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FIBRED RIEMANNIAN SPACES WITH
CRITICAL RIEMANNIAN METRICS*

JUNG-HwAN KWON, BYUNG Hak KiM AND NAM-GIL KiM

1. Introduction

Let M be a compact orientable Riemannian manifold and let u(M)
be the space of C*° Riemannian metrics G on M satisfying [ udVe =1,
where dVg is the volume element measured by G. For an element G
in u(M), we assume that f(x) is a scalar field on M determined by G
as the contraction of a tensor product of the curvature tensor. Then
Hy[G] = [,, f(r)dVg defines a mapping Hp : p(M) — R. From
now on, we denote Hys by H. In this case, a critical point of H is
called a critical Riemannian metric with respect to the field f(x) and
denoted by Gy (cf. [1.6]).

Following M. Berger [1], we have four kinds of critical Riemann-
ian metrics G4, Gp, G¢ and Gp as the most prominent ones. The
corresponding integrals are

AmlG) = / KdVs, BulG]= /MKZdvG,
M

CulG) = / $2dVs,  DulG) = /MRQdVG,
M

where R, S and K are the Riemannian curvature tensor, Ricci cur-
vature tensor and scalar curvature respectively. The equations of the
critical Riemannian metrics obtained by M. Berger can be written in
the following form in tensor notations

Aji = caGji, Bj; = cBGjs, (1.1)
Cji = ccGji, D;; = cpGji,
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where ¢4, ¢B, ¢c and ¢p are undetermined constants and AJ,, Bji, Cji
and D;; are given by

.
-Sji + EKGji’ (1.2)

Bj; =2V;V;K — 2(VkaK)Gj,' —2KS;; + %K2Gji, (1.3)
Cji = V;ViK — Vi VES;; — —(vkv’m )G,, (1.4)

- 2R]khzs + = Skhsth]n

Dj; = 2V,;V;K — 4V}¢Vk5ji + 4Sjk5ik~—- 4Rjkh,‘5kh
‘ (1.5)
1
— 2RjkniR*™ + §RkhImRkhlmG i

where V is the Riemannian connection with respect to G on M.
The purpose of this paper is to study the fibred Sasakian space forms
with critical Riemannian metric and we get, in this case, M is a space
of constant curvature, the base space is a complex space form and each

fibre is 1-dimension and totally geodesic. Essential examlpes for this
result can be found in {4].

" 2. Fibred Riemannian spaces
Let {M, N, G, r} be a fibred Riemannian space, that is, {M, G}
is an m-dimensional total space with Riemannian metric G, N an n-
dimensional base space, and 7 : M — N the projection with maxi-
mum rank n. The fibre passing through a point P € M is denoted

by M(P) or generally M, and the metric tensor G is projectable.
Throughout this paper, the range of indices are as follows;

hi, g,k 1=1,2..., m,
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a, b,c,d,e=1,2,..., n
z, Yy, 2, u,v=n+1l....,n+p=m.
One of the present author [5] proved that if the Sasakian structure

(#,€,1n) on M is of constant ¢-holomorphic sectional curvature k, that
is, the curvature tensor R of M is given by

k + 3
Riji* = —=(Gibx" — Grib;™) (2.1)

k 1
- T(’?ﬂ?i5k — nknib;" + Gjine€?
— Grin;t" — djidk" + drid;™ + 26k;0:"),
then the base space is a complex space form, each fibre is minimal and

. k+3 .
Ruzy = (gzy6 i uyéz ) (22)

k f o ez — T

- T(ﬁz-ﬁy‘s‘u - nuny62 + gzynué'

- -g_uyﬁzzr - azyauz + auyazz + 2$uz$yz)
+ hzyehuze - huyehzzea

Sy = -.gzy + V¥ eh,y + nn,ny, (2.3)
cb = cb£ ) (24)

where we have put

v* dhzy '—adhzy +Fd e zy er zy Qdy zz D (25)
dey = Pd: - hzyds (26)

Py,? are local functions related to Lo, CY = Py,YE¢, {E*,C*} are
dual to the local frame {E3, Cy}, J is the complex structure induced on
N, (¢,€, ,7,9) is the Sasakian structure induced on M, S,y = S(C,,C )
R and § are the curvature tensor and Ricci curvature tensor on M
respectively, h = (hzy") and L = (L") are the components of the
second fundamental tensor and normal connection of each fibre M
respectively.
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3. Main results

First we show that, if the Riemannian metric G on the Sasakian
space form M is a critical Riemannian metric G4, then each fibre is
totally geodesic and the dimension of M is one.

