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HOMOCLINIC ORBITS FOR SECOND
ORDER HAMILTONIAN SYSTEMS

DAE HYEON PAHK AND JUNE GI KM

0. Introduction

Let us consider the following second order Hamiltonian systems of the
form;

(HS) §—L(t)g+Vg(t,g) =0, qeR"
We assume that the n x n matrix L(t) satisfies
(L) L(t) € C(R, R™),

is T-periodic in ¢, and is symmetric and positive definite uniformly for
t € [0, T]. The function V satisfies

(V1) Ve C*(R x R™, R) and V(t,q) is T-periodic in ¢,

(V2) Vg(t,0) =0,

(V3) There is a p > 2 such that

0 < pV(t q) < (g, V4, g)) for all ¢ € R™ \ {0},

V. Coti Zelati and Paul H. Rabinowitz [3] proved the existence of
infinitely many homoclinic solutions for the problem (HS) under the
conditions (Vy), (V3), (V3), and (). Here (*) is the condition that there
exist only finite number of critical points of the corresponding functional
I of the problem (HS) whose critical values are less than a certain number
and will be explained later. They have even suggested that the condition
(*) could be replaced with the weaker condition (*#) in [3] ,which asserts
the discreteness of the critical values instead of the finiteness of the
critical values as in (*) and will be explained below. Moreover they have
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shown that the same results could be obtained under a weaker condition
(#*) if we further assume that V satisfies one more condition

(V) For all £ € S™71, 5 1{£,V,(t, s¢)) is an increasing function of
s.
Therefore it is natural to ask with what kind of potentials the corre-
sponding functionals satisfy (). In this paper we give the condition on

V whose corresponding functional satisfies (**) and so (HS) with this
potential has infinitely many homoclinic solutions.

1. Preliminaries
Let E = W1?(R,R") under the usual norm

[ aaf + 1ayaey .

-0

Thus E is a Hilbert space and E C C°(R, R"), the space of continuous
function ¢ on R such that ¢(t) — 0 as |t| — co. We will seek solutions
of (HS) as critical points of the functional I associated with (HS) and
given by

=3 [ i+ s~ [ visa

-0

By (L),
lal? = [~ (df* + (0, Lot

can and will be taken as an equivalent normon E. f q € E, j € Z,
and 7j(q) = q(t — jT), then I(rjq) = I(q). Hence I possesses a Z-
action. It is standard that the critical points of I in F correspond to the
homoclinic solutions for (HS). However to apply the standard variational
methods it is necessary that I satisfy the Palais-Smale condition which
is abbreviated as the (PS) condition. But our functional does not satisfy
the (PS)-condition.
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LEMMA 1.1. I does not satisfies the (PS) condition.

Proof. Suppose b > 0 is a critical value of I with corresponding critical
point ¢. Let u,;, = ¢+ Typg. Then

1 o0
Ium) = 3la+rmal? = [ V(tg+ rma)dt

1
= Jla+ rmal? — [

V(t,q)dt — / V(t, Tmg)dt

[ =]

- (V(t, g+ Tmq) — V(t7 q) —~ V(t,7mq))dt.

-0

Observe that V(t,q + Tmq) — V(t,9) — V(¢,7mg) — 0 uniformly on
[-R,R], 0 < R < +o0. Choose § > 0 so that

|z} < & implies that |Vg(t,z)| < |z|.
Choose M > 0 so that

lg + Tmallz= < V2llg + Tmdll

< 2v2]iq|

<M < +o0.

Let My = sups<iei<n |Vy(t,€)|- Then we have
Vit )| < (14 Z)fel for lal < M.
Thus

V({t, g+ Tmq) = V(,mma)] < (g, V(2,00 + T ))

M
<(1+ Tl)lql(lql +|mmgl), 0 <8< 1.

Hence

/u RV 0+ 7))~V rmgldt
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= [ laVatt, 00+ rma)at
ltI>R
M, 1

<@ laPaor([ (o +Irmal?)at)

[t|I>R ItiI>R

M, 2 147\1/2
< 2gll( + ==X lgl*dt)"/*.
ItI>R

Given € > 0, we can choose R sufficiently large so that

- [ Vitod= [ vieod
[tI>R lt|I>R

<e / PIR:
[t|>R

/ lg|?dt < e.
It|>R

Therefore [ (V(t,q + Tmq) — V(t,q) — V(t,7mgq))dt — 0 as m — oo.

