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On the Topological Stability in Dynamical Systems

Ki1-SHIK Koo

ABSTRACT. In this paper, we show that a persistent dynamical sys-
tem is structurally stable with respect to Fo(X) for every a > 0 if it
is expansive. Also, we prove that a homeomorphism f : Q(f) — Q(f)
has the semi-shadowing property then so does f : C(f) — W

1. Introduction

P. Walters [5] studied the relationship between the pseudo-orbit
tracing property and the topological stability of expansive homeo-
morphisms. Also, Lewowicz [2] defined the persistence, an weak form
of topological stability of homeomorphisms on compact Riemannian
manifolds.

In this paper, we gives a necessary condition for a persistent dy-
namical system to be structurally stable Also, we show that a home-
omorphism f : Q(f) — Q(f) has the semi-shadowing property, then
so does f : C(f) — C(f).

We consider homeomorphisms acting on a compact metric space.
We let X denote a compact Riemannian manifold with a metric d and
dimX < 2. Let H(X) denote the collection of all homeomorphisms
of X to itself topologised by the C°-metric

do(f,g) = sup{d(f(z),g(z))|z € X}.
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f € H(X) is said to be structurally stable (with respect to F' C
H(X)) if for any € > 0 there exists § = §(¢) > 0 such that if do(f,g) <
8 (9 € F), then there exists a h € H(X) satisfying hg = fh. f €
H(X) is called persistent if for any € > 0 there exists § = 6(¢) > 0
such that if do(f,g) < 6 and ¢ € X, then there is y € X satisfying
d(f™(z),g™(y)) < eforalln € Z. Let Y C X. f € H(Y) has the
semi-shadowing property if for any € > 0 there exists § = é(¢) > 0
such that for each ¢ € Y and g € H(Y') with do(f, g9) < 8, there exists
y € Y such that d(f"(y),g"(z)) < € for every n € Z.

We say that f € H(X) is ezpansive if there exists e(f) > 0 such
that if d(f"(z),9"(y)) < e(f) for every n € Z, then z = y. Such
numbers e(f) are called ezpansive constant for f. Let Eo(X) denote
the set of expansive homeomorphisms of X to itself with expansive
constant a.

For f € H(X), define the recurrent set and the nonwandering set
of f by '

C(f)={z € X : z €ws(z) N ay(x), where ws(z) and af(z)
denote the positive and negative limit set of z for f,
respectively},

Qf) = {z € X : for every neighborhood U of z and
integer ngo > 0 there is n > ng such that f*(U)NU # 0}.

A sequence of points {z;}’_,,(—00 < a < b £ o) in X is called
a 6-pseudo-orbit of f if d(f(zi),ziy1) < 8 for a < i < b. A finite
§-pseudo-orbit {zg,z1,- -, 2.} is called a §-pseudo-orbit from z¢ to
T,. Given r,y € X,z is a-related to y in A C X means there are
a-pseudo-orbits from = to y and y to 2 in A. Of(z) denote the orbit
of z for f and B(z,¢) denote {y € X : d(z,y) < €}. For closed subsets

A, B of X,d(A, B) = inf{d(a,b) : a € A,b € B}.
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Basic terminologies are followed from [1].
2. Basic results.

LEMMA 2.1 ([4]). Let X be a compact topological manifold of
dim > 2 with metric d, and let ¢ > 0 be arbitrary. Then there
exist § = 6(¢) > 0 such that if {(z1,1),"**,(Tn,Yn)} is a finite set of
points in X x X satisfying :

(i) for eachi=1,---,n, d(zi,yi) < §; and
(i1) if¢ # g, then z; # z;, and y; # y;;
then there is h € H(X) with do(h,1x) < € and h(z;) = y; for i =

1,---,n.

PROPOSITION 2.2. If f € H (X) has semi-shadowing property,
then so does f* for every k > 0

PROOF. Let € > 0 be given. Let §; = 61(¢) be a number with the
property of the semi-shadowing property and § = §(6;) as in Lemma
2.1. Let do(f¥,g) < § and = € X. For each positve integer I, consider
{g~!(x),g7 " (2), - ,g'(z)}. Let define a set {(wi,v;)} in X x X as

follows.

