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SPECTRAL INCLUSIONS

JAE-CHUL RHO AND JONG-KWANG Yoo

1. Introduction

In this paper, X is an abstract Banach space over complex numbers
C and £(X) denotes the Banach algebra of all bounded linear operators
defined on a Banach space X. Given an operator T E leX), let Lat(T)
stand for the collection of all closed linear subspaces of X which are
invariant under T. T* denotes the dual operator of T E £(X).

An operator T E £(X) is said to have the Bishop's property ((3) if for
every open subset U of C and for every sequence of analytic functions
In : U -+ X for which (T - A)ln(A) converges uniformly in norm to
zero on each compact subset of U, it follows that In(A) -+ 0 as n -+ 00,

uniformly on each compact subset of U. Clearly, property «(3) implies
that T has the single-11alued extension property (abbrev. SVEP) which
means that for every open subset U of C, the only analytic solution
I: U -+ X of the equation (T - A)/(A) =0 for all AE U is the constant
1= o.

An operator T E £(X) is said to have the decomposition property (6)
if given an arbitrary open covering {Ul! U2 } of C, every x E X has a
decomposition x = Ul + U2, where u}, U2 E X satisfy Uj = (T - A)f;(A)
for all on C \ Uj and some analytic function f; : C \ Uj -+ X for j = 1, 2.
An operator T E leX) is called decomposable if for every open cover
{Ull U2 } of the complex plane C there exist Y}, Y2 E Lat(T) such that
Yi + Y2 = X and u(TIYj) C Uj for j = 1,2.

For various examples and characterizations of decomposable opera­
tors, see [3], [5].

If T has the SVEP, we define the local resol11ent set of T at x E X,
denoted by PTex), as the set of all A E C for which there exist an open
neighborhood U of A in C and an analytic function I : U -+ X with
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(T -p.)f(p.) = X for all p. E U. The set O'T(X) := C \ PT(X) is called the
local spectrum of T at the ooint x EX.

Given an operator T E £(X) and a subset A of C, let XT(A) := {x E

X IO'T(x) ~ A}. For each closed F ~ C, let XT( F) denote the space of
all x E X for which there exists an analytic function f : C \ F -+ X with
(T -p,I)f(p.) = x for allp. E C \ F.

It is clear that if T has the SVEP, then XT(F) = XT(F) for every
closed subset F of C. In general, XT(F) is not necessarily closed linear
subspace of X even if F is closed in C, see [3].

An operator T E £(X) is said to have the Dunford's property (C) if
XT(F) is closed in norm for each closed subset F of C.

We recall that, by [1], [14],
Bishop's property (f3) ==;. Dunford's property (C) ==;. SVEP.

T E £(X) property (f3) ¢:=} T* E £(X*) property (8).

T E £(X) decomposable ¢:=} T E £(X) properties (f3), (8).

2. Properties preserved under asymptotic similarity

The spectrnm of a linear operator T can be divided into subsets in
many different ways, depending on the purpose of the inquiry. In [10],
K.B. Laursen introduced the concept of a analytic residuum and then
used this concept to study decomposability and single-valued extension
property. It is shown in [3] that spectrum, local spectrum, analytic spec­
tral subspace and single-valued extension property are preserved under
quasi-nilpotent equivalent. In this paper, motivated by [3] we shall ob­
tain theorems of this type for considerably more general classes.

Let O'p(T), O'sur(T) and O'ap(T) denote the point spectrum, surjective
spectrum and approximate point spectrum of T E £(X). Thus O'sur(T)
consists of all A E C for which T - A is not surjective. What happens
here is actually typical of the way in which the holes are filled in when we
pass from O'sur(T) to O'(T). Thus, if usur(T) and O'(T) are different then
O'(T) is obtained from 0'sur(T) by filling in the bounded components of
the complement of 0'sur(T) in O'(T). To see this we need to introduce
the analytic residuum.
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DEFINITION 2.1. Let T be a bounded linear operator on a Banach
space X. We define the analytic residuum, denoted by SeT), as the
set of all A E C for which for every neighborhood N>.. of A there is a
neighborhood U ~ N>.. and a non-zero analytic function f : U ~ X
satisfying (T - fL) f (fL) = 0 on U.

Note that T has the SVEP if and only if SeT) = 4>.

THEOREM 2.2 [10]. liT is a bounded linear operator on a Banach
space X then aCT) = S(T)Uusur(T).

