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UNIQUENESS FOR THE CAUCHY
PROBLEM OF THE HEAT EQUATION
WITHOUT UNIFORM CONDITION ON TIME

SOON-YEONG CHUNG AND DOHAN KIM

1. Introduction

In the theory of heat conduction the temperature of an infinite rod
is not always uniquely determined by its initial temperature. The
following famous example

u(z,t) =Y f™(t)z*"/(2n)! (1.1)
n=0
where e
e~ 1/t t>0
=
0 t<0
satisfies the heat equation
o Fu_
ot 0z

for t > 0, but u(z,0+) =0 for —co < z < 0.

Also, in [CK] we have constructed a continuous function u on R x
[0,T) satisfying |u(z,t)| < C exp(e/t) as an example of nonuniqueness
for the Cauchy problem of the heat equation.

On the other hand there is a typical uniqueness theorem for the
Cauchy problem of the heat equation as follows :
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THEOREM A([W]). Let u(z,t) be a continuous function on R™ x
[0, T] satisfying that :
(O — 'A)u(a:,‘t): 0 on R™x(0,T)
andforsomeC>0a#da}0
lu(z, )] < Ce?l*’ on R™ x [0, 7). (1.2)

Then u(z,0) = 0 on R™ implies that u(z,t) =0 on R™ x [0, T].
THEOREM B([F]). Let u(z,t) be a continuous function on R™ x
[0, T] satisfying that

(8 — A)u(z,t) =0 on R"x(0,T)

T
/o /R Ju(e, eI d di (13)

is finite for some @ > 0. Then u(z,0) = 0 on R" implies that u(z,t) =0
on R™ x [0, 7).

The theorem B is a little stronger than Theorem A. Note that the
growth condition (1.2) or (1.3) is quite unrestricted with respect to the

z variable, but too restricted with respect to the ¢ variable to apply
this theorem in many cases (see [KCK], for example).

In this paper we prove a more generalized uniqueness theorem of
Cauchy problem under the following weaker growth condition

ju(z, ) < Coxph(lel +1/1), £>0

for some constants C' > 0 and k > 0, instead of (1.2) and (1.3). More-
over, the growth condition does not require the continuity of u(z,t) on
t=0.

2. Uniqheness Theorems

We first introduce the following function space to give a more gen-
eralized uniqueness theorem for the Cauchy problem than Theorem
B.
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DEFINITION 2.1. We denote by £(k) the set of all infinitely differ-
entiable functions ¢ in R™ such that for any A > 0

0°¢(z)| exp klz|*
Pleon = S = laal @1)

[+ 2

is finite. The topology in £(k), defined by the above seminorms, makes
E(k) a FS-space. In fact, it is the projective limit topology over all
h > 0. We denote by £'(k) the strong dual of the space (k).

LEMMA 2.2. Let P(9) = Zm:o a,0® be a differential operator
of infinite order with constant coefficients satisfying that there exist
constants L > 0 and C' > 0 such that

lag| < CLI®/a! (2.2)
for all «. Then the operators
P(0): E(k) — E(k) (2.3)

and

P(3): &'(k) — E'(k) (2.4)
are continuous.

Proof. Let ¢ belong to £(k) and h > 0. Then it follows that
|0° P(8)(z)| exp klz|*

< Y 100l 1050 6(z) exp Kz’

jar|=0

— CLlel
< Z 18leckynh1* Pl (@ + B)!

=0 a!
< Clglery n(20)P18! 3 (2RL)H1.
|a|=0

Thus, for any H > 0 if we choose h > 0 so small that 2Lh < 1/2 and
2h < H then we obtain

|P(0)¢(2)leky, 1t < Clolekyns ¢ € E(K), (2.5)
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which proves that (2.3) is continuous. Also the continuity of (2.4) is
easily obtained from this. ‘

From now oﬁ we denote by E(m, t) the n-dimensional heat kernel :

(4rt)—"/2 eprt—]$l2/4t], t>0
E(z’t)z{ 0 ‘ +<0.

