ya")6by¥
= ba(ey,b78;b)yb sbyb

= caev;C.

Therefore (a,c) € u. Hence y is transitive.

To show g is a congruence, let (a,b) € g and ¢ € M, g € I'. Then
by definition there exist 7,6 € I' and a' € V(a), ¥ € V/(b) such that
aaeyd = baeyl' for every idempotent e = eae € M. Now, a' € Vi(a).
Let z € V%(a’6afc). Then by lemma 3.3, z6,a’ € V2 (aya’éafc). Hence,
z6a’ € V2 (afc). Similarly from b’ € V(b) and = € V2(d'8afc) we get,

zbob' € V}:(b'ya’(’,?aﬂc).

(zbya'6arb')6(bBc)y2(zb2a bayb')



64

N. K. Saha

= zby(a'da)y(b'6b)Beyyxdya’bayt’

z6,(b'6b)y(a'ba)Bey,xdr(a’'ba)y(b'6b)yb (by Theorem 2.2)
(z8,b'6byd'baBeyaxbyb)6bya' Sayb’

z8,b'8bya’Savb’ (since zé;b" € V2. (bya'Safc))

282 (b'6b)y(a'da)vb' = zb2a'6ayb Sbyb

zéya’bavyb'.

Similarly (bfB¢)y2(xb2a’bayb')é(bfBc) = bfBc. Hence, xdya’bavyll € V,fz(bﬁc).
Next we show that eaey,zdza’da is B-idempotent. Now, ey,zéra’dafe is
a-idempotent and zd;a’éafc is yz-idempotent.

(caeyrdra’éa)B(caey,xdra’ba)
caleyarbra’dafic)aey,xéra'daBeyaxéaa’fa
caeaey,rbya'dafcy,x8,a' §aBcyyxéra’da (by Theorem 2.2)
caeyy(x2dya'dafcy,x)é,a bafey,xdia'Sa
caeyy(zéra'dafcy,x)brd ba

= caeyzda'da.

Then,

(aBc)aevyy(zdra’) = aB(caeyz8,d'ba)vd
= bfcaeyrdia’bayl
= (bBc)aeyy(zbya'dayl).

This shows that (afc,b8¢c) € u. Next let y € ij(cﬁa‘ya’). Also, a' €
V¥(a). Then by Theorem 3.3, a'ysy € V*(cfBaya’éa). Thus a'ysy €

V2 (cBa).

Similarly from y € Vf;(cﬂa'ya' ) and b’ € V2(b) we get, b'yay €

V,f3 (cBavya’éb). Now,

aya'db = avya'bbyb'6byb'6b = aya'§(by(b'6b)yb 6b)
= aya'day(b'8b)ya'sb = (ay(b'6b)ya')éb
= by(b'sb)yb'6b = b.

Thus ¥'y3y € V.%(cBb). Then,

(cBa)aey(a'ysy) = cBlaceya’) vy = cBbaeyb ysy = (c8b)aey(byay).

This implies that (¢fa,c8b) € u. Hence p is a congruence on M. To
show p 1s idempotent-separating congruence on M, let e and f be two



The maximum idempotent-separating congruence 65

a-idempotents of M such that (e, f) € p. We have to show that e = f.
Now, (e, f) € p. Then by definition there exist v4,84 € ', € € V2*(e),
fle V.fi‘(f) such that evgyse’ = frgysf’, for every idempotent g = grg €
M. NOW,

eaf = fae= fa(eys(e'dse)v4e’)bse
= faey(e'dse)vaf dse
(fra(€'bae)yaf )bae
= eys(e'b4e)yae'bse = €.

Again, eaeyse’ = faeysf'. So, eyse’ = faevsf'. eafye' = fafyaf'. So,
fyaf = eafvse’. Hence, eafvsf = eafy4e’. Then,

eaf = (eafyaf')ouf = (eafy4e’)bsf = fafyaf'éaf = f.

Hence ¢ = f. Thus p is idempotent separating congruence on M. Fi-
nally, suppose that p is an idempotent-separating congruence on M. If
(a,b) € p then we have by Lemma 3.5 (a,b) € H. Then by Lemma 3.4,
there exist @’ € V¥(a), ' € V2(b) such that aya’ = byb, a'da = b'6b.
Then o = d'daya’ = a’6byb' and V' = Vébyb = a’bayb'. Since (a,b) €
p, (a’'ba,a’éb) € p and accordingly (a'éayb’,a'8bvb") € p. Hence (¥,a’) € p.
Again, (a,b) € p implies (aaeyd,baeya’) € p. Also, (a',b') € p implies
(baeya', baeyl') € p. Hence (aaeya’,baeyb') € p. Then aaeyad = baexl,
since both are é-idempotents. Hence p C p. Thus g is the maximum
idempotent-separating congruence on M.
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