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1. Introduction 

Let A and B be two non-empty sets, M the set of all mappings from 
A to B , and f a set of some mappings from B to A. The usual mapping 
product of two elements of M cannot be defìned. But if we take J,g from 
M and a from f then the usual mapping product J ag can be defìned . 
Also we fìnd that Jag E M and (Jag)ßh = J a(gßh ) for J ,g ,h E M and 
a ， β Ef 

If M be the set of m x n matrices and f be a set of some n x m matrices 
then we can define A，찌an ，mBm ，n such that (Am ,nan ,mBm ,n)ßn,mCm ,n 
Am ,nan,m(Bm,n 0 ßn ，mCm씨) where Am ,n,B m,n,Cm,n E M and a따nκ"끼m ， 
f. An algebraic system satisfying associative prope하r다ty 0이f the above type 
l뻐s a f-semigroup [1] 

Defìnition . Let M {a ,b,c, ... } and f = {a ,ß,ì ," ' } be two non • 

empty sets . M is caJled a f-semigroup if (i) aab E M for a E f and 
a ,b E M and (ii) (aab)ßc = aa(bßc) , for all a ,b,c E M and for all 
a , ß E T. A semigroup can be considered as a f -semigroup in the following 
sense. Let S be an arbitrary semigroup . Let 1 be a symbol not representing 
any element of S. Let us extend the given binary relat ion in S to S U {1} 
by defìning 11 = 1 and 1a = a1 = a for a ll a in S. It can be shown that 
S U {1} is a semigroup w뻐 identity element 1. Let f = {1} . Putting 
ab = a1b it can be shown that the semigroup S is a f -semigroup where 
f = {l}. Since every semigroup is a f -semigroup in the above sense 
the main thrust of our work is to extend different fun damental results of 
semigroup to f-semigro때. 1n [2], [3], [4] and [5] we have extended some 
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results of semigroup to f-sem;group. 1n this paper we establish maximum 
idempotent separating congruence on an inverse f- semigroup. 

2. Preliminaries 

We recall f，이Jowing defini tions and resuJts from [2], [3], [4] and [5]. 

Definition . Let M be a f-semigroup. A non-empty subset B of M is 
said to be a f- subsemigroup of M if Br B c B. 

Definition. Let M be a f- semigroup. An element a E M is said to be 
regular if a E afMfa , where afMfa = {aabßa : b E M ,a ,ß E r} . A 
f -sem;group M is said to reguJar if every eJement of M is regular 

Definition. Let M be a f- semigroup. An element e E M is said to be an 
idempotent in M if there exists an a E f such that eae = e. In this case 
we shaJJ say e is an a -idempotent . 

Definition . Let M be a f-semigroup and a E M. Let b E M and 
a ,ß E r. b is said to be an (a ,ß) inverse of a if a = aabßa and b = bßaab 
1n this case we shaJJ write b E Vt(a). 

We have defined L , R , 11, the anaJogue of Green’5 reJation in [3]. 

Lemma 2.1. Let M be a regular f -semigroup and let a E M . Suppos e 
e is an a-idempotent and f is a ß-idempotent of M ψith eRα[f. Then 
there exists a unique b E V;(a) such that aßb = e and baa = f. 

Definition. A regular f -sem;group M is caJJed an inverse f-semigroup 
if I앵 (a)1 = 1, for all a E M and for aJJ a ,ß E f , whenever Vt(a) -# ø 
That is every eJement a of M has a unique (a , ß) inverse whenever (a , ß) 
inverse of a exists 

Theorem 2.2. Lel M be a f- semigroup. M is aπ inverse f -semigroup if 
and only if 띠 M is regular and (i낀 if e and f be any two a-idempolents 
of M then ea f = f ae 

3. Maximum idempotent separating congruence on 
an inverse f-semigroup 

Theorem 3.1. Let M be an inverse r -semigroup. If e be an a-idempotent 
and f be a ß -idempotent of M then eaf , f ae are ß -idempotents and eβf， 

f ße are a -idempotenl of M . 
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Proof 1et e and f be two elements of M such that e is 'an a -idempotent 
and f is a ß-idempotent. VV낭 show that wf is a ß-idempotent. Now 
eaf E M . Since M is an inverse f-semigroup let x E V?(eaJ). Then 
(wJ)óx,(wJ) = wf and x,(wJ)Sx = x. 1et g = fSx,wf. Also let 
h = f Sx,e. Then (J Sx，eαJ)ß(Jóx，e)a(JSx，wJ) = fS(x,wfSxhwf 
= fSx,wf = g. This shows tha.t gßhag = g. Similarly hagßh = h 
Hence g E V!(h). Also, wf E 1갱 (h). Since M is an inverse f -semigroup 
therefore g ea j. Hence eaf is ß -idempotent. Proceeding similarly 
we can show that fae is ß -idempotent and eßf , fß e are a-idempotents ‘ 

I-Ience the theorem. 