PROPOSITION 2. 3 Let g(z) be a continuous function sat1sfymg that
for some constants C > 0 and k>0

lg(z)] < Cexp klwl"’,- z € R", - (26)

- and G(z,t) = g(z) * E(z,t) where * denotes the convolution with
respect to the z variable. Then G(z,t) is a well defined C*-function
in R™ x (0,1/4k) and satisfies that

@) (8 — A)G(z,t) =0, 0<t<1/4k

(i) |G(z,t)| < Cexp(2k|z|?), 0<t<1/16k (2.7
(iti) G(=,t) — g(z) locally uniformly on R" as t —0+.

Proof. Since t —1/4k < 0, G(z,1) is well defined and satisfies the
heat equation. For convenience we only consider the 1-dimensional
case. For 0 <t < 1/16k,

6= [ Butee-ndy
1 2 | ‘
=—= [ e g(z —Vatr)dr
V7T Jr ( )
1 / TP 2R+t g
R

ek (8kt—1)r?
< - FTUT dr
T VT / ‘

T

— 6‘2’”2/\‘/—1——-—8_1‘:_15 < \/Eczklz|2,
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which proves (ii). Let § > 0 and 0 < ¢t < 1/4k. Then it follows
from the property of the heat kernel E(z,t) that for some A > 0 and
O0<t<T<1/4k

1 2
E(y,t)e* dy =—— e(k=1/409" gy
|26 4mt Jiy>s
1 2
< eV /4y 50 ast—0+.
V4ATt Jiy26/VA (2.8)

On the other hand, for0 <t < T
G(z,t) - g(z)] < / E(z - 2,1)lg(2) - 9(z)| dz
- / E(z - 2,1)lg(z) — 9(=)| dz
lz—z|<é

+ [ EG- et - g ds
22|25
= I] + Iz.
Let K be a compact subset of R. Since g(z) is uniformly continuous
on a é-neighborhood K of K it follows that for any € > 0 there exists
a constant § > 0 such that |z — z| < é implies [g(z) — g(#)| < € for

z,2z € Ks. Then we obtain from these facts that |[I[;| < e for all z € K.
Also it follows from (2.8) that for every z € K

A / E(y,t)lo(y - ) - o(z)| dy
ly1>6

< E(y, t)e?H="+90eke" gy
ly|>8

< C(K) E(y,t)e**¥ dy —» 0 ast — 0+
lyl26

where C(K) is a constant depending on K. This completes the proof.

The following lemma is very useful later. For the details of the proof
we refer to Komatsu [K] :
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LEMMA 2.4. For any L > 0 and € > 0 there exist a function v(t) €
C§°(R) and a differential operator P(d/dt) of infinite order such that

supp ¥ C [0,¢], |7(t)] € Cexp(~L/t), 0<t< oo;

P(d/dt) =) ar(d/dt)*, |ax| < C1LE/k?, 0< Ly <L;
k=0

P(d/dt)y(t) = & + w(t) ‘ (2.9)

where w € C§°(R) with suppw C [¢/2, €] and é is a Dirac measure.

We are now in. a position to state and prove the main theorem in
this paper.

THEOREM 2.5. Let u(z,t) be a function on R™ x (0,T) satisfying

that
(i) (8 — Ayu(z,t) =0, 0<t<T,

(ii) For some k > 0, there exists C > 0 such that
lu(z,t)] < Cexpk(lz>?+1/t), 0<t<T,

(iii) tErgl+/u(:c,t)¢(z) dz = 0 for every ¢ e E(2k).

Then u(z,t) is identicaﬂy zero on R™ x {0,T]. Here T may be .

Proof. In view of Theorem A or Theorem B in the introduction we
have only to show that u(z,t) is identically zero on R"™ x [0, Tp] for
sufficiently small T > 0. »

Now choose a function v,w and a differential operator P(d/dt) of
infinite order as in Lemma 2.4. Let ‘

. T | o
z’i(:z:,t)=/0‘ u(z,t + s)yy(s)ds,

for 0 < t < Ty. Then taking ¢ = Ty, 2Ty < min(T,1/16k), and L > k
in Lemma 2.4 and using the condition (ii) we have

iz, t)| < CTexpklz|?, 0<t<Tp.

Therefore, 4(z,t) is a continuous function on 0 < t < Ty.
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Moreover, @ satisfies
(8¢ — Ai(z,t) =0 0<t<T.

