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ON MUTATIONS OF PRIME ASSOCIATIVE ALGEBRAS

YouNnGgso Ko

1. Introduction

Let B be an algebra with multiplication denoted by zy over a field
F of characteristic # 2. Associated with B are an anticommutative
algebra B~ and a commutative algebra B* which are defined on the
same vector space as B but with multiplications respectively given by
anticommutative product [z,y] = zy — yz and commutative product
zoy = 1(zy +yz). Two well known anticommutative and commutative
algebras are Lie and Jordan algebras which have a long standing history
of applications to physics.

An algebra B is called Lie-admissible if the associated algebra B~ is
a Lie algebra; that is B~ satisfies the Jacobi identity

{lz, v}, 2] + (v, 2], =] + [{z, 2], y] =0.

Similarly, B is termed Jordan-admissible if B¥ becomes a Jordan alge-
bra; that is
[(zoz)oyloz=(zoz)0(yoxz)

The well-known examples of Lie-admissible algebras are the associative
algebras and Lie algebras, and the associative algebras and Jordan alge-
bras are Jordan-admissible.

Let A be an associative algebra with multiplication zy over a field F'.
Let p,q be two fixed elements in A, and let A(p,q) denote the algebra
with multiplication

T *xy = Tpy —yqz

defined on the vector space A. The resulting algebra has been called
the (p,q)-mutation of A. For a fixed element r € A, denote A" to be
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the algebra with multiplication o y = xry, but with the same vector

space as A. The algebra A(") is called the r-homotope of A and it is clear
that A(") is also associative. A straightforward calculation shows that
A(p,q)~ = {AP+9}~ and A(p,q)* = {A?~P}*. Hence any mutation
algebra of an associative algebra is also Lie and Jordan-admissible. The
structure of A(p,q) has been investigated by a number of authors [4, 5,
6].

By a derivation of A we mean a linear map 6 : A — A satisfying
§(zy) = zé6(y) + 6(z)y, and denote by Der A the set of derivations of A.

An algebra B is called prime if the product of any two nonzero ideals
of B is nonzero. It can be shown that B is prime if and only if zBy = (0)
implies z = 0 or y = 0 [3].

In this paper we discuss derivations of A(p,q) when A(p,q) is prime
and p, g € A satisfy the condition A = Ap+ Aq+ R where R is a subspace
of Z(A). Also we investigate isomorphisms of A(p,q) to B(a,b) when
B(a,b) is prime and p, g € A satisfy the above condition.

2. Derivations of mutation algebras

The derivations of A(p, ¢) have been studied in [2], for the case where
A(p,q) is prime and p,q € A satisfy the condition A = Ap + Aq. We
discuss the derivations of A(p,q) when p,q € A satisfy the condition
A = Ap+ Aq+ R, where R is a subspace contained in the center Z(A)
of A. First, investigating derivations of _A‘(I’), we have the following:

THEOREM 1. Let A be a prime associative algebra with 1 over F' of
characteristic # 2, and p be a fixed element of A satisfying the condition
A = Ap + R, where R is a subspace of the center Z(A) of A. Then a
linear map 6 : A — A with §(1) = é(p) = 0, is a derivation of A®) if and
only if § is a derivation of A.

Proof. Suppose that § € Der A with §(p) = 0, then

6(zpy) = 6(z)py + zé(p)y + zpé(y) = 6(z)py + zpé(y),

and this means that § € Der A®,
Conversely, assume that § € Der A®) with 6(p) = 6(1) = 0. For z,y €
A, let z = up+r wherer € R. Then §(z) = 6(upl)+6(r) = é(u)p+&(r)
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and 6(r) satisfies [6(r),p] = 0. Thus
(2.1) 6(zy) = 6(upy + ry) = 8(u)py + upé(y) + 8(ry).