There are more interesting ways to express Theorem 2.2, if T has the
SVEP, then T is invertible if and only if it is surjective.

The following properties of the surjective spectrum will be useful.

PROPOSITION 2.3 [10]. liT is a bounded linear operator on a Banach
space X, then asur(T) is compact with 8a(T) ~ 17sur(T) ~ aCT) ­
ap(T) Uasur(T), where 8u(T) denotes the boundary of aCT). Also,

usur(T) = UaT(x), asur(T) = aap(T*) and a(T*) = aap(T).
xEX

Finally, if T has the SVEP, then asur(T) = aCT) and if T* has the
single-valued f'xtension property, then u(T) = uap(T).

Let X and Y be complex Banach spaces, and let £(X, Y) denote
the space of all continuous linear operators from X to Y. For given
operators T E LeX) and 8 E Ley), we introduce the operator C(8, T)
on the Banach space £(X, Y) by

C(8, T)(A):= 8A - AT

for A E LeX, Y). Also, for all n E N and all A E LeX, Y), we have
C(8, T)n A := C(8, T)n-l(8A - AT) = .E~=o (~)(_1)k8n- kATk.

An operator T defined on a Hilbert space H is said to be quasi­
invertible if T has zero kernel and dense range. Operators 8 E £(H)
and T E £(H) are quasi-similar if there are quasi-invertible operators
A, BE £(H) which satisfy C(8, T)(A) = 0 and G(T,8)(B) = O.

In [6], [11] Sz. Nagy, C. Foias and T.B. Hoover show that quasi­
similarity need not preserved the spectrum and compactness.
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DEFINITION 2.4. An operator A E £(X, Y) is said to intertwine S
and T asymptotically if limn -+oo IIC(S, T)n(A)II-k = O. Moreover, an op­
erators T E £(X) and S E £(Y) are called the asymptotically similar if
there exists A E £(X, Y) such that A intertwines S and T asymptotically
and its inverse A-I intertwines T and S asymptotically.

In particular, we say that T, S E £(X) are quasi-nilpotent equivalent
if limn -+oo IIC(S, T)n(I)II-k = limn -+oo IIC(T, s)n(I)II-k = 0, and it is
denoted by T :l S.

THEOREM 2.5. H A E £(X, Y) intertwines S and T asymptotically,
then the analytic residuum ofT is contained in the analytic residuum of
S.

Proof. Let J-L E S(T) and let Np. be an arbitrary neighborhood of J-L.
Then there is a neighborhood U ~ N Po and a non-zero analytic function
f : U ~ X satisfying (T - >')/(>') = 0 on U. Consider a pair of
concentric closed discs E and U such that E cDc U with radii 0 < s <
r, and choose a constant M > 0 such that 111(>')11 < M for all >. E D.
Then for each>. E E, we obtain from Cauchy's integral formula that

for all n = 0,1,2, .... By ~he assumption, for E := (r - s)/2 there
exists some constant 0 ~ L such that IIC(S, T)n(A)1I ~ L€n for all
n =0, 1,2, .... An obvious combination of these estimates yields

for all >. E E and n = 0,1,2, .... Now, consider the infinite series

It is clear from (1) and (2) that the infinite series defining g(>.) con­
verges uniformly on E and hence uniformly on each compact subset
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of U. From (T - A)f(A) = °for all A E U, we obtain by induction
that (T - A)f(n)(A) = nf(n-I)(A) for all A E U and n E N. Since
SC(S, T)n(A) = C(S, T)n+I(A) + C(S, T)n(A)T for all n = 0,1,2, ... ,
we have

(S - A)g(A)

= f(-lr(S - A)C(S, Tr(A)f<n)~A)
n.

n=O

= f(-lr(c(s,T)n+l(A) + C(S, Tr(A)(T - A)) f(~~A)
n=O

00 f<n)(A) f<n-I)(A)
= "(-lr(C(s,T)n+I(A) + C(S,Tt(A) )

L....J n! (n - I)!
n=1

+ C(S, T)(A)f(A) + A(T - A)f(A).

Hence (S - A)g(A) = A(T - A)f(A) = 0, and so p. E S(S).

The following result is an immediate consequence of Theorem 2.5.

COROLLARY 2.6. Assume that A E LeX, Y) intertwines S and T
asymptotically. H S has the single-valued extension property, then so is
T.

COROLLARY 2.7. Analytic residuum is preserved under asymptotic
similarity. In particular, ifT :!.- S, then SeT) = S(S).