Then it follows that for 0 < ¢ < Ty
T
P(=Aii(z,t) = u(z, 1) +/ w(z,t + s)w(s)ds (2.10)
0

Now let

T
v(z,t) = —/0 u(z,t + s)w(s)ds

for 0 < t < Ty. Then v(z,t) also satisfies the heat equation and satisfies
that
u(z,t) = P(—A)i(z,t) + v(z,t). (2.11)

Also, for some C' > 0 and C” > 0 we obtain

T
[v(z,t)] < C’/; exp k(|z|* + -t-—-i—-s—)|w(s)| ds

' To 2 1
<C exp k(|z|* + ——)ds
To/2 t+3

< C"expklzl?,

which means that v(z,t) is also a continuous function on R" x [0, Tp]
with the same growth type as @(z,t). Let ¢(z) = 4(z,0) and h(z) =
v(z,0). Then it follows that g(z) and h(z) are continuous functions on
R"™ satisfying that for some C > 0,

lg(z)] < Cexpklz|?, [h(z)| < Cexpkiz|?, z€R™ (2.12)
From these facts, we see that g and h belong to £'(2k). For the dif-

ferential operator P(d/dt), Lemma 2.2 and (2.9) imply that P(—A):
E'(2k) — £'(2k) is continuous. We define P(—A)g + h € £'(2k) by

[P(-8)g+ H(8) = [ s@P@)s(a)dz + [ h@)o(a)de (239
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for every ¢ € £(2k). Since P(A) : £(2k) — £(2k) is continuous this
is well defined. Then combining the Lebesgue dominated convergence
theorem and the initial condition (ii) we obtain that for every ¢ € £(2k)

[P(-A)g + HI($)
— Ji [ a(e,0P@)4(@)do + [ o0z, 1)6(a) da]

= Jlim / [P(—A)i(z,t) + v(z,1)]é(z) dz

= t£r51+/u(a:,t)¢(x) dz
-0 | (2.14)

- Now let a(z;t) = g(z) » E(x,t) and b(z,t) = h(z) x E(z,t) for 0 <
t < Ty, where * denotes the convolution with respect to the z variable.
Then by Proposition 2.3 a(z,t) and b(z,t) satisfy (i)~ (iii) of (2.7).
Putting A(z,t) = i(z,t) — a(z,t) and B(z,t) = v(z,t) — b(z,t) we
obtain that A(z,t) and B(z,t) satisfy the hypothesis of Theorem A in
Introduction. Therefore,

a(z,t) = g(z) * B(2,1)

and
v(z,t) = h(a:) * E(z,t).

It follows from (2. 11) and (2.13) that for 0<t<Tp

u(z,t) = P(-A)ile,) +o(ot)

= [P(-A)g +H]xE
= [P(—=A)g + h|(E(z — y, 1))
= 0,

since E(- — y,t) belongs to £(2k) for each y and for each 0 < t < Tg.
This completes the proof.
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REMARK. (i) In the condition of the above theorem, the continuity
of u(z,t) on R™ x [0, T] is not required. Thus this uniqueness theorem
is a little bit stronger than already known theorems.

(i) It is easily seen that this theorem generalizes Theorem A.

(i11) The initial condition (iii) of this theorem is, more or less, un-
satisfactory. But in view of the example as seen in [CK], it can be
regarded as an optimal one. The space £(2k) can be replaced by £(%')
for some k' > k. Also, it can be weakened as follows:

lim /‘u(x,t)e_'€|z|2 dz = 0.
t—0-+

Finally, we give here the uniqueness theorem of temperature func-
tion on the semi-infinite rod.

THEOREM 2.6. Let u(z,t) be a function on [0, c0) x (0, T) satisfying
that

(i) (Gt —Au(z,t)=0,0<z, 0<t<T,
(11) For some k > 0, there exists C > 0 such that

fu(z,t)| < Cexpk(z® +1/t), 0<z, 0<t < T,

(1) lmy_o4 f0°° u(z,t)¢(z)dz =0 for every ¢ € E(2k).
(iv) »(0,t)=0,0<t<T.

Then u(z,t) is identically zero on R x [0,T). Here T may be co.
Proof. Define v(z,t) on R

u(z, t), z>0
v(z,t) =

—u(—z,t), z<0
Then the reflection principle of the heat solution (see (W], p.115) im-
plies that v(z, ) is also a solution of the heat equation and satisfies the
hypothesis (i)~(iii) of Theorem 2.5. Therefore v(z,t) must be identi-
cally zero, which completes the proof.
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