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t:1-%l!}- ~~ ~~* .-wzt i51l5!.At.

~~ : ~:£7t 0l!}-1tt!'..2...S!. ~ n X n ~1J'tZf tI~OWAf ~-e til!}- ~.9l ~

:£.9l tr°l Zfzt 27t !9~ tI 1..91 7tAl 9-* F(n) 01 i!l- tl:uI an = F(n)(n!)-2

~ lim an = 0 °lAlll!- lim nAan 01 oot\::! %t! -1f~~17t!9~A7t e~tl-
n-+oo n-+oo

t:}-. A.91 ~l!}- °llEJ1.9l ~ tl-~-& -r-%1-Oi i!l-.

"n 7ft.9l .Ai£.~ J8-.!f-9}- n 7lI.9l .Ai£. t:H:- ~A17t ztzt Jf ~~ ~ t:}-. tl
J8-.!f-ot .Ai£. t:H:- Jf~.91 ~Al* ~~ Jt}1f1.9l .:r7t F(n)olt:}-."

°1 ¥:~* i51l:(! %1-~~ ~ ~J1-¥-.&1 ~ ~t~lff~.&1-& -r-%1-.:il. 01* *of
.Ai an -i- -r-tl- t:}-% .11-tl-:£ a n .9l f1.:r-&-~~ °1t:}-. 0i71.Ai *E1-4-~ ~t~

Jt}~.&1~

Un+l = nUn + pnUn-l (n = 1,2"" iP > 0)

~ -R°lq.. 0i71.Ai~ .:r~.9l ~lt9-* °l%%1-Oi °1 ~~* it.JlAt t!t:}-. ~
°1 ef t! -R.9l ~t~Jt}~.&1 ~ Jf-t!-~ ~.:r.9l *°1<>1.£ -H-.lfl-& oJ.Al %1-.JlAt tl
t:}-.
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(2.1) Un+l = nUn + pnUn-l n = 1,2" ..

91 ~~4~ :;:,~{un}91 :;:''lJ, tH!o1 =t!"5l-oi ~~~A1-.
:;:.~ {Un} 91 Al:;:'5!..tr~

(2.2)
00

f(x) = L u7xn
O

n.
n=

=Ul + xf'(x) +pxf(x)

:. (1- x)f'(x) - pxf(x) = Ul

oi7l"i, 1- X = t,f(x) = f(l- t) = g(t)~"5}~ f'(x) = - ~: (t)olE.
.s;.

(2.3)
dg

t dt (t) +p(l - t)g(t) = -Ul
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00

-& ~~q.. pl~~~.&1(2.3)-91 ~9-~~ L antn Cl! ~ol~ %l-~ (2.3)-91 ~
n=O

~~e t:]-%ll} ~q..

(2.4)

oi71.Ai t = 1 - x -& l:lf~~.:il I(x)~ .:r~~ t:J-%:il1- ~q..

(2.5)
00 n

I(x) =ceP(l- x)-Pe-PX - Ulr(P) L p (1- x)n
. n=O r(n + 1 + p)

=CCP~ C-:)(-x).~ (-~)' x·

- u1r(p)~ r(n:: +p)~ (~)(-x)'

=ce
P

ftr(p+n-k)(_p)kxn
r(P)n=Ok=o (n-k)!k!

~ (_p)n ~ (n + k)! k n

- Ulr(P) f::o~ t:o r(n + k + 1 + p)k!P x

(2.2)<>1 .9l%l-oi 1(0) = uo,!'(O) = Ul °1E..5!.

1if-~.Ai

(2.6)

Un 1 { ~ pk } ~ rep + n - k) k
n! =r(p) Uo + u1r(p) t:o r(k + 1 +p) t:o (n - k)!k! (-p)

(_p)n ~ (n+k)! k

- Ulr(p)~ f::o r(n + k + 1 + p)k!P



(2.8)

(2.7)
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~ f(p+n - k) k

cpn = LJ (n + k)!k! (-p)
k=O

~ (n+k)! k

</>n = t:o f(n + k + 1 + p)k! P

c}.:u. ~~ (2.6)~ t1-%:i1f 7Jt1-.

(2.9)
Un 1 (_p)n
-, = f( ) {uo + u1f(p)</>o} cpn - u1f(P)-,-<Pn
n. p n.