Proof. Assume that T and S are asymptotically similar and choose
a corresponding bijection A E £(X, Y) for the asymptotic intertwining
of (S, T) and (T, S). Then by Theorem 2.5, SeT) ~ S(S). Since A-I
intertwines T and S asymptotically, it follows from Theorem 2.5 that
S(S) ~ SeT) and hence S(S) = SeT).

COROLLARY 2.8 [3]. Let T, S E £(X). HT has the SVEP and T!!.- S,
then S has the SVEP.

Proof. By Corollary 2.7, S(S) = SeT) = <p.
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LEMMA 2.9. Assume that A E LeX, Y) intertwines 5 and T asymp­
totically, then AXT(F) ~ Ys(F) and AXT(F) ~ Ys(F) for all closed
subset F of C.

Proof. Let x E X and let J.t E PT(X). Then there exists an open
neighborhood U of J.t in C and an analytic function f : U --+ X on an
open subset U of C such that (T - >..)f(>..) = x for all >.. E U. It is easily
checked that the series

converges uniformly on each compact subset of U, and hence defines
an analytic function h : U -+ Y such that (5 - >..)h(>..) = Ax for all
>.. E U. Thus J.t E ps(Ax) and hence us(Ax) ~ UT(X). This implies that
AXT(F) ~ Ys(F). A similar argument ensures that AXT(F) ~ Ys(F)
for all closed subset F of C.

COROLLARY 2.10. Assume that T and 5 are asymptotically similar.
Then AXT(F) = Ys(F) and AXT(F) = Ys(F) for all closed subset F of
C. Moreover, if T, 5 E LeX) are decomposable, then T :L 5 if and only
if X T( F) = X s(F) for every closed F ~ C.

COROLLARY 2.11. If u(T) nu(5) = <f>, then the zero operator is the
only operator A E LeX, Y) which intertwines 5 and T asymptotically.

Proof. AX = AXT(u(T» ~ Ys(u(T» = Ys(u(T)nu(5» = {OJ.

THEOREM 2.12. Dunford's property (C), property (6), Bishop's prop­
erty (13) and decomposability are preserved under asymptotic similarity.

Proof. Suppose that T and 5 are asymptotically similar and choose
a corresponding bijection A E £(X, Y) for the asymptotic intertwin­
ing of (5, T) and (T,5). By Corollary 2.10, we have AXT(F) = Ys(F)
and A-IYS(F) = XT(F) for all closed subsets F of C. This shows
that Dunford's property (C) carries over from T to 5. We also have
AXT(F) = Ys(F) and A-1Ys(F) = XT(F) for all closed subsets F of
C, which implies that property (6) is preserved. Since property (6) is
preserved under asymptotic similarity and the properties (f3) and (6)
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are dual to each other, property (13) is preserved by asymptotic similar­
ity. Since both properties (C) and (6) are preserved under asymptotic
similarity, decomposability is also preserved.

COROLLARY 2.13. Assume that A E LeX, Y) intertwines S and T
asymptotically. H A is onto, then 0'sureS) ~ 0'sur(T) and 0'( S) ~ O'(T).

Proof. It follows from Proposition 2.3 and Lemma 2.9 that

O'sur(S) = UO's(y) = UO's(Ax) ~ U O'T(X) = O'sur(T).
yEY xEX xEX

Finally, from Theorem 2.2 and Theorem 2.5, we conclude that

THEOREM 2.14. Surjective spectrum, approximate point spectrum
and spectrum are preserved under asymptotic similarity. In particular,
if T ,t S, then 0'sur(T) = 0'sur(S) and O'(T) = O'(S).

Proof. Assume that T and S are asymptotically similar and choose
a corresponding bijection A E LeX, Y) for the asymptotic intertwining
of (S,T) and (T,S). By Corollary 2.13, O'sur(S) ~ O'sur(T) and O'(S) ~
O'(T). Since A-I E £(Y,X) intertwines T and S asymptotically and
O'T(A-Iy) ~ O's(y) for any y E Y, we have, by Proposition 2.3

O'sur(T) = U O'T(X) = UO'T(A-Iy) ~ UO's(y) = O'sur(S).
xEX yEY yEY

From Theorem 2.2 and Corollary 2.7, we obtain

O'(T) = SeT) UO'sur(T) = S(S) UO'sur(S) = O'(S).

Finally, since S* and T* are asymptotically similar,

O'ap(T) = O'sur(T*) = O'sur(S*) = O'ap(S).