Note also that ¢ + Tma||®> = ll¢]]> + [|7mdll* + €m) €m — 0 as m — +0c0.
Thus I(uy,) — 2b. Let us now check I'(u,,). For each ¢ € E, we have

(I'(um), ) = (I'(¢ + T ), )

= [+ 9) + (o EOa + rma))
_ /_ = (2 Valt, g + )t

= - / N (0, Va(t, 4 + ™mq) — Vo(t, Tmq) — Vy(t, q))dt.

—o0
Hence I'(u,,) — 0. However
fum = wnll = ||Tmg — gl

= |lg — Tn—mdl|
= 2”9" + €ln—m|
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where €| —m| — 0 as [n —m| — 4-co0. Therefore () has no convergent
subsequence.

Given ¢ € E \ {0}, define a function f : (0,00) — R by

f(s) =1I(sq)
32 *® *
=2 [P+ @ ro - [ visod

2 —-o0 —-00

Then

o0

s =s [~ Qi+ ta i~ [~ @ Vit sai

= ([ aiP+@zmana-1 [ vt son).

hud e <}

Now (V,) implies that f : (0,00) — R has a unique maximum point.
Moreover (V;)-(V3) implies that

Vit ){ < Mlz|* uniformly in t for |z| <1,
s . .
> m|z|* uniformly intfor |z} >1.
Here
m=min, o V({,z) >0 and
lzl=1

M= maxﬁn V(t,z) > 0.
z|=1

Hence f(s) — —oo as s — +oo. Observe also that I(q) = 3llgl|* +
o(|lg]|*). Therefore 0 is an isolated singular point of I. Choose a point
e # 0 such that I(e) < 0. Let

= inf I(q(0
¢= jof max (9(8)),

where

Ie= {g € C([os 1]’E) : g(O) =0, g(l) = e}‘
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Since I(g) = 3llqli” + o(llgll*), ¢>o0.
From now on we use the following notations;

I’ ={q€ E|I(q) < s}, I.={q€ E\l(q) =5},
I! =I,NI% K =the set of critical points of I
Kt=kxnI.

Recall that the key roles (PS) plays in the proof of the standard De-

formation Theorem is that it provides a § > 0 such that |I'(z)}] > 6
for all z € II*¢ for some € > 0 if K(b) = K? = 0 and an appropriately

&

modified statement if X(b) # @. Since our functional I does not satisfy
the (PS)-condition, we cannot use the standard Deformation Theorem
in its naive form. However V. Coti Zelati and Paul H. Rabinowitz [3]
escaped from this difficulty by imposing the condition

(*) there is an @ > 0 such that I°*®/Z
contains only finitely many critical points of I.

Usually the value of ¢ depends on the choice of e. But we have the
following

LEMMA 1.2. KV satisfies (V1)—(V3), then c is independent of the
choice of e.

Proof. Define a function f : (0,00) — R by
7(s) = I(sq)
2 o0 00
=5 [P+t z@ani - [ vit,sod

— oo

Then
£ =s [ i+ (o Lt - [ tavitsop

<s [ i+ @ - £ [~ v, s

- 00
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[ 0P + (0. 2o~ [ v, sndn

<

¢ [ i +ig soana - [~ Vit sapa

ot ®» R ®|®

S

Vo)
[

\'_/

Hence we obtain f'(s) — u/sf(s) < 0. This implies that f(s)/s* is a
decreasing function of s. Therefore any two points e; # 0 and e; # 0
such that e; € I° and e; € I° can be joined by a path lying in I°. This
proves that ¢ is independent of the choice e.