From (2.1), we get |

(m+ 1)k +3m—5
4

(m+ 1)(k - 1)’7.7]_

Sji= 4 FUE

Gji — (3.1)
and since M is an Einstein épace, it is easily seen that £ = 1 by use
of the fact that m # 1. Therefore M becomes a space of constant
curvature and :

” hzya ”2 =-n(p-1)

by use of (2.2), (2.3) and (31)Smce | Bzy® ||? is non-negative, we
have p = 1 and that h vanishes identically. Thus we have

THEOREM 3.1. Let M be the fibred Sasakian space with constant ¢-
holomorphic sectional curvature k. K G is a critical Riemannian metric
G4, then M has 1-dimensional totally geodesic fibres, M is a space of
constant curvature and the base space N is a complex space form and
the Riemannian metric g on' N is a critical Riemannian metric G 4.

By the same argument of Theorem 3.1, we get

THEOREM 3.2. Let M be the fibred Sasakian space with constant
¢-holomorphic sectional curvature k. If G is a critical Riemannian
metric Gp, then we have the same result of Theorem 3.1 except that
‘g.on N is a critical Riemannian metric Gg. -

Assume that G is a critical Riemannian metric G¢, then

‘ +1)(k -1 |
vivts; = BN D g, (3:2)
R;in:iS** = {(m = 1)ay 4 287y — ab + B6}Gj; . (3.3)

+{ab - B —(m+1)By}nmi ,



Fibred Riemannian spaces with critical Riemannian metrics 209

$;:87 = ma? — 208 + B2, (3.4)
where we have put
k+3 k-1
a= —F B 7
(m+1k+3m-5 (m+1)(k-1)
7= . B e

From (1.1), (1.4) and (3.2)~(3.4), we see that the coefficient of 7;7;
in Cji — ccGjiis §(m+1)(k—1){(m + 1)k —m — 9}. Hence k = 1 or

k= m-+9
m+1"°

(I)if k = 1, then M is a space of constant curvature and || h;,*
—n(p — 1) by use of (2.2) and (2.3),so p=1and h =0.
(I) if k = 242 then

I?

m+1"’
I ey 17 = L= {(m + 3)p+ 2} — (m + 2)p - 1),
that is,
(m+ D hey® > = (1 = p)(m + 3)(m — p). (3.5)

Since (m + 1)|| hzy” > > 0, we get p < 1. Hence we have p =1 and
that A = 0. Thus we obtain

THEOREM 3.3. If the fibred Sasakian space M with constant ¢-
holomorphic sectional curvature k has a critical Riemannian metric
Gc, then

(1) M is a space of constant curvature,

(2) M has 1-dimensional totally geodesic fibres,

(3) the base space N is a complex space form and g on N is a critical
Riemannian metric Gc¢.

Finally, if the total space M has a critical Riemannian metric Gp,
then
SjtS,'t = ’ysz,' + 5(5 — 2’)’)77]'7’],' s (3.6)

RjunRi™ = {%(k +3)(m —1) + (k + 3)(k — 1)}Gye
(3,7)

_ %(k +3)(k — 1)(m + Dygym: -
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- Since the coefficient of 7;7; in Dj; — ¢pGj; vanishes identically, we
have

(k — D{k(m +1) — (6m® + 3m — 11)} = 0, (3.8)
that is, k=1 or k = 9—"‘2——‘"1"—"_?1‘_3- |
For the case of k = 1, we ha,ve same result of (I) by the similar
argument.
Ifk= ———2—;5:—’_%# then we obtain
3m? +3m -8 3m?+m—6
Sj,- = Gji - niN: » (3.9)
2 2 ‘
—1)2 |
K= 3 1)2 (m+2) (3.10)
and that o ‘-

2(m + )] hzy® |I° = (1 — p)(m — p)(3m® + 3m — 4) (3.11)

by use of (2. 2), (2.3), (3.9) and (3.10).
Since 3m? +3m —4 > 0, wegetp— 1 and that h = 0. Thus we
have

THEOREM 3.4. I the fibred Sasakian space M with constant ¢-
holomorphic sectional curvature k has a critical Riemannian metric
Gp, then

(1) M is a space of constant curvature,

(2) M has 1-dimensional totally geqdesw fibres,

(3) the base space N is a complex space form and g on N is a critical
Riemannian metric Gp. '
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