It is well known that if X is a Banach space and T E LeX), then the
boundary of O'(T) is contained in O'ap(T).
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COROLLARY 2.15. Suppose that T E LeX) and S E Ley) are asymp­

totically similar, then usur(T) nuap(S) =f:. ¢>. In particular, ifT :f.., S, then
usur(T) nuap(S) =1= ¢>.

Proof. Suppose that usur(T)nO'"ap(S)=¢>. Then uap(S)CC\O'"sur(T)
= C \ O'"sur( S) and so O'"sur(S) nUape S) = ¢>. It follows from Proposi­
tion 2.3 that ou(S) ~ O'"sur(S) nUap(S) = ¢>, and so oO'"(S) = ¢>. This
contradiction shows that usur(T) nO'"ap(S) =f:. ¢>.

COROLLARY 2.16. Assume that A E LeX, Y) intertwines S and T
asymptotically. If A has dense range and S has the Dunford's property
(0), then u(S) = usur(S) ~ usur(T).

Proof. Since usur(T) is compact and X = XT(O'"sur(T», we have Y =
AX = AXT(O'"sur(T» ~ YS(O'"sur(T» = YS(O'"sur(T», which says that
O'"sur(S) = O'"(S) = u(SIYS(O'"sur(T») ~ O'"sur(T).

PROPOSITION 2.17. Suppose that A E LeX, Y) intertwines S E Ley)
and T E LeX) asymptotically, then O'"p(T) ~ uap(S)nO'"ap(T).

Proof. Clearly, O'"p(T) ~ O'"ap(T). IT A E up(T), then there exists a
x(=I= 0) E X such that (T - A)X = o. Suppose that A f/. uap(S)nuap(T).
Then there exists a constant m > 0 such that mllyll :511(S - A)yll for all
y E Y. Since (T - AtX = 0 for all n E N,

C(S, Tt(A)x = C(S - A, T - A)n(A)x

= ~ (~)(-1)'(8 - A)"-'A(T - A)'.

= (S - A)nAx.

Therefore mllAxll!> ~ IIc(s,T)n(A)xll!> for all n E N. Since A in­
tertwines Sand T asymptotically and since Ax =f:. 0 by the injectiv­
ity of A, we conclude that m = O. This contradiction shows that
up(T) ~ uap(S) nuap(T).

We recall, by [9] that the operator T has finite ascent if for every
A E C there is an n E N such that K er(T - A)n = K er(T _ A)n+I.
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PROPOSITION 2.18. Point spectrum and finite ascent are preserved
under quasi-similarity.

Proof. Assume that S E LeX) and T E LeX) are quasi-similar.
Then there exists quasi-invertible operators A, B E LeX) such that
G(S, T)(A) = 0 and G(T, S)(B) = o. IT x E X is an eigenvector for
the eigenvalue .\ of T, then (S - .\)Ax = A(T - .\)x = 0 and hence
.\ E O'p(S) by the injectivity of A. Thus O'p(T) ~ O'p(S). By the same
reasoning, we conclude that O'p(S) ~ O'p(T).

Assume that Ker(S - .\)n = Ker(S - .\)n+l for some n E No IT
x E K er(T - .\)n+t, then (S - .\)n+l Ax = A(T - .\)n+lx = 0, and so
Ax E Ker(S-.\)n+l = Ker(S-.\)n. Thus 0 = (s-.\)nAx = A(T-.\)nx
and hence (T - .\)nx = 0 by the injeetivity of A. Hence T has finite
ascent.

COROLLARY 2.19. Assume tbat A E LeX) bas dense range and in­
tertwines S and T in tbe sense tbat SA = AT. H T* bas finite ascent,
tben S* bas finite ascent.

Proof. Since A has dense range and SA = AT, A* is injective and
T* A * = A *S*. Whence the Proposition 2.18 is applied.

An operator T on a Banach space X is said to be totally paranormal
if U(T - .\)xI12 :::; II(T - .\)2xllllxll for all x E X and for every .\ E Co .

As noted in [9], the totally paranormal operators form a proper sub­
class of paranormal operators. It is easily check that every totally para­
normal operator T has finite ascent.

COROLLARY 2.20. Let T E LeX) be a totally paranormal and let F
be a closed subset ofC. HT E LeX) and S E Ley) are asymptotically
similar, tben X s(F) is closed.

Proof. It follows from ([9], Proposition 4.14) that Xr(F) is closed.
Hence X s(F) is closed.

