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On the Stability Theory in Dynamical Systems
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ABSTRACT. In this paper, we show that a continuous function f :
X — X has regular coordinate then (X, f) has some properties which

are similar to results following from a hypothesis of hyperbolicity.

1. Introduction

Let (X,d) be a compact metric space and f : X — X be a con-
tinuous surjective mapping. Denote by Ss(X), S7(X) the set of all
f-orbits of X and the set of all backward f-orbits of X ,respectively.
Let € > 0. We define the local stable set W2(z) for € X by

W) = {z € X : d(f"(2), f"(s) <& for n >0}
and the local unstable set W ({y-i}) for {y—i} € SF(X) by
Wi({y-i}) ={z€ X : thereis {z_;} € SH{X) with 2z =z¢,
d(y—i,z—;) < € for 1 > 0}

We say that f has regular coordinate if there exists a > 0 with the
property that for every 0 < € < « there is a § = §(¢) > 0 such that
for every z € X and every {y_:} € S3(X), d(2,y0) < 6 implies that

W2 ()N W({y-i}) = singleton

In this paper, assume that f has regular coordinate and we will show
that (X, f) has some properties which are similar to results following
from a hypothesis of hyperbolicity.

Basic terminologies are followed from [1] and [4].
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2. Basic results

LEMMA 2.1. Let f : X — X haveregular coordinate and {z;}, {v:}
€ S§(X). Then there exists ¢ > 0 such that if d(z;,y;) < ¢ for every
1 € Z then z¢ = yo.

PROOF. Let ¢ < min{a,d(a)} and d(zi,yi) < c for all 2 € Z.
Then d(zg,y0) < ¢ < § and zo,y0 € W3(2z) N Wi({y-i}). So we have
To = Yo-

So we call f has regular coordinate with ezpansive constant c. Here-

after, assume f has regular coordinate with expansive constant c.

LEMMA 2.2 [1]. For each r > 0, there exists an integer N, > 0
such that

(i) fr(W(z)) Cc W2(f*(z)) for allz € X andn > N,
(i) If d(z-i,y-i) £ ¢ ({z=i}, {y-i} € SH(X)), for every i > 0,
then d(z—pn,y—n) < r for alln > N,.

For z € X and {z_;} € SHX) the stable and unstable sets are
defined by

We(X,d) ={y € X : lim (d(f"(2), £"(¥)) =0}
W*({z-:}) ={y : there is {y_;} € SF(X) with yo =y such that

Lim (2—q,y-n) = 0}.

PROPOSITION 2.3. Let ¢ > 0 be the number less than ¢, then

(i) W(z) = Unso{y-n : vo € Wo(f"(2)) and y-n € {y-i}
€ S7(vo)}
(i) W*({z-i}) = UnZO{yn tyn = (%), Yo € WE({z—n-i}).
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PROOF. (i) Let y = y_x for some {y_;} € Sy(yo) with FEy—x) =
yo € W2(f*(2)).
For r > 0, there exists N = N, such that for alln > N

d(f** (), f*(yo)) < 7.

Hence we have d(f™(z), f*(y-«)) < rforalln > N+k. Thusd(f™(z)
,f™(y—k)) = 0 as n — oo and so y = y_x € W3(z).

Conversely, let z € W?*(z). For € > 0, there exists an integer
N such that for all n > N,d(f*(z),f"(2)) < € and so fN(z) €
W2(fN(z)). Let fN(z) = yo. We can choose {y—;} € SH(yo) with
y_N = z. So fNV(2) =yo € W(fN(z)) and therefore

s =yon € |J{vons (v} € SHX) and yo € W (@)}
n>0

(i) Let z € U, 50{yn : vo € WE({z—n-i}). Then z = yx , and
{y-i} € SHX), ;_jo € Wr({x—k—i}) for some k > 0. Since for every
i > 0,d(y—i,z—k—i) < € < ¢, there exists an integer N > 0 such that
for every n > N, d(y—n,z—n—k) < r. Hence, for every 1 > N + k, we
have d(yk—i,z—i) < r and this means z = yx = f¥(yo) € W*(a).

Conversely, Let z € W*({z_;}). Then there exists {z_;} € SH(2)
such that d(z_;,2z—;) — 0 as 1 — oco. So, for € > 0, there exists N
such that for every n > N,d(z_pn,2—n) < €. Let z2_ny = yo. Then
Z_N—i = y—; and z = y,. So we have yp € Wr({z_,}).