The following lemma can easily be proved 

Lemma 3.2. Let M be an iηmηnver，않se f -sem때l 
th e떼?ηt J<ψ0'-‘ an띠lηya-!뼈de rηmpo이ten띠lπt e of M 

(i) a (̂eaa' , aae,a' , are S-idempot eηts 

(ii ) a'Seaa , a'aeÓa are ， -i떠derπr때oterηti 

Lemma 3 .3. Let M be anη， !η찌?ηlνverse f -semi맹groηu때L맹p. Let aι’ b E M. 1f a' E 
I엉l2(Q) ， bI e V앞 (b) ， then b'ß2a' E 1엉'(aa ， b) ， and b'a,a' E V;"(뼈2 b) . 

Proof 1et a' E V:져'(a) ， b' E V~'(b)_ Then aaja'a2a = ι a' Q'2aÚ'l a' al , 
bß, b' ß2b = b, b' ß2bß, b' = b’. Nüw a'a2a is a ,-idempotent and bß,b' is 
,ß2-idem potent. Hence a' a2aa，뼈1 b' is ßTidempotent, bß, b' ß2a' a2a is 0', 
idempotent, a' O'2aß2bß, b' is O', -idempotent and bß, b'a, a' a2a is β2-idempotent 

(aa, b)ß, (!J'더2 a’ )a2(aαl b ) aO' l(a’O'2aa,bß, ν)ß2(a'a2aα1 bß,b’)ß2!J 

aO', a' a2aal bß1!J' ß2 b 

(since a' a2aO', bß, b' is ß2 - 야mpotent) 

aO' l b 

(b' ß2a')O'2( aa, b )ß, (b' ß2a') = b' ß2 (bß, b' ß2a' O'2a )a, (bß, b' ß2a' a2a )a1 a' 

b'ß2 떠1 b’a2QIO2QQI QI 

(since (bβ1 b껴2QIα2a IS al • idempotent) 

b'ß2a’. 
Hence b' ß2a' E V;" (aa, b) ‘ Similarly it can be shown that b' a , a’ e 
V;" (aß2 b). 

Lemma 3 .4. Let M be a regular r -semigroup. Lεla ， bEM. Thena 'Hb 
σ and only if there exists a' E V; (a) , b' E 잉(b) such that a,a' = bJb’, 
a'óa = b'Sb 
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Proof Let aHb. Then aCb and aRb. Let a' E V.;(a). Then aιa' 5a 
and aRæya'. Again aRb. Then æya'Rbιa'5a. By Lemma 2.1, it follows 
that there exists a unique b’ e 양(b) such that b-y b' = aìa’, b'5b = a'5a 
Conversely let aìa' = bìb', a'5a = b'{jb for a' E ~깡 (a) and b' E 암(b) 
Then aRaìa' = b-y b’Rb. Hence aRb. Again aCa'5a = b'5bCb. Then aCb 
Hence aHb 

Definition. Let M be a f-semigroup. A congruence on M is defined 
as an equivalence relation p on the set M stable under left and right f ­
operation. That is, for every a,b,c E M , (a ,b) E p implies (caa ,cab) E p 
and (aac , bac) E p, for all a E f. A left (right) congruence on M is an 
equivalence relation on M , stable under left(right) f-opeation. 

Definition. Let M be a f-semigroup. A congruence p on M is said to 
be an idempotent separating congruence on M if e be an a-idempotent, 
f be an a-idempotent of M and (e, f) E P then e = f. 

We can prove the following lemma 

Lemma 3.5. Let M be a regular f -semigroup. [f p is aη idempotent 
separating congruence on M then p c H. 

Theorem 3.6. Let M be an in verse f -semigroup. Then the relation 
μ {(a , b) E M x M there exisl ì ,5 E f , a’ E ~영 (a) ， b'E l강 (b) 
satisfying aaeìa’ = baqb' for every a-idempotent e = eae E M} is the 
maximum idempoteη1 separating congruence on Aι 

Proof It is immediate that μ is reflexive and symmetric. Let us prove that 
μ is transitive. Suppose (a , b) E μ and (b, c) E μ. Then by definition there 
exìst γ ， 5 E f , a' ε 암(a) ， b' E V';(b) such that aaqa' = baqb', for every 
idempotent e = eae E M. From (b , c) E μ ， there exist ì1 ，이 E f , b* E 

째" (b) , c* E 댁 (c) such that bßfì1b* = Cßfì1C* , for every idempotent 
J' = fßf E M. Now 

b-yb' 5a = bìb’5aìa' 5aìa' 5a = bìb' 5( aì( a’5aha')5a 

= b-yb' 5h( a' 5a hb' 5a = (h( a' 5a hb')5a 

aì( a' 5a ha' 5a = a. 