~1il-, ~71:£.{!01 Uo = 1,Ul = O<t! '81l~ an,uo = O,Ul = 1<t! '8l1~ fJn

C}"81-~ {an}, {fJn} ~ (2.1).9l ~~t~i[J<t! 71~'81l°til., Z}-Z}- t1-%:i1f 7Jt1-.

(2.10)

(2.11)

oi71A~, lim an, = 0, lim {3n, = 001 !il~l~, ollfi ~19- Act tll"81-oi
n-+oo n. n-+oo n.

lim n~an, lim n~fJn 01001 0Pd -&lr~~~17t ~ A9l- 01u1.9l .;rt!'il--&-
n-+oo n! n-+oo n!
T-'5H=~01-?-~.9l-it:a}01t1-. ttl-,*A~ lim n~CPn, lim n>'</>n 01001otl;:!-&

n-+oo n~oo

tr.ar~~17t .fl A9l- .:l. ~ t!-il--&- T-"81-71.s;. trt1-. S -I- ~9-.s;. "81-oi

(2.12)
~ f(p+n-k) k

CPn(s) = LJ (n _ k)!k! (-ps)
k=O

<t! ll"9- CPn(s)-* ~.9l"81-~ 'Pn = CPn(l) °1.:u., cp~(s) = -Wn-l(S) ~-&- 'tl
7l ~~~9- ~t1-. oi71A~

(2.13)
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~ ~9l!f! t}9-~ {Hn(s)}-ft 1Jzt~~ ztzt9l Hn(s) ~ s9l q.~~01:il if
%9-, (uniform convergence) t!'q..

H~(s) = n\?~(s) = n"(-P)CPn-l(S) = (_p)(_n_)"Hn_1(s)
n-l

01E..~ lim Hn(s) = H(s),* ~~ lim H~(s) = H'(s)olE...5!.
n --+00 n --+ (X)

H'(s) = -pH(s)

-ft C?:!~q. <>l7]/'i ~1l!-alI~ H(s) = ce-PS °1q..

c = H(O) = lim Hn(O) = lim n"CPn(O)
n-oo n-oo

= lim n" rep + n)
n-oo n!

n ( • 1- p)
=r(p) n~~ n" II 1- -k-

k=l

°1E..~, c9l ~01 001°pd *t!'~~~17t !il£~ ,\9l ~-i- ~~~ ~q..
."If-t!'~ <>11 ~~<>l

N
lim N- X II (1 + _x_) = r(1 + a)

N -00 k=l a + k r(1 + a + x)

01 ~ai~ ~q.. <>l7P·i a = 0, x = -(1 - p) '* ~tt!

lim n 1 - p Ii: (1 _ 1- p) = _1_
n-oo k=l k r(p)

01E..~'\ = 1 - p~u:JI c = 1 01 ~q.. 011IJ1 H(s) = e-PS 01E...5!.
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~Gl1.

Ii 1-pL:n r(p+ n - k)( )k -Pm n -p = e
n--+oo (n - k)!k!

k=O

(2.14) li
1_pan 1

mn -=
n--+oo n! rep)eP

~~~q..

%0'1~ lim n -\Pn 0'1 t1l '8lI Ai 1Y Zf ~ !i!.A}.n--+oo

lim Gn(s) = G(s)i!J- -at~ G~(s) =pG(s). ~,G(s) = cePs -&- ~eq..
n-oo

,
c = G(O) = lim Gn(O) = lim n~ r( n. )

n--+oo n--+oo n+l+p

=_1_ lim 1
rep) n--+oon-'\ n~=1(1 + i)

olE.£., A = p~uJ c = 1olq.. 0luJ G(s) = ePS olE.£.
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Ii PLn (n+k)! k Pm n p =e
n-oo k=O r(n + k + 1 + p)k!

~2.I 3. ~~W~bl (2.1).21 ~~Ht (2.9)bl2£ wtAlo:t
Uo = 1, UI = O~ UlI.21 ~Ht

n!
an = r(p) 'Pn

Uo = 0, UI = 1~ UlI.21 ~Ht

f3n = (n!)4>o'Pn - r(p)( -pt 4>n

Ii
I_pan 1

mn -= ,
n-oo n! r(p )eP

lim nl-pf3n = 4>0
n-oo n! eP

Ai~ofAi~ ~~of t:JIl!' fJH;!-~-i- T'8ft!!.At.
(i) ,.. ~~,.. ~01 ~~t~~ ~~lof 101 ~~ 7J~* Boxe}.:il '5'tA]-.
(ii) ~Ai Box7t ~~ 7J~* ~Zft!-q. ~ ~§.* .:il~Al7i ~.:il::2 ~oq

1°1 ~-i- ~~.9l ~li!§.-&- 71~iit19 ~.e:- ~§.7t ,.. ~~ y.~y.£~ iit~

~q.
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oJ* ~ll!, t:1-% O}i!l] JI..sq. ~~l3fI~~ (1,1), (1,2); (2,1), (2,3); (3,2),
(3,3) {!~7}.£.T l o1.::il., l.fPlAl (n - 3) x (n - 3)~~OllJl~ ~q.~ ~ol

q..

1

1

Box

1

1