LEMMA 2.4. If given € > 0, there exists an integer N > 1 such
that

d(f*(z), f*(y)) <e¢, 0<n<N and
d(z—i,y-i) <¢, —N<n<0 forsome {z_;},{y—i} with

o =2,% =Y,
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then d(z,y) < €.

PROOF. Assume the contrary. Let there exists an €9 > 0, such
that for all £ > 1, there exist z*,y* € X such that

d(f(z*), fM(y*) S ¢, 0<Sn <k
dz* ,y¥ ) <e¢, -k <n <0 forsome {zF }, {v*,}¢€ SHX)
d(xkayk) Z €o-

k. — z_;, and y*¥, — y_; without

Asuume that z* — z, y* — y, 2k,

loss of generality. Then f(z*,_,) = 2%, — f(z_n_1) = z_n and

fyEa1) = y5 s = f(y-n-1) = y—n. Thus we have d(f™(z), f*(y)) <
cand d(z_n,y—n) < cfor every n > 0. By Lemma 1, we have zo = yo,

but this is a contradiction.

Here, we give a topology on S#(X ) induced by the metric p on
S7(X) by
p({z-i}, {y-i}) = sglg{d(af—i,y—i)}

Then clearly, p({z-:i}, {y-i}) > d(z—n,y—rn) for every n > 0.

Let € > 0 be given. Then, for some § > 0 we can define a function
a: Ks(X x S§(X)) = {(z,{y-i}) € X x Sp(X) : d(z,y0) < 6} - X

given by
a(z, {y-i}) = Wo(e) N W ({y-i})

THEOREM 2.5. a is continuous.

PROOF. Let 0 < e < -:1);0, (z,{y-i}) € Ks(X x S(X)) and 6 be as
above. Let r > 0 be given and consider a neighborhood B (a(z, {y—:}),
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r > 0 of a(z,{y—i}). Let (u,{v-:}) € Bs(z,{y-i}) = {(z,{w=:}) :
d(z,z) < 6 and p({y-i},{w-i}) < 6} N Ks. For given € > 0 there
exists N = N(e) as in Lemma 2.4 and [ = {(N),(0 < ! < §) such that

(1) d(z1,z2) <! implies d(f"(z1),f"(z2) <€ for 0<n <N
We have for (u, {v—_i}) € Bi(z,{y-i}),

d(f"(a(z, {y-i}), /" (a(u, {v-i})
< d(f™(a(z, {y-i}), f* (@) +d(f" (), F*(w))+d(f" (u), " a(u, {v-i}))
< 2e +d(f*(2), f*(u)),
d(a(z,y—i)_pn,a(u, {v-i})_,)
< d(a(z, {y=i})_p>Y—n) + d(y—n,v—n) + d(v_n, a(u,{v-n})_,)
< 2+ p({y-i}, {v-i})
<2+ 6 < 3e

for every n > 0. In particular, by (1), we get

d(f (a(=, {y—i}), F(alu, {v-})) < 3¢
d(a(z, {y=:})_p» alu, {v-i})_,) < 3¢

for 0 < n < N, which means a(u, {v—;}) € Br(a(z,{y-:})). So the
mapping a is continuous.
PROPOSITION 2.6.
(i) W2(z)N B(z,9) ={y:y=a(z,{y-i})}, for some

{y—i} = {ST(X)s d(ma y) = 6}
(i) We({z-i}) N B(z,6) ={y: y = a(y, {z-i}), d(z,y) < 8}

PRrROOF. The proof is straightforward and thus omitted.
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PROPOSITION 2.7. For the function a the followings are valid.

a(x’ {:L‘_,'}) =, a(a(x’ {y—i})’ {z—i}) = a(ma {Z_,'})
a(z,a(y,{z-i})) = a(z,{z-i}), fla(z,{y-i}) = a(f(2), f{y-i})

when the two sides of these relations are defined.

PROOF. It is clear that a(z,{z—;}) = 2. Let 3¢ < c and v =
a(a(z,{y-i}),{z=i}) and a(z, {y-:i}) = w. Sincew € W2 (z)NW*({y—:})
we have v € Wi (z) N W*({2-:;}) and by Lemma 2.1 we get v =
a(z, {z—i}). It is easily checked that f(a(z,{y-:i}) = a(f(z), f({y-:})

using the uniform continuity of f.
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