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AN ENERGY ESTIMATE OF THE SOLUTION
OF HARMONIC MAP HEAT EQUATION

OK KYUNG YOON

§1. Introduction

In this paper, we obtain an energy estimate of the solution of har-
monic map heat equation. An estimate of this type is of fundamental
importance in the analysis of the harmonic map heat equation.

The method of proof of our result is the maximum principle method
modeled after the technique of Cheng [Ch] and Choi [C]. In their papers,
they obtained the energy estimate of a harmonic map which is sharp
enough to imply the Liouville theorem for harmonic map. However,
their method cannot be directly applied to our situation because our
case involves time also. Thus we have to modify the argument to fit
our case. As a result, we were able to obtain the energy estimate of
the solution of the harmonic map heat equation in terms of the initial
energy density and various geometric quantities, assuming the target
manifold have nonpositive sectional curvature. As a corollary, we can
prove that the energy density of the solution of the harmonic map heat
equation is bounded above by the energy density of the initial map times
some constant expressible solely in terms of geometric bounds, when
the solution of the harmonic map heat equation grows sublinearly, the
domain manifold has nonnegative Ricci curvature, and target manifold
have nonpositive sectional curvature.

§2. Notation

In this section, we introduce the notations and the formulas to be used
through our paper. Let (M, g) and (N,§) be two complete Riemannian
manifolds, and let u : M X% [0,00) — N be a smooth map. Choose an
orthonormal frame {eq, &} in a neighborhood of (z,t) € M x [0, 00) and
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an local orthonormal frame {f;} in a neighborhood of u(z,t) € N. Let
. {84,dt} and {w;} be the dual coframes of {eq, 2} and {fi} respectively.

Denote d = dps + -g-idt is the exterior derivative on M X [0, 00) where
dur is the exterior derivative on M. Define u;, and u;: by

u*{w;) = Z UiaOa + ujedt.
o
We define the covariant derivatives, #iag and uiq: by

Z u,'apap + tqedt = du;o — z ujo,u*wj,- — Zuiﬂoﬂa.
B J B

Since du;o = dpUia + Uiaedt,
D Uiaplp = dyttia — Y uja*wji — »_ igbpa.
B J B

We define the energy density function e(u) of u by e(u)(z,t) = 3, , ul,.
Suppose u is a solution of heat equation harmonic map. Then we

have the following Bochner type formula:

1 g
-2-(A—5t—)e(u) = E u?aﬁ— Z Rijkpuiaujgukaum+z Ko pttigtig

i,a,f i,5,k,1L,a,8 a,B,i

where R;;i is the curvature tensor on N and K, is the Ricci tensor on
M.

Consider the function p%(u(z,t)) on M x [0, c0) where p is a distance
function in NV from a fixed point p € N. Since the sectional curvature of
N is nonpositive and u is the solution of heat equation, we have

(21) (A 2P (6) = (P — i) + D2(pP)(tner nea)
> 2(u),

where the last inequality follows from the well known Hessian comparison
theorem [W].

Fix a point zo € M, let y(z) be the distance function from z in M.
Denote B,(z¢) to be the open geodesic ball with center zy and radius
a>0. ’
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DEFINITION. A map u : M x [0,00) — N is said to have sublinear
growth if for any T > 0,

lim sup wwaT) 0
a—0o0

where p(u,a,T) = sup{p(u(z,t)) : (z,t) € Ba(zo) x [0,T]}.

§3. Main Theorem

THEOREM. Suppose that (M, g) is a complete Riemannian manifold
with Ricci curvature bounded below by —K < 0 and (N, ) is a complete
Riemannian manifold with nonnegative sectional curvature. Let u : M X
[0,00) — N is a solution of heat equation for harmonic map with the

initial map h € C*(M, N) satisfying

(1) (8~ 2ula,t) =0 (2,t) € M x [0,00)
(2) u(z,0) = h(z) z€M.
Then for any a > 0, ¢ € M and T > 0,

sup  e(u) < Cy max{supe(h),
BE(ZO)X[O,T'] M

K#Z(u,a, T) + (1+ \/I—f—)‘zﬂ(u,a, T) n }L(u,(;, T) + p(u, (21, T) 1,
where Cy = C(K,a,n) > 0.

