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1. Introduction

The original Whitehead product is a pairing 7, (X) x 7, (X) —
Tp+q—1 (X) and the generalized Whitehead prodcut (written GWP) is a
pairing 7 (XA, X) x = (B, X) — « (£(AA B), X) ([3],[5),[8])- In case
A and B are spheres, the GWP is essentially the Whitehead product.

In [3], the author established some properties of the GWP and investi-
gated spaces in which all GWPs vanish, and he remarked that such spaces
are not necessarily H-spaces. J.Aguadé ([2]) introduced and studied a
T-space, which is a space X having the property that the space of free
loops on X is equivalent in some sense to the product of X by the space
of based loops on X. It is known that ([2],{7]) an H-space is a T-space
but the converse is not true.

In this paper, we show that all the GWPs vanish in T-space by using
the notion of cyclic maps. And as a corollary to this fact we obtain that
every T-space is a W-space.

Throughout this paper, space means a space of homotopy type of con-
nected locally finite CW-complex. We also assume that spaces have non-
degenerate base point. All maps shall mean continuous functions and all
homotopies and maps are to respect base points(except for the case of the
mapping space X 4). The base point and constant map at base point will
be denoted by * and 0 respectively. For simplicity, sometimes we use the
same symbol for a map and its homotopy class. We denote n(X,Y’) the
set of homotopy classes of pointed maps X — Y. Let ¥A denote the
reduced suspension of A and 2B the loop space of B. And let A A B be
the smash product.
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2. The generalized Whitehead product

A map f: A — X is called cyclic, if there exists amapm : Ax X —
X such that mj ~ V(f V1), where j : AVX — A x X is the inclusion
and V: X VX — X is the folding map defined by V(z,*) = « = V(x*,z).
The Gottlieb set G(A,X) is the set of all homotopy classes of cyclic maps
from A to X.

ProposITION 2.1 ([10],{11]).
(1) If A is a co— H-group, then G(A, X) is contained in the center of
(A, X)
(2) X is an H- space if and only if G(A,X) = n(A, X) for any space
A

Let a = [fl€e n(¥A,X) and S =[g] € n(£B,X) and let f' = foXp4:
L(AxB) — X and ¢’ = goXpp : L(AxB) — X wherep, : AxB — A
and pg : A x B — B are projections. We define the commutator

k=(f""¢")(f'¢"): Z(Ax B) — X

where the products and inverses come from the suspension structure of
Z(AxB). Since k|X(Ax*) ~ 0 and k|Z(* x B) ~ 0, we have k|Z(AVB) =~
0II. Now consider a cofibrationlIl

S(AV B) =4 £(A x B) =% ©(AA B)

where j : AVB — A x B is the inclusion and g : A X B — AA B is the
quotient map. Then we have the Puppe exact sequence

7(Z(A A B), X) Z n(2(4 x B), X) E n(S(AV B), X)

k|Z(A V B) ~ 0 means that (2j)*(k) = 0, thus there exists k € 7(Z(AA
B), X) such that (S¢)*(k) =k, i.e., kSq = k.

And we know that the homotopy class of k¥ does not depend on the
choice of the map k([3]).

DEFINITION 2.2. The GWP of a = [f] € n(£4,X) and 8 = [g] €
7(XB,X) is defined to be [a, §] = [k] € 7(Z(4 A B), X).

Consider two maps f : (CA,A) ~—— (X,*) and g : (CB,B) — (X, *)
where CA = A x I/A x 1U * x I is the reduced cone on A. And consider
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the subspace @ = CAX BUAXCBof CAxCB anddefineh:Q — X
by

h((a,t),b) = f(a,t)
h(a,(b,u)) = g(b,u)

wherea€ A,be Band t,uc I.
Now there is a homeomorphism v : A * B — @) defined by

{ (a,(b,1—2t)), for0<t< %
v(a,b,t) =

((a,2t — 1),b), for % <t<1.
where A * B is the join of A and B. _

Let P be the subspace of A * B consisting of all points (a, *,t) and all
points (*,b,u). Then P is contractible and A x B/P is £(A A B) and so
the projection u' : A x B — (A A B) is a homotopy equivalence. Let
4 : Z(AAB) — Ax B denote the homotopy inverse of u’. Thus the map
gives rise to a map hvy : ¥(A A B) — X and it is easily seen that the

homotopy class of hvu does not depend on the representatives f and g of
a and .

ProPoSITION 2.3 ([3]). The GWP [a,8] of @ € 7(¥A,X) and 3 €
n(XB,X) is equal to [hvpy).

Suppose that X is an H-space, then the group n(X(Ax B), X) is abelian
andso k= f'"'.¢'""!. f'. ¢’ ~ 0. Therefore, all GWPs vanish in X if X
is an H-space. 3

Let jo: ZAVIB — XA x £B be the inclusion map and ko : (4 A
B) — XAV B the map of Definition 2.2 which represents the GWP of
the class of the inclusion maps i) : ZA — XAV EIB and i3 : B —
YAV IB. kg is called the GWP map.

PROPOSITION 2.4 ([3]). If p: LAXxXB — LAAZLB is the projection,
then for any space X, the following sequence of pointed set is exact

T(SAAEB, X) 25 n(SAXEB, X) 25 r(SAVEB, X) ¥ 2(S(4 A B), X)

THEOREM 2.5. For a = [f] € n(£A,X) and 8 = [¢] € »(ZB,X),
[a, 8] = 0 if and only if there is a map m : £A x ¥B — X such that
mjo = V(f V g).