Then aì1(b얘1bha' = h1b‘ 51 b-y b' = b-y b'. Let ii = b* 51 bìa’5bìθ 

따1ii5a = aì1b*51 b-ya'5b-yb'5a = (aì1(b*51bh a')5 b-yb’5a 

b-y1 (b‘ 51bhb'5b-yb'5a = bìb’5a = a 
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ãða'l ã b" ð1!rya' ðb,b' ða'1 b" ð1!rya’ð!ryt/ 
= b* ð1!rya' ð( !ryb’ða),1 b* ð1!rya' ð!ryb' 

= b‘ ð1 !rya' ð( a' l (b껴 b),a')ð!ryb' 

= b‘ ð1!rya’ðb'l b" ð1!ryb' ð!ryb' 

= b‘ ð1!rya' ðb,b’ = a. 

Hence ã E 댁 (a) . Next let c = b*ð1b，IC떠 b，b' 

T hen 

b,b' ðc b,b' ð( Cf1 (c‘ ð1Cl/J C*)ð1C = !ryb'ðb'I(C*ð1C),l b*81c 

= (b'I(C얘1 C),1 b")이 c= 이(c예C)，I C‘ ð 1 c = C. 

Cf1 ( b"찌bl/J c‘ = !ry1(b"ð1b),lb" = !ry1b". 

C'1 εðc = (Cf1b*ð1!ry1C*)ð1!ryb'ðc = !ry1b"ð1!ryb'8c 

= !ryb'ðc = c 

c8Cf1C b‘ ð1!ry1 b‘ ð1 b'l c* 81 (b,b' 8C),1 c’ 81!ryb' 

= b깨1 !ry1 c* 81 (Cf1 (b*81 b),1 c*)81 !ryκ 
= b* 81!ry1 C‘ ð1!ry1b‘ 81 b'l b* 81!ryb' 

= b* 81!ry1 c* 81!ry1 b' = c. 

Hence c ε l영 (c). Tben 

ao:e'"f1 ã = (ao:( ef1 b" 81 b )，a')ð!ryκ 

= bO:(ef1 b대1 b)，b'ðb，κ 

= co:e'lc 

Therefore (a , c) E μ Hence μ is transi tive. 
To show μ is a congruence, let (a, b) E μ and c E M , β E r. T hen 

by definition there exist "ð ε r and a' E V; (a) , b' E ~상 (b) such that 
ao:qa' = bo:e,b' for every idempotent e eo:e E M . Now, a' E 악(a ). 
Let x E νδ;( a'8aβc) . Then by lemma 3.3, x82a' E v.:'(a,a'ðaßc). Hence, 
x82a' E V;'(a ßc) . Similarly from b' E 암(b) and x E ，쌍 ( a'δaβc) we get, 
x82b' E V':'( !rya'Òaßc) 

(xÒ2a' Òa，b’)Ò(bßC)，2(xÒ2 a’ Òa，κ) 
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xlì2(a’lìa h( b' lìb)ß이2xlì2a' lìaìb' 

xlì2( b' ób h( a' óa )ßCì2XÓ2( a’óah(b'óbhb' (by Theorem 2.2) 

(xó2b' óha' ÓaβCì2XÓ2 b’ )óha'óaìκ 
xÓ2b'óha’óaìb' (since XÓ2b' E V.!(ha'óaßc)) 

= xÓ2(b'óbh(a'óahb' = xÓ2a'óaìb'óhb' 

= xÓ2a' óaìb'. 

Similarly (bßc h2( xÓ2a' 5a애') ó(bßc) = 떠c‘ Hence, xÓ2a'Óaγ b' E ì영 (bßc) 
Next we show that caq2xÓ2a' Óa is ß-idempotent. Now , q2xÓ2a' óaßc is 
a-idempotent and xÓ2a’óaßc is ì2-idempotent. 

Then, 

(caeì2xó2a' Óa )ß( caQ2xó2a' óa) 

ca( Q2xó2a' óaßc)aQ2xó2a' Óaß야2xó2a'óa 

caeaq2xÓ2a'óaßCì2Xó2a'óaßCì2XÓ2a'óa (by Theorem 2.2) 

cae"{2( xÓ2a' óaßCì2x )Ó2a' óaßCì2xó2a’ða 

caQ2( xÓ2a' Óaß이2X )Ó2a' óa 

caeì2xÓ2a’Óa . 

