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FIBRED RIEMANNIAN SPACES WITH

CRITICAL RIEMANNIAN METRICS*

JUNG-HWAN KWON, BYUNG HAK KIM AND NAM-GIL KIM

1. Introduction

Let M be a compact orientable Riemannian manifold and let fl( M)
be the space of Coo Riemannian metrics G on M satisfying fM dVG = 1,
where dVG is the volume element measured by G. For an element G
in fl(M), we assume that f(li) is a scalar field on M determined by G
as the contraction of a tensor product of the curvature tensor. Then
HM[G] = fM f(li)dVG defines a mapping HM : fl(M) ~ R. From
now on, we denote HM by H. In this case, a critical point of H is
called a critical Riemannian metric with respect to the field f( /i) and
denoted by GH (cf. [1.6]).

Following M. Berger [1], we have four kinds of critical Riemann­
ian metrics GA, GB, Gc and GD as the most prominent ones. The
corresponding integrals are

AM[G] = fM KdVG ,

CM[G] = fM S2dVG,

BM[G] = fM K 2dVG,

DM[G] = fM R2dVG,

where R, S and K are the Riemannian curvature tensor, Ricd cur­
vature tensor and scalar curvature respectively. The equations of the
critical Riemannian metrics obtained by M. Berger can be written in
the following form in tensor notations

Bji = cBGji,

Dji = cDGji,

(1.1 )
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where CA, CB, Cc and CD are undetermined constants and Aji, Bji, Gji
and Dji are given by

1
Aji = -Sji + 2.KGji, (1.2)

Bji = 2"ViV'iK - 2("Vk"VkK)Gji - 2KSji + ~K2Gji' (1.3)

Gji = "Vj"ViK - "Vk"VkSji - ~("Vk"VkK)Gji (1.4)

- 2RjkhiSkh + ~SkhSkhGji'

(1.5)

2R R khl 1 R Rkh1mG- jkhl i + 2. khlm ji,

where "V is the Riemannian connection with respect to G on M.
The purpose of this paper is to study the fibred Sasakian space forms

with critical Riemannian metric and we get, in this case, M is a space
of constant curvature, the base space is a complex space form and each
fibre is I-dimension and totally geodesic. Essential examlpes for this
result can be found in [4].

2.. Fibred Riemannian spaces

Let {M, N, G, 7r} be a fibred Riemannian space, that is, {M, C}
is an m-dimensional total space with Riemannian metric G, N an n­
dimensional base space, and 7r : M --+ N the projection with maxi­
mum rank n. The fibre passing through a point P E M is denoted
by M(P) or generally M, and the metric tensor G is projectable.
Throughout this paper, the range of indices are as follows;

h, i, j, k, 1= 1, 2, ... , m,



(2.5)

(2.6)
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a, b, c, d, e = 1, 2, ... , n,

x, y, Z, U, v=n+1, ... , n+p=m.

One of the present author [5] proved that if the Sasakian structure
(<p,~, TJ) on M is of constant <p-holomorphic sectional curvature k, that
is, the curvature tensor R of M is given by

h k+3 h h
R kji = -4-(GjiOk - GkiOj ) (2.1)

k-1 h h h
- -4-(TJj'r/iOk - TJkTJiOj + GjiTJk~

- GkiTJje - <Pji<Pk h + <Pki<P/ + 2<Pkj<Pi
h

),

then the base space is a complex space form, each fibre is minimal and

- x k+3 _ x _ x )
R uzy = -4-(9 zyOu - 9uyOz ) (2.2

k-1 _
- -4-("TjzfiyOu x - fiufiyOz x + gzyfiu~

- guyfizt - 4>Zy4>u x + 4>Uy4>z x + 24>uz4>/)
+ hzyehuxe _ huyeh zxe,

Szy = Szy + V'*ehzye + nTJzTJy, (2.3)
-x

Lcb x = Jcb~ , (2.4)

where we have put

Q y_p y h Ydx - dx - x d'

Pdx Y are local functions related to (c",cy = PdxYEd, {Ea,Cx} are
dual to the local frame {Eb, Cy}, J is the complex structure induced on
N, (4), e, fi,g) is the Sasakian structure induced on M, Sxy = S(Cx,Cy),
R and S are the curvature tensor and Ricci curvature tensor on M
respectively, h = (hxy

a) and L = (Lcb X
) are the components of the

second fundamental tensor and normal connection of each fibre M
respectively.
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3. Main results

First we show that, if the Riemanman metric G on the Sasakian
space form M is a critical Riemannian metric GA , then each fibre is
totally geodesic and the dimension of M is one.