~~~: ~ ~~

1 (1) 2

2 (1) 3

3 2 3

l.fPlAl (n - 3) x (n - 3)~~

n X n~~O:IJ\"1 Box7} 'id~ 7J~ofI "'l~. ~~tI-('ii:~ol o}\l, Ei' (1,1),

(2,1) ~~* 1~ .:il~"'l (! 7J~olq.).9l 7}Al?* <pen) Cl- -a}A}.

<p(1) = <p(2) = 0

°lq..

t:1-%l!1- ~..e: T7}Al ~"flI7} ~q..
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.ll!.:§:.: ~ll!.:§:.

1 (1)
~}

1-& A1I.9.1t! n -17flo1).~ ""7fl-& Vot
2 (1) .::!71~2..!a y.~tl-. n-1C2 7tAl
3 2 :} y.PfAl n - 37flo1).~ ;;-iI1-& Vot y.~tl-.

4 3 ol"6J- ~%. n-3P 2 7 tAl

2k -1 2k-2 2k }
n-2k+lP2 7tAl

2k 2k-1 2k+ 1
2k+ 1 2k 2k+ 1 17tAl
2k+2 y.PfAl (n - 2k - 1) x (n - 2k -1)~t.

} ep(n - 2k - 1) 7}Al
n-1

n ollIJl k - 1 2 3 ... [--],-"" 2

~ 2114

.~~: ~~.:§:.

1 (1)
~} n-lC2 7}Al

2 (1)
3 2 :}4 3

n-3P2 7tAl

2k-1 2k- 2 2k }
2k 2k -1 2k+1

n-2k+lP2 7}Al

2k+ 1 2k 2k+2}
n-2k-lP2 7}Al

2k+2 2k+ 1 2k +2
2k+2 y.PfAl (n - 2k - 2) x (n - 2k - 2)~t.

} ep(n - 2k - 2) 7tAl

n olu1l, k= 1,2,3, ... ,[n;2]
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(3.1)
[";1]

",(n) = L n-1C2 . n-3P2'" n-2k+I P2 ·",(n - 2k - 1)
k=l

[";2]

+ L n-1C2 , n-3P2'" n-2k+I P2 • n-2k-l P2'P·(n - 2k - 2)
k=l

1 [";1] (n _ I)!
=2 L (n _ 2k _I)!'P(n - 2k - 1)

k=l

1 [";2] (n _ I)!
+2 ~ (n_2k_2)!'P(n-2k-2)

1 n-3 1
=2(n -I)! L k!'P(k). (n ~ 3)

k=O

(
110)

n = 3 ~1IJ (1,1), (2,I)t!~* 1~ ~~'8l-'t! 1 0 1 <t! 7J~ ffolE.
011

~ ",(3) = Iolq.. tt1-~-"i ",(0) = 1~ ~.9Jt!q.. ~.9J -?ilo1-"i t:t%~ ~~
~~-?iI~ ~~q..

1
(3.2) ",(n) = (n - I)",(n - 1) + 2(n -I)(n - 2)",(n - 3) (n ~ 3)

1 _
ol71-"i, g(n) = ,,,,en)~ '8l-~

n.

(3.3)
n -1 1

g(n) = -n-g(n -1) + 2n g(n - 3) (n ~ 3)
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(iii) q.%o1~, k7l9J Box7t ~~ 7J~~ ~.z.r"61-At.

=4 3~~

n 7fl9l ~ <>1"'i ;;'7fl~ ..~q.
nC2 7tA1

l.-1-Pl A1 n - 27l1.91 ~<>1"'i ;;'7l~ *~q..

