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Shear Strength of Fine Sand

—Curvature Characteristics of Failure Envelope and Stress Parameter—
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Abstract

In this research, a lot of triaxial test results (CID) are analyzed to study the curvature characteris-
tics of failure envelope of sand and parametric relationship between shear strength and state para-
meter by Been and Jefferies. In the conventional triaxial tests, correction for the change of sectional
area of a sample and for membrane influence is essential especially in order to determine critical
state (or steady state) condition more correctly. Based on the test results, a model to express
the shear strength of fine sand as a function of density and stress level is presented and curvature
characteristics of shear failure envelope and parametric relationship between state parameter and
shear strength parameters are evaluated.

......................................................................................................................

Aol e B dduy 2ol FE54E 7 ADF =) Beendt Jefferies7t A A&
’?}Eﬂzé o] w7 RAE W37 st We PR AEAIEe] AAE £ FAAE
AEAGAA Alse @GR wstel fuyle JFo e £ 58 FAYeE A=Y F
83t & ¢ Ak AEARENY JAAEE 9xs FHFEY J"F" #Hshe 2dE AA
ol wele) dutstayepdel RE5AF Jegse) AGFEZeTe] dAE wHch

......................................................................................................................

1. Introduction Furthermore, properties of sand cannot be exp-

ressed in terms of relative density alone; a desc-

The shear strength characteristics of sand vary
not only with the density but also with the mean
normal stress.»® Therefore the secant angle of
shear resistance, rather than tangent, should be
accentuated.
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ription of stress must also be included. Recently
Been and Jefferies® proposed a state parameter,
which offers some potential for the interpretation
of many types of drained test results of cohesion-
less soils. It represents an adaptation of the para-
meter V, formerly proposed by Schofield and
Wroth.® In this research the following items are
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studied.

—shear strength as a function of mean normal
stress and density (void ratio).

—evaluation of curvature characteristics of Mol
sand.

—shear strength as a function of state parame-
ter y.

2. Literature Review

2.1 Failure Criteria - Baligh's Criterion

After Yareshenko (1964) proposed an analytical
expression for the failure envelope in Mohr diag-
ram with power form, Baligh (1976)® formulated
the criterion in the form of logarithmic relation-
ship because of difficulties with Yareshenko's exp-
ression to assess the accuracy in representing the
actual failure envelope for sands and in inade-
quacy for practical application. Baligh’s criterion
is the following (Fig. 1):

- F 1 '
T = oﬁ“ltan(pu' + tanac(zq logw;-w- )] (1)

where

ty=shear stress on the failure surface at fai-
lure

o' y=effective normal stress on the failure sur-
face at failure

o= arbitrary reference stress

o',=secant effective shear angle at o'y=2.72
Gref

a.=angle which describes the curvature of the
failure envelope

=tan (Atang,'/Alogog’)

Here the secant effective shear angle was obtai-
ned from sing’ = (o ~a5)/(c1" +63") which defines
o as the inclination of the tangent to Mohr circle
through the origin. The curvature angle a. is det-
remined from the tang, versus logag plot (inclina-
tion of the slope).

As described by Baligh and Baidi et al® on
the basis of a large number of triaxial compression
tests performed on silica sands, a. increases with
increasing relative density. Baldi et. al (1986) exp-
ressed the following empirical relationship for
quartz sand:
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Fig. 1. Example of curved failure envelope.™

a.=[1.25{D,~A}]1-10° (2)

where D,=relative density
A=a constant depending on the compressibility
characteristic of a sand, for silica sand 0.1<A<0.2.

2.2 Dilatancy

Sands at all initial densities will contract under
constant uniform all-round pressure when sheared
at low strain values; dense sands will dilate at
larger strains and exhibit a brittle type stress-st-
rain curve at low mean effective stress. When
sheared at high confining pressures, the same de-
nse sands will show much more contractive beha-
vior and will exhibit a more plastic stress-strain
relationship with high strains at failure.™ It is
therefore obviously not enough to use only rela-
tive density for describing sand behavior. It is
indeed deficient in that it takes no account of the
current state of stress. When a sand is strained
beyond its peak shear strength, it reaches the cri-
tical state at large strains. At this stage further
shear deformation occurs at constant volume or
of the angle of friction.
The stress-dilatancy theory in essence states

’

critical state value ¢.

that in granular materials having a current void
ratio e, lower than that at critical state e, the
difference between the mobilized secant shear
angle ¢, at peak and 9.’ is controlled by the
rate of dilation.

2.3 State Parameter y by Been and Jeffe-
ries
State parameter y (Fig. 2), which is defined as
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Fig. 2. Definition of state parameter by Been and
Jefferies.?

the void ratio difference between the initial p’'—e
state and steady state condition at the same mean
effective stress p’, can be used to describe much
of the behavior of granular materials over a wide
range of stresses and densities. This parameter
is embodied in the concept of critical state soil
mechanics.

v represents an adaptation of the parameter
V, (specific volume) formerly proposed by Scho-
field and Wroth (1968).

