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EXISTENCE OF SOLUTIONS FOR

PSEUDO-LAPLACIAN EQUATION

WITHOUT GROWTH CONDITION

JONGSIK KIM I AND KWON WOOK KIM

1. Introduction
In this paper we deal with the solvability of the Dirichlet problem

for the Pseudo-Laplacian equation - b pu = feu) + hex), where bpu =
div(I'VuIP- 2 'Vu), in the case where no growth condition is imposed on the
nonlinearity of f. For p = 2, the solvablity was proved by D. Figueiredo
and J. Gossez [2], we generalize their result to arbitrary p ~ 2.

Let 0 be a bounded and open subset of RN , N ~ 2 and the function
f : R ~ R be continuous. We shall consider the existence of solutions
for the Dirichlet problem

(1) -div(1 \7 u\P-2 \7 u) = feu) + hex) in 0

ulan = 0

where h is a given function on O. Let F(s )
condition of non-resonance

JoS f (t )dt satisfy the

(2) li
pF(s) \

m sup-- <-"1
s-±oo sP

where Al is the first eigenvalue of - b p u = Alulp - 2 u on W~'P(O). Our
main result is the following:

THEOREM 1. We suppose that the condition (2) be satisfied. Then for
each h E Loo(O), there is u E W~,p(n) such that feu) E L1(0), f(u)u E
LI (n) and u satisfies (1) in the following sensei

(3) 10 I \7 u1P- 2 < \7u, \7v >= 10 f(u)v + 10 hv
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(4)

for all v E wg,P(Q) nD'O(Q) and for v = u.

The above theorem is given by an immediate consequence of four
propositions which are proved in Section 2. The proofs of these four
propositions are based on the existence theorem of the following quasi­
linear elliptic equations and J.Webb's theorem [5]. First, we recall the
existence theorem of the quasilinear elliptic equation.

In the quasilinear Dirichlet problem

-div(l\7uIP-2\7u)= I(x,u) in Q

ulan = 0

where Q is a C l bounded domain of RN and I : Q x R -+ R is a
Carathoodory function. Let us define a function F : Q x R -+ R by

(5) F(x,u) = i u

f(x,s)ds

and let Al > 0 be the first eigenvalue of the problem

{
- 6.p u = Alulp

-
2u

(6)
ulan = O.

Let q be such that

{
l<q<...!iLN-p

l<q<oo

if l<p<N

if p? N

and r be the conjugate exponent of q. In order to solve the problem (4)
in the Sobolev space W;'P(Q), we assume that there exist a ? 0 and
b(x) E Lr(Q) such that

(7) I/(x, u)1 :5 alulq
-

l + b(x).

We also assume that there is a(x) E V'O(Q) such that

( ) . pF(x, u) ()8 lim sup :5 a x < Al
lul--+oo uP

uniformly for almost all x E Q. Then the given Dirichlet problem has at
least one solution u in wg,P(Q).(cr. [3], [4])
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2. Main Results
Using the above existence theorem and J.Webb's theorem [5], we will

prove the following four propositions.

PROPOSITION 1. We suppose tbat

(9) inff(s)=-oo, supf(s)=+oo
8~O 8~O

Tben for each h E £00(0), tbere is u E W~'P(O) n Loo(O) such that

10 I\I u1P-2 < \lu, \Iv >= 10 f(u)v + 10 hv

for all v E W~'P(O) n £00(0) and for v = u.

Proof. By the condition (9), there is a < 0 < b such that f(a) ~ IIhlloo
and feb) :::; -lIhll oo. Put

{

f(s) for s E [a, b]
}(s) = f(a) for s < a

feb) for s > b.

Then the Dirichlet problem

(10) -b.pu=j(u)+h(x) In 0,

u=o on 80

admits the solution u (in the weak sense) since j( s) satisfies the condi­
tions (7) and (8). Then we claim that a:::; u(x):::; bfor almost all x E O.
To show the second inequality, Put

{
u(x)

Ub(X) = b
if u(x):::; b

if u(x) > b

and let w = u - Ub. It follows from (10) that

LI\I u1P
-

2 < \lU, \lw >= L(j(u) + h)w.



138 Jongsik Kim and Kwon Wook Kim

Each integral holds over {x E nju(x) > b}, a domain in which

\lU = \lw, j(u) + h ~ 0, w ~ O.

Hence Io I\I wlPdx ~ O. Therefore w = 0 for almost all x E n. By the
same method, the first inequality holds. Thus a ~ u(x) ~ b for almost
all x E Q. Hence u is the solution of

{
-!::J.p u = feu) + hex) in n

ulao = O.

PROPOSITION 2. We suppose that the condition (2) be satisfied and

(11) inIf(s) > -00,
s;;::o

1 1
supf(s) < +00 (- +- = 1).
s$O P p'

Then for each h E W-I,p' (n), there is u E W~,p(n) such that f( u) E
LI(n), f(u)u E LI(n),

II \lul
p

-
2 < \lu, \Iv >= l f(u)v +l hv

for all v E wg,p(n) n LOO(O) and for v = u.