°1~ ~%. n-2C2 7tA1

~}
:}
2k}
2k

~~~

1

1
3

3

2k-1

2k-1
l.-1-Pl A1 (n - 2k) x (n - 2k)",~.

} Box7t ~~ 7J~. cp(n - 2k) 7tA1
n °luJ, k = 1,2,3"" ,[~]

~9l ",'S11of"'i, ~f: 31°1 27fl~ k~ol~~ 7J~91 *3':.tf91 ~~

2k-1

2k
2k+ 1

"'~~:
1

2
3

4

nC2 . n-2C2~!" n-2k+2C2cp(n _ 2k)

n!
-2kk!(n _ 2k)!cp(n - 2k)

n! n!
(2!)k 2kk!(n _ 2k)!cp(n - 2k)

°1~ F(n)f: t:l-%:itl- ~t1-.

(3.4)
[~l (n!?

F(n) = L 4k k!(n _ 2k)!cp(n - 2k)
k=O

[~] (n!)
=L 4kk!g(n - 2k)

k=O
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(3.5)
[~} 1

an = L kk,9(n - 2k)4 .
k=O

-I- ~ ~q.. (3.3), (3.5).&1e>1J.i 9 -I- ~7i~~ %3Jl- ift:}-.

n-l 1
an = --an-l + -2an-2 (n ~ 2)

n n

n 1
(3.6) an+l = n + 1an + 2(n + 1) an-l (n ~ 1)

~ ~~q.. oi71J.i ao = 1,al = oolq..
(3.6).&1 01 Ji-i!l7t .:;z.~.:itAt ~ ~"t:a}Cll ~~.&101q..

oi71J.i an = Un ~ ~~
n!

1
(3.7) Un+l = nUn + 2"nUn-l (n ~ 1)

ol.:it Uo = 1, Ul = oolq..
(3.7)~ ~tf:~~.&1 (2.1)otJ.i p = t Cll 7JJi-°l.:it, ~71£{!oJ 91~oi

(3,7)91 ~ ~ (2.10).&12.!E ~Of~q.. uf~J.i

an 1
an = n! = r( t) cpn

lim vnan = 11 1

n~oo r( 2)e2

01 q.. r( t) = J7r 01 E-!E .:;z.'8}-.:itA} '8}-~ '9"t!ik~

(3.8) lim vnF(n) = _1_
n~oo (n!)2 ,fie
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(4.1)

°l?l-& 71~.s;. Xo = bo + [~:]~l.s;. l.f~\!q..

~.9l~ ~71J.~~ bo ~ O,bn > O,cn > 0 (n = 1,2,···)i!l- '8t;.(t. ~71J.~

(4.2)
[ ]

00
Cm+k

X m =bm + --
bm+k k=l

(m ~O)

(4.3)

(4.4)

(4.5)

Cm+l (
X m = bm +-- m ~ 0)

Xm+l

Xo = 1· Xo + 0 = b
o

+ ~ = bOXI + CI

o. Xo + 1 xII· Xl + 0

Xo
an (bn + ~XC:+11) + 'Yn (b ).• nan + 'Yn Xn+l + Cn+lan

(3 ( b + 5.!i±!..) + D - (bn (3n + Dn)Xn+1 + Cn +l(3n
n n X"+l n

an+IXn+1 + 'Yn+l-
(3n+I Xn+1 + Dn+l
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"'Yn+l =Cn+la n

6n+1 =Cn+lf3n

(4.6)

(4.7)

(n ~ 1),

(n ~ 1),

(4.8) ao = 1, al = bo; f30 = 0, f31 = 1

(4.9)

On-t an
an ~ - {J;;

Xo--=
f3n 1+~~

f/n-l en

oi7]J.i, 7t-11011 .9l"61-oi ~'i!!.9l ~.5'..~ 'b~0]E...£ ~~ {~} 0] -&t!-.tt-11
~loJ ~'c5}"'t!

(4.10) 1
. an

Xo = 1m
n.....oo f3n
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2J Uo = 1, Ul = bo~ OH~ an, Uo = 0, Ul = 1~ aH~ f3n CI-~ *~

{ ;: } 01 ~~~~~IOfI ~o~~ ~~~1'

Xo = bo + [~]oo
bK k=l

li
an

Xo= m
n ......oo f3n

OIC~.

p [pn] 00
Xo = 0+ 2 = 0+ -

1+ W n n=l

an 1--------,--,---
f3n r(p)4>o _ r(p)2 (_:/n~

<>1.Ai lim an = 1 1P £. 1 a
n ......oo f3n rep)4>0 0 - Xo = rep)4>0 -.,

(4.11)
1

Xo = I:

rep) L:~o r(k~I+p)
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00 pk 00 1

{; r(k + 1 + p) = {; (k + I)! = e - 1

2
e-l=l+ 3

2+3+···