To define an another intrinsic constant ¢, we need the following

LeMMA 1.3. Ifq € K, then I(g) > (1 — L)|lg|>

Proof.
19 =3 [ (4 +(a Lo - [ Voo
@0 = [ i+ @ zod - [ @Vl
= 0.
Hence

1(a) = I(q) - 5('(@); )
= [ Glavo) - Vo

2= [ @hton

(G- [ + (g, Ko
= (5 - Dlal’,
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Let
c= inf I(q).
gex\{o} 9)

Since 0 is an isolated singular point, Lemma 1.3 implies that ¢ > 0. We
now have two constants ¢ and é. To compare the two numbers ¢ and ¢,
we need the following two Lemmas.

LEMMA 1.4 ([4]). Let K be a compact metric space, Ky C K a closed
set, X a Banach space, x € C(Ky, X) and let us define a complete metric
space

M={ge C(K,X);9(s) = x(s) if s € Ko}

with the usual distance d. Let ¢ € C(X,R) and let us define

= inf :
c= inf maxy(g(s))

Then for each sequence (fi) in M such that
max (fi) = ¢,
there exists a sequence (vg) in X such that

<P(Uk) -G
dist(vg, fr(K)) — 0,

l¢'(vi)] = 0 as k — +oo.

LEMMA 1.5 ([3]). Let (up,) C E be such that I(up,) — b > 0 and
I'(u) — 0. Then there is an £ € N with £ bounded above by a constant
depending only on b, normalized functions vy1,vs,...,v¢ € K\ {0}, a
subsequence of (um ), and corresponding (ki,) C Z, 1 <i < £, such that

14
lum =Y i vill =0,
1

14
> I(v;) =b,
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and, for i # j, ' '
|k — kf| — o0
as m — oo along the subsequence.

In the above Lemma we say that a function v is normalized if
oo == t
[ollz = maxfv(?)]

occurs for ¢t € [0,T] and |v(t)| < ||v||L~ for t < 0. We are now ready to
show that ¢ =C.

THEOREM 1.1. If V satisfies the conditions (V1) V), then ¢ = €.

Proof. Suppose ¢ < ¢. By Lemma 1.4 there exists a sequence (u,;) C
E such that I(u,) — ¢ and I'(um) — 0. Since ¢ > 0, we can apply

Lemma 1.5 to obtain a normalized critical points vy, vs,..., v such that
¢
Y I(vi)=c.
=1

But this contradicts the fact that € = inf ek (0} I(¢g). Therefore ¢ > €.
On the other hand, given any ¢ € K \ {0}, consider

f(s) = I(sq)
=5 [P+ @ rwa - [ viso

Observe that

oo

o0 . 1
£ = (aP + @ 20—+ [ (ot sa)dr)
Since ¢ € K \ {0}, f'(1) = 0. Now (V4) implies that f attains its
maximum value at s = 1. Therefore ¢ < f(1) = I(q) for any ¢ € K\ {0}.
Hence c < e.
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2. Homoclinic solutions

In this section we discuss the existence of infinitely many solutions of
(HS). Using the fact that ¢ = ¢, we can show that c is a critical value
of I, though I does not satisfy the (PS) condition.

THEOREM 2.1. If V satisfies the conditions (V1)~(Vy), then ¢ is a
critical value of I.

Proof. Choose a sequence (¢m) C K \ {0} such that I(gm) > c=c.
Since I(g) = (3 — 3)llg|l? for all ¢ € K, (gm) is bounded in E. Hence
there exists a subsequence (¢m; ) of (¢m) and g € E such that ¢,; — ¢in
E. We may also assume that (g,,,) is a normalized sequence. By Sobolev
imbedding theorem we have gm; — ¢ in LI2°(R,R"). Hence g # 0. Now

(o =]

0= (I'(gm, ), p) = " ({dm;, &) + (0, L(t)gm; ) )t
- [ to Wt am et
By taking limits we obtain
0= [~ (@#)+ oz~ [ (o Vit o)

= {I'(q), )

Hence ¢ is a critical point of I. Let w., = gm; —¢. Then as in Proposition
1.2 in [3] we can show that

I(wm) — ¢c— I(q),
I'(wy) — 0.

Now
Hwp) = %/_ (ltrm | + (Wi, L(t)wm))dt — [_oo V (&, w,,)dt
and

(I'(wm), wm) = /_ oo(ltbmlz + (W, L(t)w))dt

~ [ (wom Vattwm)h.