Since
pé(ry) = 1pé(ry) = é(pry) = é(rpy) and

p{é(ry) — 6(r)y — ré(y)} = é(rpy) — 8(r)py — rpé(y) =0,
for any z = vp + s € A, where s € R, we have
pz{6(ry) — é(r)y — ré(y)} = p(vp + s){é(ry) — 8(r)y — ré(y)}
= pvp{6(ry) — 6(r)y — ré(y)}
+ sp{é(ry) — 6(r)y —ré(y)} = 0.
Thus pA{6(ry) — é(r)y — ré(y)} = 0. We may assume p # 0, which, by
primeness of A, implies §(ry) = é(r)y + ré(y). Hence from (2.1)
é(zy) = 6(u)py + upb(y) + &(r)y + ré(y)
= §(z)y + z6(y),
which means é € Der A.

For z € A, let R, denote the right multiplication in A by z. For the
case where p satisfies the condition A = Ap, we have:

THEOREM 2. Let A be a prime associative algebra with 1 and p be
a fixed element of A satisfying the condition A = Ap. Let 6 : A — A be
a linear map. Then 6 € Der A®P) if and only if 6 — Rs1) € Der A and
8(p) = 6(1)p + pé(1).

Proof. Suppose § € Der A®) and z = up, then §(z) = é(upl) =
6(u)p + upb(1) = 6(u)p + z6(1). Hence (6 — Rs))(zy) = 6(upy) —
zyb(1) = 6(u)py + upé(y) — zyb(1) = (&(z) — z6(1))y + zé(y) — zyé(1) =
(6 — Rsqr))(z)y + 2(8§ — Rs1))(y)- Thus é — Ry(q) € Der A, and clearly
8(p) = 6(1p1) = 6(1)p + pé(1).

Conversely, if 6 — Rs;) € Der A and é(p) = 6(1)p + pé(1), then
(6 — Rs(1))(p) = é(p) —pb(1) = 6(1)p. Hence é(zpy) = (6 — Rs(1)N(zpy)+
zpyé(1) = (6 — Rsr))(z)py + z(6 — Rsuy)(p)y + =p(6 — Ro1))(y) +
zpyé(1) = 8(z)py — 2z6(1)py + zé(1)py + zpé(y) = é(z)py + zpé(y)-

In [2], it is proved that if A is not commutative and A(p, ¢) is prime

for p # ¢, then § € Der A(p, q) implies § € Der A®) and § € Der A9,
From this result we have:
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THEOREM 3. Assume that A is an associative not commutative alge-
bra with 1 and p # q are fixed elements of A such that A = Ap+ A¢+ R
where R C Z(A) and A(p, q) is prime.

Then a linear map § : A — A with é(p) = 6(¢) = 6(1) = 0 is a
derivation of A(p,q) if and only if § is a derivation of A.

Proof. Suppose that § € Der A(p,q). Since A(p,q) is prime and A
is not commutative, from [2; Proposition 5.3] § € Der A®) and § €

Der A(D),
Letz,y€e Aand z =up+uvg+r,r € R. Then

(2:2) 6(zy) = 6{(up + vq + r)y}
= §(u)py + upd(y) + 6(v)gy + veé(y) + é(ry).

Since § € Der AP and 6 € Der A9, we have p{§(ry)—6(r)y—ré(y)} = 0
and g{6(ry) — é(r)y — ré(y)} = 0. Hence for z = wyp+ waq+t,t € R,
pz{é(ry) — 6(r)y — ré(y)} = 0. That is, pA{é(ry) — 6(r)y — ré(y)} = 0.
Primeness of A(p, ¢) implies that A is prime [1; Theorem 2.5]. Assuming
that p # 0, we get 6(ry) = 8(r)y + ré(y). Hence from (2.2)

6(zy) = 8(u)py + 6(v)gy + 8(r)y + upé(y) + vgé(y) + ré(y)
= 6(z)y + zé(y),

and therefore, § € Der A.
Conversely, if é € Der A with é§(p) = 6(q) 0 then 5 E Der AP and
§ € Der AW, and hence 6 € DerAlp,g). 7

If p,q be invertible in A, then A = Ap + Aq and Osborn showed that
A(p, q) is prime if and only if A is prime [7; Theorem 3.1]. Hence we
have:

COROLLARY 4. Assume that A is a non-commutative prime associa-
tive algebra with 1 and p # q are invertible in A. Then a linear map
6: A — A with 6(p) = 6(q) = 6(1) = 0 is a derivation of A(p,q) if and
only if § is a derivation of A.