Proof. It follows from (2), (11) that there exist a constant C and
A< Al such that

f(s) ~ Alslp- 2s + C

f(s) ~ Alslp-2s - C

sup If(s)1 E LI(O),
Isl$t

The problem is equivalent to

s~O

s~O

O~t<oo

Put
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g(S) = Alslp-2s - f(s)

Then the function g(s) satisfies 9(S) sign s ~ -C. We note that each
function which satisfies g(s) sign s ~ -C can be written as g(s) =
91 (s) + 92( s) where gl (s) and 92 (s) are Carathoodory functions such
that 9l(S)S ~ 0, 192(s)1 :5 2C for s E R. Indeed, we can take

() {
(9(S)-9(0»+ s~O

91 s =
-(9(S)-9(0»- s:50

( ) _ { -(9(S) - 9(0»- + 9(0) s ~ 0
92 S - (9(S) _ 9(0»+ + 9(0) s:5 o.

Morever, sup 19(s)1 = ht(s) E Ll(n). Furthermore, T is coercive for all
181~t

A < AI. Indeed,

< Tv, v> =< (- 6.p -AllvIP-
2)v, v > + < (AI - A)lvIP-

2v, V >
Al - A

= (1- Al )« - 6.p v,v > - < Allvlp
-

2v,v »

Al - A Al - A+ Al < - 6.p v, v > ~ Al < - 6.p v, v >

Al- A
~ Al II \l vll~~'l'(n)

The map T : wg,p(n) -+ W-l,p' (n) (1 < p < 00, ~ + ;, = 1,p ~ 1)
satisfies the three conditions of J.Webb's theorem with

Ai(Xj eo, ,eM) = lei\p-l sign ei

Ao(Xj eo, ,eM) = Alulp
-
l sign u.

Also the function 9(x, t) : n x R -+ R is a Carathoodory function
satisfying the two conditions of J.Webb's theorem. Thus by [5] , for
every h E W-I,p' (n), there exists u E wg,p(n) such that 9(·, u) E
L 1(n), 9(·,U)U E Ll(n) and

< Tu,v > +J9(X,U)V = Jfv

for all v E wg,p(n) n LOO(n) and for v = u.
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PROPOSITION 3. We suppose that the condition (2) be satis:6.ed at
-00 and

(12) inf f(s) = -00, supf(s) < 00.
8~O 8~O

Then for each hE LT(Q) which is bounded above (where r > 1 ifN :5 p,
r = %!p if 2 < p < N), there is u E W~,P(Q) which is bounded above
such that feu) E L 1(Q), f(u)u E Ll(n) and

LI\l ulp
-

2 < \lu, \Iv >=Lf(u)v +Lhv

holds for all v E W~'P(Q) n DX>(Q) and for v = u.

Proof. By the condition (12), there is b > 0 such that feb) :5 - sup h.
Put

~ s _ { f( s) s:5 b
f( ) - feb) s > b.

It follows from Proposition 2 that there is u E W~'P(Q) such that j(u) E

Ll(n), j(u)u E Ll(n) and

(13) LI\l u1P
-

2 < \lu, \Iv >= Lj(u)v +Lhv

for all v E w~,p(n) n LOO(n) and for v = u. We show that u(x) :5 b for
almost all x E f2. Put

T = - D.p u - h E W- 1 ,p'.

Then, by (13), < T,cp >= Joj(u)cp for each cp E V(n) where <, >
I 1 ~

represents the duality between W-l,p (n) and Wo,pen). Thus T = feu)
in the sense of distribution. Put

if u(x):5 b

if u(x) > b.
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and let w = u - Ub. Then j(u)w E LI(n). Indeed

j(u)w=O in {XEQ:u(x)=O},

Ij(u)wl = Ij(u)ulll:,1 ~ Ij(x, u)ul E LI(n) in {x E Q: u(x) i= O}.

It follows from the theorem of Brezis-Browder [1] that we have

< T,w >= Lj(u)w

I.e, LI\l u1P- 2 < \lu, \lw >= Lj(u)w +Lhw.

Each integral holds over {x E Q : u(x) > b}, domain in which \lu =
\lw, j(u) + h ~ 0, w ~ O. Hence In I \l wlP ~ O. Therefore w = 0
for almost all x E n. Thus u(x) ~ b for almost all x E n. Hence, by
Proposition 2, u is the solution of

{
-6.pu =f(u)+h(x) in n

ulan = O.

PROPOSITION 4. We suppose that the condition (2) be satisfied at
+00 and

inf f(s) > -00, sup f(s) = +00.
8~O 8~O

Then for each h E LT(n) which is bounded below (where r > 1 if N ~

p, r = :_~ if 2 < p < N), there is u E W~,p(n) which is bounded
below such that feu) E LI(Q), f(u)u E LI(n) and

LI\l ul
p
-

2 < \lu, \lv >= Lf(u)v +1hv

holds for all v E W~'P(Q) n Dx>(n) and for v = u.

Proof. This proof is essentially the same as the Proposition 3.
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