(aßc)αQ2(Xó2a') = aß(caQ2xó2a'óaha' 

= bßcaQ2xÓ2a' óaìb’ 
= (bβc )aQ2( xÓ2a’óaìb’) 

This shows that (aßc, bßc) E μ. N ext let Y E ì쩡 ( cßaìa'). Also, a' E 
엉(a). Then by T heorem 3.3 , a'ì3Y E 떠3 (cßaia'óa). Thus a'ì3Y E 
1경3 (cßa) . Similarly from Y E 쩍(cßaìa’ ) and b' E ì갱(b) we get , b'ì3Y E 
I갱3 (cßaìa'ób). Now, 

aìa'ób aia'óhb'óbìb'ób = aìa'ó(h(b'óbhb'ób) 

= aia'óaì(b'óbha'5b = (aì(b'óbha')ób 

= h(b'óbhb'ób = b 

Thus b'ì3Y E V;3(cßb). Then , 

(cßa)aq(a’ì3Y) = cß( aaeìa'h3Y = cßbaqκì3Y = (cßb)aq(b'ì3Y) 

This implies that (cßa ,cßb) E μ Hence μ is a congruence on M. To 
show l' is idempotent-separating congruence on M , let e and J be two 
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a:-id히매otents of M such that (e, J) E μ We have to show t hat e = f 
~ow ， (e ,j) E μ Then by defìni tion there exist ,4,84 E r , e' E 댁‘ ( e) , 
r e l f3‘ (f) such that ev9'4 e' = f 1/9'41', for every idempotent 9 = 91/9 E 
111. Now , 

eQI = f a:e = f a:(q4(e'84eh.e' )84e 

f a:q.( e'84e h41' li4e 

(Jì4( e'8얘h.f')84 e 
= q4(e’ 8， e)꺼 e'li4 e= e 

Again, ea:eγ4e' = f a:e'41'. So, e，퍼 = f a:q4f’ ea:Jì껴 = fa:fη 1' . So, 
f'4 1' = ea:f '4 e'. Hence, ea: f'4f’ = ea:f,. e' . Then , 

ea: f = (ea:Jì4J') li4f = (ea:fτ， e')8.f = f a:Jì.1'84f = f 

Hence e = f. Thus μ is idempotent separating congruence 00 M. Fi­
naUy, suppose that p is an idempotent-separating congruence on M. If 
(a , b) ε p then we have by Lemma 3.5 (a , b) E 7-l. Then by Lemma 3 .4, 
there exis t a' E 억(a) ， b' E V;(b) such that a,a' = b,b’, a'8a b’8b 
Then a' a'8aγ a' = a’liÒìb’ and b’ = b'óÒì b' = a'8a,b' . Since (a , b) E 
p, (a'8a , a'ób) E p and accordi맹Iy (a’8a,b',a'8b,b') E p. Hcnce (b' ,a') E p 
Again, (a , b) E P implies (a a:qa' , ba:qa') E p. Also, (a' , b') E P implies 
(ba:qa’， boeγν ) E p. Hence (aa:qa', boqb’) E p. Then aa:qa' = ba:qν， 

sioce both are 8-idempotents. Hence p C μ . Thus 1I is the maximum 
idempotent-separating congruence 011 A1 

Acknowledgement . The author e)(presses his deep sense of grati­
tude to Dr. M. K. Sen for his guidance in the preparation of this paper 

References 
[1] J. l'vf. Howie, Th. e maximum-idempotent-separaling congruence on an invcrse semi­

group, Proc. Edi nburgh Math. 50c. (2) 14(1964 ), 71 -79 

[2J M. K . 5en and N. K. 5a!J a, 0" r -se rn ig roup-T, Bul l. Ca l. Math. 50c. 78(1986) , 
18G- 186 

[3) l\. K. 5aha, 0" r-semigroup-TT, Bu lJ . Cal. Math. 50c. 79( 1987) , 331-335. 

[4) N. K . 5aha, 0" r-semigroup-TIT, BuJI. Ca l. Math. 50c. 80( 1988), 1-12 



66 N. K. Sa ha 

{히 N. K. Saha and A. 5eth, Inverse r -semigroup, Accepted for publicat ion in J . of 
Pure Maths. , Calcutta University. 

DEPARTMENT OF MATHEMATICS , PINGLA THANA MAHAVIDYALAYA, MIDNAPORE, 
‘ i\fEST BENGAL, I NDIA , P IN-721140 