Samples with negative state parameter will al-
ways have a negative state at phase transforma-
tion and samples with high positive state parame-
ter will have a positive state at phase transforma-
tion. For sands with negative parameter, there is
a clean peak in deviatoric stress which becomes
less marked with decreasing negative state para-
meter, until there is generally no peak for samples
with positive state parameter. The volumetric st-
rain behavior is similarly dependent on state pa-
rameter.

Strong dilation is apparent for high negative
states with little dilation or even contraction obse-
rved where state parameter is positive.

3. Test Apparatus and Soil Type
The test equipment used in this research was

a conventional triaxial apparatus with automatic
data acquisition system. The sands involved in
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Fig. 3. Influence of area correction in terms of mo-
bilized friction angle.

this research are obtained from a deposit at Mol,
north-east of Belgium and composed of quartz mi-
nerals. Mol sand is a uniform, fine quartzitic sand
with 2 median grain size of 0.195 mm, maximum
void ratio of 0918 and minimum void ratio of
0.585. All the triaxial tests (strain-controlled) were
performed under CID condition on the sample of
10% water content and the ratio of sample height
to diameter was 2.5. The specimen preparation
of sand was done by undercompaction method
(Ladd, 1972).

4. Experimental Resuits and Discussions

4.1 Influence of Sectional Area Change and
Membrane

As already widely discussed and done by many
scientists, secant angle of friction rather than ta-
ngent angle is used to express shear resistance
throughout this research. Influence of membrane
to the vertical and confining stress, and that of
variation of sectional area to the vertical stress®®
were also considered.

Correction for the variation of sectional area,
which can be classified mainly into cylindrical, pa-
rabolic, and barrel types, is very important in det-
remining the point of steady state condition. The
variations in strength with the choice of the fai-
lure type for the same sand are shown in Fig. 3.
In that figure it is clear that at large deformation

- 197 —



the selection of failure type is very important.
Therefore an appropriate choice of the area corre-
ction in this research was based on the observed
geometry of the end of the tests. The corrected
cross-sectional area is given by®

_ [ 1—¢g, ]
ac=do 1_'0.83

_ 1 +\/25—208;,“‘58§ 2
&“&{'Z’ TTa1—g) ]
— parabolic type

—cylindrical or barrel type

where

a,=area corresponding to zero strain (after con-
solidation)

£, = volumetric strain

g, =axial strain

a=experimental constant, normally between 1
and 2 (see Fig. 3)

In the above equations, for both axial and volu-
metric strains, compressive strains are positive.
For the cylindrical correction in the case of fric-
tionless ends, the value of a is 1. Such bulging
correction in the case of triaxial tests with frictio-
nal conventional porous stones, includes the value
of o determined from the measurements after te-
sts. ¢ is then defined as the ratio of the length
of the specimen to the length of the bulging zone
(Fig. 3). More detailed explanation can be obtained
from the references.*®¥

4.2 Dilatancy

As suggested from Rowe's stres-sdilatancy
theory, the shear angle of friction can be related
to dilatancy rate. From the test results, it can be
seen in Fig. 4 that the maximum angle of friction
is a function of dilatancy rate at failure (both vo-
lumetric strain and major principal strain are defi-
ned positive in compression). In the figure the
shear angle at constant volume, 0., is used as
a material constant. The relationships between the
shear angle and dilatancy rate for the sands tested
are:

¢' =316+ 13.56( - de./de,)
with ¢./=316 (3
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in which ¢ ==the secant angle of friction.

4.3 Shear Strength as A Function of Density
and Mean Norrnal Stress

The influence of normal stress level on the
shear strength was recognized for a long time ago.
In this research shear strength is expressed as
a function of void ratio and and mean normal st-
ress at failure, i.e. ¢’ =1(p/, ). For the sands tes-
ted, the relationship (Fig.5) may be stated as:

o'=A+B-In[~2— | @

Pa
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where
pf =mean effective normal stress at failure
p.—atmospheric pressure (1 kg/cm®=98.1 kPa).
A, B=f(e)

In the above expression mean normal stress
at failure was normalized by atmospheric pres-
sure. Taking the data points from the approxima-
ted line (Fig. 5) with regular interval, the parame-
ter A has best correlation with logarithm of void
ratio while the parameter B has best correlated
linearly with void ratio for the tested sands. The-
refore

A=C,+CyIn(e) (5)
B=Cs+Cyr(e) ©

The constants C,, C,, C; and C, in Egs. (5) and
(6) are shown in Table 1. The differences between
the calculated values by the equation mentioned
above and measured values are about 0.5°.