~~~q..

c;7P'i, x m -& .::r-~li!.Al-. (2.8).&1011-''i

(4.12) P</>n+l = n</>n-l - n</>n (n ~ 1)

p p
Xo = 0 + - OQ-"i Xl = - = pr(p)</>o = r(l + p)</>o

Xl Xo

_ 00 k+l k

</>1 - ~ r( k + 2 + p) p

00 k+l k

= {; (k + 1 + p)r(k + 1 + p)p

~ 1 k ~ 1 k+l

= ~ r(k + 1 + p) p - ~ r(k + 2 + p) P

1
-=:-:---:-

r(l + p)



p(k + 1) p(k + 1)<pk
Xk+l = =

Xk - k k<Pk-l - k<Pk
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(4.13) m<Pm-l
X m =

<Pm
(m ~ 1)

(4.14) m + [p(m + k)]OO = m<pm-l (m ~ 1)
m + k k=l <Pm

.2l- ~~ Jf-l!'~ ~::r91 il"-i- ~ -i- ::r ~q..
t:l-%of~ Jf-l!'~~::r91 q.~ t"E1191 ~* T~~At. ~t~tt1"~-&:I

(4.15)

~ *,71 f1~0i .'!l.tJ"::r* 01 %t{ tE1J 131~l!t~ -&:191 '&ilit 01 %"6l-ol o~ "6l-4-, 01ltJ
.!f-7191 ~~~w~ ~ Ct n ,{3n -i- ~717t ~\:!tt U17t ~q.. 01 ~~ (4.15)91

001 °t\:! l!' ~::r~ un(u n t= 0)* ol%"6l-Oi ~lft~* ~ot~At. ~lft~*

Un = V n Un t!t '5'1-"'t!
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( 1)n-l( )- - IIn - 1
V n - Vn-I = - VI - Vo UOUI _ _

Un-IUn

(4.16)

(4.17)

-& ~~q..

u:teJ-A~ Uo = 1, UI = bo 01 'It!

(4.18)



Uo = 0, UI = 1 01~
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(4.19)

(4.20)

(4.21) UI
Xo = bo - -=

Uo

01 ~q..

oHrol"'"l t:l-% ~.l1}~ ~~ q..

Un+l = bnun + CnUn-1 (n ~ 1)

Xo = bo + [~n]OO
n n=l

UI
Xo = bo - -=

Uo
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OIC~.

I
<1l:01J.i, bn = n, Cn = pn <(! 7J~, an = r~~) 'Pn o1J.i ~ 'PI = 0 01E.~ 01

~.&:J-& ~%tl <? ~.:i!., 00 1ott:! ~<?"8fI~J.i

Ul -P4>l 4>1
Xo =bo -::- =0- -- =P-

Uo 4>0 4>0
P 1 1-

r(l + p) 4>0 r(p)4>o

-& ~~q.

it2.~ ~7tAl 5!.71~ ~.il1-1fr t+~"61J .'!f-71~ trq.

(i) bn = an + b, Cn = cn + d, ac =I 0 ~uJ1 :

c d b
- = p, - = q, m = - +p
a c a

~ r(n + k + q + 1) k

'Pn = ~r(n+k+m+I)k!P

i!l- ~.9l"8} Jt!, ~<?"8fI~

P'Pn+l = -en + m - P)'Pn + (n + q)'Pn-l



<PI <P-I
Xo = b + ap- =aq-

<PO <PO
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( )
<Pn-I

X n =a n+q--
<pn

01 ~Wt!q.

(ii) bn = an + b, Cn = c, ac ¥ 0 ~ u:I :

C b
-=p, -=m
a2 a

00 1

<Pn =~ r(n+k+m+l)kl
Pk

c.t ~ 9.l "6l-~, "6l-l.-J-9.l ~9-!1l ~

Wn+I = -(n + m )<Pn + <pn-I

<PI <P-I
Xo = b+ap- =a-

<Po <PO

<pn-I
X n =a--

<pn
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