Proof. Fix zg € M, a > 0,and T > 0. Let p be a point in N, and let
p denote the distance function from p in N. Choose a constant b > 0
such that p(u,a,T) < b. Consider the function

- (a® — 7*)%e(u)
o = toe{ G |
which is defined on B,(z¢) % [0,T). Since ® = 0 on dB,(z0) x [0,T], @

achieves its maximum at some point in [0, T] X B,(z,). Let (z1,%;) be a

point in B,(xq) x [0, T] such that

ot max logf (@2 72)%e(u)
Bo,t) =, max o { € =10 }-
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Then there are two cases depending on whether ¢t; =0or 0 < ¢; < T.
First assume that t; = 0, then at any (z,t) € Be(zo) X [0, T].

(a? —7*)%e(u)
(8% — p?(u))?

(a® = ¥*)e(u)

R G )k

(z1,t1)

<@ h
=@=per W

Thus for (z,t) € B,(z0) X [0, T,

(3.1) e(u)(z,t) < sup e(h).

¥
(02 - p?(w))* M

Now we consider the case that 0 < t; < T, then ® has the following
properties:

A®(z1,t) <0, dy®P(z1,t1)=0 and %@(xl,tl) > 0.

Rewriting these relations, we have at (z1,1;),

—2d~? + de(u) = 2dp*(u)

B2 =T B pw)
“2Ay | —2dyP (A= B)elw)
G et @t W
de@)? | 25— $)Pw) | 2Adpt )
POy 1 R ()

Applying the Bochner type formula and (2.1), we have, for (z,t) €
Ba(xO) x [O,T]y

28 AP 1lde(w)P
Z—7 @—7F 2wy X
te(w) | 2d(P(w)P
R Ton L (= T &

3.4 0>
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Putting (3.2) into (3.4),

—287>  4|d?)? 4ldy?|ldp? ()| 2e(u)
> - — — I
R R v O ) R )

By the Gauss’ lemma and Schwartz inequality, we get |dp?(u)| < \/e(u).
Then the Hessian comparison theorems (see [W]) implies that Ay? <
Ci(1 4+ VK~) for some constant C; > 0.

Therefore
(3:5) 022K - 2015;-_*—_1;/}_() - (azlf’y,jz)z
3 8y o 2e(u)
@=Pe-P@ V™ TR

Since the (3.5) is a quadratic inequality for \/e(u) with positive leading
coefficient, we have

e(u)(z1,%1) < 4max {-(—‘—1-;—2:8—%5,

Therefore at any (z,t) € Bs(z0) x (0, T},

(Tt =
a® —7?)%e(u
< { G pent

16a2
= 4max { = 2l )
Ka? Ci(1 + avK)a? + 8a? }
= 2@ t)) T @ = o (a(znt) | = o2 (u(zn0))?
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Thus
214
e(u)(2,?) < 4max {9(b2 - 5?3&? t))at’
16Ka's" 160,(1 + VEa)ah'
o — pP(u(zr,01))a* * 9a%(F — p(u(e, 1))
N 12842b* }
90382 — p*(u(er, 1)) J

for (z,t) € Ba(z0) x (0.T).
Letting b = v2u(u,a,T), we get

. 1024 64
(3.6) e(u)(z,t) < 4max {—s—i‘-—z—, —S}-K/,zz(u,a, T)

+ 64C,(1 + VKa)p®(u,a,T) +512p2(u,a, T)}

9a? 9a?

Then by (3.1) and (3.6),

c(u)(a,1) < Camax {supe(h), %, K(u,0,7)
M

a? a?

+(1 + vVEKa)p*(u,a,T) + 1 (u,a, T)} -

for any (z,t) € Bs x [0,T].
The result below easily follows from the Main Theorem as a corollary.

COROLLARY. Let (M,g) be a complete Riemannian manifold with
nonnegative Ricci curvature and let (N,g) be a complete Riemannian
manifold with nonpositive sectional curvature. Let u : M X [0,00) = N
be a solution of heat equation for harmonic map with the initial map
h € CY{M,N). Suppose u has sublinear growth. Then

sup e(u) < Cgsupe(h)
M x[0,00) M
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for some constant Cg¢ independent of h or u.

Proof. Since u has sublinear growth, there exists a sequence {a;} such
that a; — oo and

lim #w,ainT) =0.

$—00 a;

Therefore by replacing a with a; and letting : goes to oo, we get

e(u(z,t)) < Cs sxfp e(h) for (z,t) € M x [0.T).

Since T is arbitrary, our theorem is valid for all time.
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