For the case when p,q € A satisfy the condition A = Ap + A¢ and
A(p, q) is prime, it was proved that § € Der A(p, q) is expressed as § =
b0 + R, for some 6y € Der A and a = §(1) [2; Theorem 5.1].
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3. Isomorphisms of mutation algebras

Isomorphisms of A(p,q) to B(a,b) were determined in terms of iso-
morphisms or anti-isomorphisms of A to B when B is prime with 1 and
(a,b) is normal in B, that is B = aB+bB = Ba+ Bb. In this section, we
investigate a similar problem under the conditions that A = Ap+ A¢+ R
and B(a,b) is prime, where R is a subspace of Z(A). The following is
our main result in this section.

THEOREM 5. Assume that A, B are associative algebras with unity
1 and p,q € A, (p # q), a,b € B, (a # b), are fixed elements such that
A = Ap+ Aq+ R where R C Z(A) and B(a,b) is prime. Ifp : A(p,q) —
B(a,b) is an isomorphism with ¢(1) = 1, then ¢ is an isomorphism or
an anti-isomorphism of A to B.

Proof. If B is not commutative, then by [2; Theorem 3.2], ¢ satisfies

(3.1) @(zpy) = w(z)ap(y) and p(zqy) = (z)bp(y) for all z,y € A4,

or

(3:2) o(zpy) = —¢(y)bp(z) and p(zqy) = —p(y)ap(z) for all z,y € A.

If x = up+vg+r with r € R, then ¢(z) = p(u)a+p(v)b+¢(r). Assume
¢ satisfies (3.1). Then for any y € A

(3.3) o(zy) = ¢(upy + vgy +ry)
= p(u)ap(y) + ¢(v)bp(y) + (ry)-

Since [p(r),a] = 0 and [p(r), 8] = 0, a{p(ry) — o(r)e(y)} = @(rpy) —
p(r)ap(y) = 0 and b{p(ry)—@(r)p(y)} = 0. For 2 € B, then there exists
c=wp+sq+t,t€ R, with ¢(c) = z. Hence az{p(ry) — o(r)e(y)} =

a{p(w)a + ¢(s)b + o(t)He(ry) — ¢(r)e(y)} = 0. Primeness of B(a,d)
means that B is prime, and assuming that a # 0, we obtain ¢(ry) =

o(r)p(y). From (3.3), it follows that ¢(zy) = ¢(z)e(y).
If ¢ satisfy (3.2) then

(34) ¢(zy) = p(upy + vy + ry)
= —p(y)bp(u) — o(y)ap(v) + p(ry)
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From (3.2) {¢(ry) — ¢(y)e(r)}b = —p(pry) + ¢(rpy) = 0 and {p(ry) —
e(y)p(r)}a = —p(rgy) + ¢(rgy) = 0. Thus, for z € B, {p(ry) -
e(y)e(r)}za = {o(ry)—e(y)e(r) H—bp(w)—ap(s)+e(t) }a = 0. Assum-
ing that a £ 0, ¢(ry) = e(y)e(r). By (3.4) we have p(zy) = ¢(y)p(z),
which means ¢ is an anti-isomorphism of A to B.

Finally, if B is commutative, then by [2; Proposition 3.8] A is also
commutative and ¢ is an isomorphism of A®~9 to B(®~®, Thus for
z,y € 4,

p(z)p(y)(a — b) = p(z)(a — b)p(y) = ¢(z(p — 9)y)
= p(zy(p — ¢)1) = p(zy)(a — b).

Because B is prime, commutative and a — b # 0, we have ¢(zy) =

o(z)e(y) for all z,y € A.
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