In the above expression the mean normal stress
at failure can also be expressed as a function of
confining stress at failure and shear angle of fric-
tion as follows (i.e., ¢'=f(c., e)):

Consider the ratio of mean normal stress to de-
viatoric stress at failure for axisymmetric case

1 (oj+op+oy) :l[ (oitoy) , o ] @
3 (oj—od) 3L (o1~oy) (o1 ~0%)
According to Mohr-Coulomb criteria

(o1~ 03)/(c1+ 03) =sing’ 8
Rearranging

o3 _ 1/ 1 =

(ci—cy) 2< sing’ 1) ©®
Substituting Eq.(9) into Eq.(7)

1 (oi+oi+oy 173 1 1)

e M e Y Y s 1

3 (oi—oY) 3 ( 2 sing’ 2 (10)

From Eq. (9) 6;=03(1+sin¢’)/(1—sing’). Substitu-
ting this into Eq. (10) and arranging
(o1 t+o5+0y) - 63’ (3~ sing")
3 3(1—sing")

1y
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Table 1. The constants C;, C,, C; and C,4 in Egs.
(5. 6)
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Fig. 6. 3-D view of ¢’ :e:p/ relationship.

or

63'(3—sind’)

P T30 sing')

Substituting this in Eq. (4), one gets finally
¢'=fle, oy (12)

4.4 Variation of Curvature Angle with Density
of Sands

Taking some points from Eq. (4) and calculating
the curvature angle by the definition in Section
3.1, the following vaules can be obtained.

Table 2. Curvature angle for various densities

e 062 066 070 074 078 082

O 118 99 83 6.8 5.6 44
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From the table, it can be seen that curvature
angle decreases with increasing void ratio (ie.,
increases with increasing density). The variation
of curvature angle with densities is plotted in Fig.
7 and the following relationship can be obtained.

. =(342—3.67-¢)-10° o
a.=(0.05-12-Dy)-10° (13)

The results of Mol sands in this research are
slightly higher than that of Baldi et al. The diffe-
rences probably come from the determination me-
thod of maximum and minimum relative densities
and from the different stress range of the data
when the a, is determined from the plot (i.e. in
the regression analysis). The difference of 2 deg-
rees in curvature angle is negligibly small

4.5 Dependence of Shear Strength on the
Present State of Stress

In this section, the behavior of sand is expres-
sed in terms of the state parameters proposed
by Schofield and Wroth (1968} and Been and Jef-
feries (1985) for the tested sand. The steady state
of deformation for any mass of particles is that
state in which the mass is continuously deforming
at constant void ratio, constant normal effective
stress, and constant velocity. In the present study
the SSL were mainly obtained from CID tests and
a few tests from CIU tests are added. In CIU
tests the steady state condition was reached at
large deformation with dilative behavior, while in
CID tests such steady state was reached only
when shear-plane failure happened at large defor-
mation. The SSL for Mol sand is given in Fig. 8
and is expressed as the following.

e=1.063—0.115 log p' (14)

in which p’=mean effective stress at steady state
condition.

Based on the hypothesis that the SSL and CSL
(critical state line) are defined by the same me-
thod (i.e., if there is no difference in physical con-
dition except for terminological difference), the fo-
llowing relations between V, and v were establi-
shed for the sand.
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Fig. 7. Variation of curvature angle with densities.
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Fig. 8. The steady state line for Mol sand.

e,= L063; A.=0115; V,—y=1833 (15)

where

e, =void ratio corresponding to p’=1 kPa on
the SSL.

Ass=slope of SSL (see Fig 2)

V,=state parameter by Schofield and Wroth

4.6 The Shear Strength and Dilatancy as a
Function of State Parameter

For the sands with negative vy, the significant
behavior is the drained angle of shear resistance
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and volumetric response. Typical drained triaxial
test result on Mol sand is given in Fig. 9. For
the sample of negative vy, there are slightly clearer
peak in the deviatoric stress; while it becomes
less marked with decreasing parameter y. The

volumetric strain behavior is similarly dependent
on the state parameter. Strong dilatancy behavior
is apparent for high negative value with little dila-
tion observed where state parameter is posi-
tive,

Drained shear behavior of Mol sand as a func-
tion of state parameter is illustrated in Fig. 10.
The angle of shear resistance is a well defined
function of state parameter for the sands tested.
The dilatancy rates for the sands tested as a func-
tion of state parameter are shown in Fig. 11. This
relation is similar to shear angle versus state pa-
rameter plot.

5. Conclusions

From the interpretation of triaxial tests results
on Mol sand, the following points might be conc-
luded.

1) Shear angle of friction is a well-expressed
function of dilatancy rate at failure as previous
findings by other researchers.

2) The model to express the shear angle of fric-
tion of Mol sand as a function of density and
mean normal stress at failure is presented as gi-
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ven by Egs. (4, 5, 6) and Table 1.

3) The curvature angle of Mol sand (a.,) increa-
ses linearly with increasing density. as shown in
Eq. (13).

3) State parameter, y, which combines void ra-
tio and stress level, has a good correlation in con-
nection with other parameters such as dilatancy
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rate and peak friction angle for the tested results.

The relationship confirmed the previous findings 4,

by Been and Jefferies (1985).
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