Proof. Definel : LAVEB — X by l((a,t),*) = f(a,t)and l(,(b,u)) =
g(b,u) fora € A,b€ B and t,u e l.
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Let ho : @ — T AV IB be the map given by ho((a,t),b) = i;(a,t)
and hg(a, (b, u)) = iz(b,u), and let h, v, u be the maps of Proposition 2.3,
where Q = CAx BUA x CB. Then lhy = h and lky = lhovp = hvp.
This means that [Iky] = [, 8]. By Proposition 2.4 lko =~ 0 if and only if
there exists m : A x EB — X with jo*m = [. But | = V(f V¢). This
gives mjo ~ V(f V g).

PROPOSITION 2.6. If a,3 € n(¥A,X) andd: A — AA A is the
composition of diagonal map A : A — Ax A and projectiong : AXA —
AA A. Then (2d)*[a, 8] = (a, 8), the commutator of o and S.

Proof. Fora = [f],8 = [g] € 7(ZA, X),let k= f'" .’ . fl.g' . B(Ax
A) — X and % be such that k = k¢ as in the definition of the GWP.
Note that (Zd)*[a, ] = [kEd] and £d = T¢TA. So kLd = kELgTA =
kX A. But it can be checked that kXA(a,t) = (f~'-¢g™!- f-g)(a,t). Thus
we obtain that (£d)*[a, f] = (a, B).

3. The vanishing of the GWPs and T-spaces

In this section, we investigate the situation that the GWPs vanish.

For the natural isomorphism 7 : 7(£X,Y) — #(X,QY), we denote e
by

T—l(lgx) ;20X — X,

PROPOSITION 3.1 ([3]). All GWPs vanish in X if and only if 7(ZP, X)

is abelian for all space P.

Proof. For any space P, and any a,f € n(ZP, X), [a, ] = 0 implies
(a, B) = 0 by Proposition 2.6. Thus n(ZP, X) is abelian.

Conversely, if 7(LP, X) is abelian for all P, then, in particular, 7(Z(A4 x
B), X) is abelian. So the commutator

k=" g . f. g :D(AxB)— X

is nullhomotopic. And so that [k] = [a, 8] = 0.

The notion nil QX < 1 is the assertion that the commutator map
QX x QX — QX is nullhomotopic. Then we can see nil QX < 1 implies
(P, QX)(= n(ZP, X)) is abelian for all P and so all GWPs vanish in X
by the preceding proposition. Berstein and Ganea ([4]) showed that there
is a space with nil QX <1 which is not an H-space.

Let us consider the fibration
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0x — x5 2 x
where X5" is the free loop space of X and p is the evaluation at 1.

DEFINITION 3.2. A space X is a T-space if the fibration
QX — XS — X
is fibre homotopy equivalent to the trivial fibration

QX — X x QX — X.

PROPOSITION 3.3 ([2]). If X is a T-space if and only if the map V(e V
1) : ZQX VX — X can be extended up to homotopy to a map F :
PAX x X — X,

Note that the fact V(eV1) : EQX VX — X has a homotopy extension
to F: EQ2X x X — X means that e : ZQX — X is cyclic.

THEOREM 3.4. X is a T-space if and only if G(£A4,X) = n(TA,X)
for any space A.

Proof. Let f : ©A — X be any map. If X is a T-space, then by
the preceding theorem, there is a map F : QX x X — X such that
V(eV 1) >~ Fj. Note that f = eo Z7(f). Define H : TAx X — X
by H = Fo(X7(f) x1). It can be checked that Hj ~ V(f V 1), where
J: XAV X — ¥A x X is the inclusion. This means that f : £4 — X
is cyclic, so that [f] € G(ZA4, X).

Conversely, suppose G(£A4,X) = n(XA, X) for all space A. If we take
A =QX, then G(EQX,X) = n(2QX,X). Thus we have ¢ : SQX — X
is cyclic, so X is a T-space.

For all space A, £A is a co— H-group. Thus from Proposition 2.1 (1),
Proposition 3.1 and Theorem 3.4, we obtain the following

THEOREM 3.5. If X is a T-space then all GWPs vanish in X.

It is proven ([1]) that only S',5% and S are T-spaces. In fact H-
spaces, T-spaces and G-spaces are equivalent in the category of spheres
([12]). Thus we have the following
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COROLLARY 3.6. All GWPs vanish in S$',5% and §7.

In case A is a sphere S™, the Gottlieb set G(A, X) reduced to the Got-
tlieb group([6]) G.(X) = G(S",X). And G,(X) is an abelian subgroup
of the homotopy group 7,(X) by Proposition 2.1 (1). Let P,(X)([6]) be
the set of elements [f] in 7,(X) whose Whitehead product with all ele-
ments of all homotopy groups is zero. It turns out ([6] or Theorem 2.5 of
[11]) that P,(X) form a subgroup of 7,(X).

DEFINITION 3.7.

(1) X i1s a G-space if Gp(X) = m,(X) for all n
(2) X is a W-space if Py(X) = ma(X) for all n

THEOREM 3.8.

(1) An H-space is a T-space
(2) A T-space is a G-space
(3) A G-space is a W-space

Proof.

(1) By Proposition 2.1,(2) and Theorem 3.4. (2) Note that LS™ is
homeomorphic to S**! and use Theorem 3.4. (3) It suffices to show that
Gn(X) C Pp(X). Suppose that f: S — X is cyclic. Then there exists
m: 8" x X — X such that mj >~ V(fV1), where j : S"VX — S"x X
is the inclusion and V : XVX — X is the folding map. Let g: S™ — X
be any map. Then it can be shown that m(1xg): §S* x §™ — X satisfies
m(1 x g)j ~ V(fV g). By Theorem 2.5, the Whitehead product of the
classes of f and ¢ is zero. That is, the class of f is in P,(X).

It is known({[2],[7]) that there exist T-spaces which are not H-spaces.

And it is also known([6],[7]) that the converses of (2) and (3) are not true
either.
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