From (2.1), we get

S .. - (m+1)k+3m-5G" (m+1)(k-1) ..
Jl - 4 Jl - 4 T]/r'h (3.1)

and since M is an Einstein space, it is easily seen that k = 1 by use
of the fact that m i= 1. Therefore M becomes a space of constant
curvature and

11 hxy
a

11
2

= -n(p-1)
.. ". "2

by use of (2.2), (2.3) and (3.1). Since 11 hxy
a

11 is non-negative, we
have p = 1 and that h vanishes identically. Thus we have

THEOREM 3.1. Let M be the fibred Sasakian space with constant </>­
holomorphic sectional curvature k. IfG is a critical Riemannian metric
GA , then M has I-dimensional totally geodesic fibres, M is a space of
constant curvature and the base space N is a complex space form and
the Riemannian metric 9 on N isa critical Riemannian metric GA'

By the same argument of Theorem 3.1, we get

THEOREM 3.2. Let M be the fibred Sasakian space with constant
1J-holomorphic sectional curvature k. If G is a critical Riemannian
metric GB, then we have the same result of Theorem 3.1 except that
9 on N is a critical Riemarmian metric GB.

Assume that G is a critical Riemannian metric Gc, then

k (m + 1)(k - 1) .
VkV Sji = - 2 (G ji -'- T]jT]i), (3.2)

RjkhiSkh = {(m -l)a, + 2(3,- a8 + (38}Gji (3.3)

+ {a8 - (38 - (m + l)(3,}T]jT]i ,



Fibred Riemannian spaces with critical Riemannian metrics 209

where we have put

k+3 k-I
a= (3--4-' - -4-'

,= (m + I)k +3m - 5 8 = (m + I)(k - 1).
4 4

From (1.1), (1.4) and (3.2)""(3.4), we see that the coefficient of'TIj'TJi

in Cji - eCGji is i(m + I)(k -I){(m + I)k - m - 9}. Hence k = 1 or
k - m±9

- m±l'

(I) if k = 1, then M is a space of constant curvature and 11 hxy a
11

2
=

-n(p - 1) by use of (2.2) and (2.3), so p = 1 and h = O.
(II) if k = :t~, then

2 p-I
11 hxy a

11 = --{(m +3)p + 2} - (m + 2)(p - 1),m+ 1

that is,
(m + 1)11 hxy

a
11

2
= (1- p)(m +3)(m - p). (3.5)

Since (m + 1)11 h x / 11
2
~ 0, we get p :S 1. Hence we have p = 1 and

that h = O. Thus we obtain

THEOREM 3.3. If the fibred Sasakian space M with constant <jJ­
holomorphic sectional curvature k has a critical Riemannian metric
Gc, then

(1) M is a space of constant curvature,
(2) M has I-dimensional totally geodesic fibres,
(3) the base space N is a complex space form and 9 on N is a critical

Riemannian metric Gc.

Finally, if the total space M has a critical Riemannian metric GD,

then

lkh 1
RjlkhRi = {S(k +3)(m - 1) + (k + 3)(k - l)}Gji

1
- 2(k +3)(k -I)(m + I)T/jT/i .

(3.6)

(3,7)
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Since the coefficient of "lj"li in Dji - cDGji vanishes identically, we
have

(k -l){k(m + 1) - (6m2 + 3m -11)} = 0, (3.8)

that is k - 1 or k - 6m
2
±3m-ll,- - m+l .

For the case of k = 1, we have same result of (I) by the similar
argument.

If k = 6m
2
+3m-ll then we obtain
m+l '

and that

5
J
..; = 3m

2
+3m - 8a .. 3m

2 +m - 6'Yl''Yl.
• 2 Jt - 2 'IJ"1t ,

K = 3(m-I )2(m + 2)
2

(3.9)

(3.10)

(3.11)2(m + 1)11 hxy
a 11 2 = (1- p)(m - p)(3m2 + 3m - 4)

by use of (2.2), (2.3), (3.9) and (3.10).
Since 3m2 + 3m - 4 > 0, we get p = 1 and that h = O. Thus we

have

THEOREM 3.4. H the fibred Sasakian space M with constant <jJ­
holomorpbic sectional curvature k has a critical Riemannian metric
GD, then

(1) M is a space of constan.t curvature,
(2) M has I-dimensional totally geodesic fibres,
(3) ~he bas.e space N is a complexspace fonnand!if on.lV is a .critical

Riemannian metric GD.
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