COROLLARY 2.21. Let T E £(H) be a totally paranormal operator
on tbe Hilbert space H witb O'p(T) = 4> and let F ~ C be closed. H

T :LS, tben Hs(F) = n'\~F(T - .\)H.

Proof. It is clear from Theorem 2.14 and ([9], Theorem 4.15) that
Hs(F) = Ht(F) = n'\~F(T - .\)H.
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Let Xi and Yi be complex Banach spaces, and let £(Xl EBX2 , Yi EB Y2)
denote the space of all continuous linear operators from Xl EB X2 to
Yl EB Y2 . Given operators Ti E £(Xi ) and 8 i E £(Yi), we introduce
the operator C(81 EB 8 2 , T1 EB T2 ) on the space £(Xl EB X 2 , Yi EB 1'2) by
C(81 EB 8 2 , Tl EB T2 )(A EB B) := (81 EB 82 )(A EB B) - (A EB B)(TI EB T2 ) for
A EB B E £(X l EB X 2 , Yl EB Y2 ).

LEMMA 2.22. Let T i E £(Xi), 8i E £(Yi) and Ai E £(Xi, Yi). H
Al EB A2 E £(Xl EB X 2 , Yi EB 1'2) are intertwines 8 1 EB 8 2 and Tl EB T2

asymptotically, then Ai are intertwines Ti and 8i asymptotically for
i = 1,2.

Proof. For every n = 1,2, ... , we have

C(81 EB 8 2 , Tl EB T2t(A l EB A2 )

= ~ (~)(-l)'(Sl ffiS,)"-'(A1 ffiA,)(T1 ffiT,)'

=t (~)(_1)k8;-kA I Tl
k EB t (~)(_1)k8;-kA2T2

k

k=O k=O

= C(81 , Td nAl EB C(82 , T2 )nA2 •

Since

for every n E N', we obtain

Hence Ai are intertwines Ti and 8 i asymptotically for i = 1,2.

COROLLARY 2.23. Assume that Tl EBT2 E £(Xl EBX2) and 8 1 EB82 E
£(Yl EB 1'2) are asymptotically similar. H Tl and T2 are decomposable
operators, then 81 and 82 are decomposable. Consequently, 81 EB 82 is
decomposable.

Proof. By Lemma 2.22, Ti and 8 i are asymptotically similar. Since
decomposability is preserved under asymptotically similar, 8 1 and 8 2

are decomposable.



Spectral inclusions 127

PROPOSITION 2.24. Let Tj E £(Xi) (i = 1,2). Then SeT} EB T2 ) =
S(Tt}US(T2 ).

Proof. Let J.l E SeT} EB T2 ) and N p. be an arbitrary neighborhood of J.l.
Then there is a neighborhood U £; Np. and a non-zero analytic function
f: U ---+ Xl EB X 2 satisfying (TI EEl T2 - A)f(A) = 0 on U. Consider the
map

hCA) := Pj 0 f(A),

where Pj : Xl EB X 2 ---+ Xj (j = 1,2) is the ph projection operator.
Then either ft or 12 is a non-zero analytic function and f = it EEl12. Since
(TI - A)ft(A) EB (T2 - A)12(A) = 0, we have (Tj - A)h(A) = 0, j = 1,2,
and so J.l E S(T}) US(T2 )· Hence SeT} EEl T2 ) £; S(Td US(T2 ). To obtain
the opposite inclusion, let J.l E S(Td US(T2 ), and let Np. be an arbitrary
neighborhood of J.l. Then either there exist a neighborhood U £; Np. and
a non-zero analytic function 9 : U -+ Xl satisfying (TI-A)g(A) = 0 on U
or there exist a neighborhood V £; N p. and a non-zero analytic function
h : V -+ X 2 satisfying (T2 - A)h(A) = 0 on U. We may assume that
there exist a neighborhood W £; N p. and a non-zero analytic function
f : W -+ Xl EB X 2 satisfying (T} EB T2 - A)f(A) = 0 on W. Thus
J.l E S(TI EB T2 ). Hence S(TI EB T2 ) = S(Td US(T2 ).

COROLLARY 2.25. T:= T} EB T2 E £(X} EEl X 2 ) has the single valued
extension property if and only if T} and T2 have this property. In this
case, O"T(X} EEl X2) = O"T1 (xt} UO"T2 (X2).

Proof. Since SeT} EEl T2 ) = S(Td US(T2 ) = 4>, one has the result.
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