-0



Homoclinic orbits for second order Hamiltonian systems 113

Hence
o0

H(wm) — %(I’(wm),wm) > (- 1)/ V(t,wp)dt

— 00

2> 0.

Thus )
0 < ) = 3 (I'(wm),0m) < L) + MIT ()]

for some constant M independent of m. Therefore
0<c—I{q).
Since ¢ = € = infyex\ {0} I(g), this completes the proof.

The following fact is crucial to the existence of infinitely many homo-
clinic solutions of (HS).

LEMMA 2.1. Let q € E be a critical point of I with I(q) = c. Choose
g on the ray passing through 0 and q such that I(§) < 0. Define a
function g : [0,1] — E by ¢(6) = 6g. Then
(1) geT,
(2) maxge(o,1) I(9(6)) = ¢, and
(3) for each r > 0, there exists € > 0 such that I(g(6)) > c—e¢ implies
9(8) € B.(g).

Proof. (1) and (2) are evident from the construction of g and (V).
Suppose ¢ = 6g, 0 < 8 < 1. Then for any ¢ > 0, by (Vy4), there are
constants 6_. and 6, with 6_, < 8 < 4, such that 63, - fase — 0
and I(6g) > c—¢ if and only if 6 € (6—,6,). In particular for each r > 0
there is an € = ¢(r) such that 8 € (6,6, ) implies that g(f) = 07 €
B(g)-

At this point assume further that V satisfies one further condition
(++)  There is an a > 0 such that K°t* consists of isolated points.

Observe that the above proposition corresponds to Proposition 2.22
[3].Therefore we can apply the argument in [3] to prove the existence
of infinitely many homoclinic solutions of (HS). Therefore the following
theorem was essentially proved in [3].
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THEOREM 2.2. If V satisfies (V1)«V4) and (*x) ,then the problem
(HS) has infinitely many homoclinic solutions.

Now it is natural to ask what kind of potential guarantees the condi-
tion (*+), that is, the discreteness of critical points of the corresponding

functional I.
We now give a condition on V whose corresponding functional satisfies

(%).
THEOREM 2.3. If V satisfies the conditions (V1)—(V,), and
1
(V5) (qu(t7 Q)pvp) 2 ’ilplz7 p,q € Rn’ K> -5

then the critical points of I are all isolated. Therefore the problem (HS)
has infinitely many homoclinic solutions.

Proof. Let g be a critical point of I. Thus for any p € E we have
0= (@) = [ (@8 + i Lo
bt
- [ vt oy
)
Now

Ha+p) =5 [ (a5l +(a+nL@Na+i— [ Vit o

-0

= % /_ :(Iq'|2+<q,L(t)q>)dt+ /_ Z((q, p) + (p, L(t)a))dt

+3 [ Wk + .20~ [~ Vitatpya
= I(q) + [oo V(t, q)dt + [_oo (P, Vq(t’ q))dt

1, ., oo
+‘2'”P|| - V(t,q+ p)dt

-0

= 1@)+ 310l + [ (V60 + (il 0) — Vit + )i
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Now
V(t7 Q) + (pv Vq(t’ Q)) - V(t’ q + p)

1
= /0 (P, Vgq(t,q + sp)p)dt
1
= /(; 5(p, (Vaq(t, g + sp) — Vyo(t, @))p)dt + (p, Vaa(t, q)p)-

Note that ||p|jz~ < v2||p||- Hence

[eo (V(t’ q) + (P, V:I(ta Q)) - V(t, q +P))dt

= ofllpll?) + / (9. Vag(t, q)p) .

— OO0

Observe that

/ = (0, Vet )p)t = [Iol? [ Z(H—fm,vﬂa, o e

= h(p)|lpll®.

We see here that h is homogeneous of degree 0 and that k> £ > —1 by
(Vs). Hence we now have the following estimate;

Ig+8) = I(g) + (5 + @)l + ol Ipl?)

This completes the proof.
Combining theorem 2.3 and theorem 2.3, we have

THEOREM 2.4. IfV satisfies (V1)«Vs), then the problem (HS) has

infinitely many solutions.
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