{(g—l(x)7 g—l(x))’ (f(g—l(x))’ f(g—l(x)))’ T (fk_] (g—l(x))’ fk—l
(g—l(m))), (fk(g‘—l(x))’ g—l+1(x))a (g—l+l(m), g—l+1(m))v HR) (.’I?,.’IZ), Tt
(f* 1 (@), 571 (@), (F*(2), (), -+, (FF (9" (2)), 9'(2))}-

Then the set {(w;,v;)} satisfy the hypothesis of Lemma 2.1. So there
exists h € H(X) with

do(h,1x) <6, and h(w;)=v;
Put a = ho f. Then we have

d(a(z), f(z)) = d(hk o f(=), f(x)) < &
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Hence, there exists y; in X such that d(f"(yi),a™(z)) < ¢ for every
integer n. Let z; = f¥(y;). Then d(f™*(20),9™(z)) < € for every
n,(=1 <n <1). Let 20 — z as | — oo. Then d(f"*(z),g"(z)) < ¢
for every n € Z. So f* has the semi-shadowing property and the

proof is complete.

THEOREM 2.2. If f € H(X) has the semi-shadowing property,
then f has the shadowing property.

PROOF. Let € > 0 be arbitrary. select numbers § = 6;(¢) satisfying
the semi-shadowing property and 6 = 6(6;) as in Lemma 2.1 Let
z; ,1 € Z be a § - pseudo-orbit with z; # xj,¢ # j. consider the finite
pseudo-orbit Ay = {z_, -, 2, -, 2k }.

Then the set

{(f(@=k)sz—k+1), (f(@=k+1),T—k42), "+, (f(Th-1),2k)}

satisfies the hypothesis of Lemma 2.1. Then there exists a h € H(X)
such that do(h,1x) < 6, and h(f(z;)) = zit1, ¢ = —k,dots, k — 1.
Let g(z) = ho f(z), Then we have do(f,g) < é1. So for the point
z_t, there is a yi, such that d(f™(yk),z—k+n) <€ for 0 < n < k. Let
f*(yx) = 2. Then we have d(f*(z), ;) < € for —k < ¢ < k. Suppose
zr — z as k — oo. Then it is easy to show that d(f*(z),z;) < € for
all 7 € Z. so f has the shadowing property

THEOREM 2.3. A persistent dynamical system is structurally sta-

ble with respect to E,(z) for every a > 0 if it is expansive.

PROOF. Let f € H(X) be persistent and let e(f) be an expan-
sive constant for f. Choose sufficiently small ¢ > 0 satisfying ¢ <
min{1e(f), a}. Let § = §(3¢) > 0 be a number with the property
of the persistence for f. If g € Eo(X) with do(f,g) < 8, then for any
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z € X there is y € X satisfying

d(f"(z),9"(y)) < %6 for every n € Z.

Define a map k¥ : X — X by k(z) = y, where y is an element in X
chosen by the property of the persistence for f as above. Then the
map k is well-defined. In fact, let z be another element in X such that
d(f*(z),9™(2)) < —;-e for all n € Z. Then we have d(¢™(2),9™(z)) <
€ < afor all n € Z. Hence we get y = z.

By the similar method used in [1],We can show that & in continuos.
Sine we have choosed ¢ sufficiently small, We may regard that k : X —
X is surjective. Further, k is injective. In fact, if k(z) = k(y), then

d(f"(z), f*(y)) < d(f"(z), 9" (k(z)) + d(g"(k(z)), g™ (k(y))
+ d(g"(k(y)), f*(y)) < 2e < e(f)

and therefore z = y.

Let define h: X — X by h(z) = k~!(z). Then it is easy to show
that foh(z) = hog(z) for all z € X. Using the similar method used
in the proof of the continuity of £ we can show that h is continuous

and this completes the proof of the theorem.

Take and fix a > 0. Then we can split C(f) into a union
C(f) = UC) of equivalence classes C under the a-relation in C(f).

LEMMA 2.4. For a > 0, every « € C(f) is a-related to f*(z) in
C(f) for all k > 0.

PROOF. Let z € C_(f—) Using the continuity of f we can take 8 > 0
with B < a such that d(z,z) < B implies max{d(fi(z), fi(z)) : 0 <
i < k+1} < a. Since z € C(f) thereis z € B(z, )NC(f) and integer
¢ >k + 2 with fz) € B(z,8). Then the sequence {f*(z), f¥+1(2),
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.«+, f71(2),z} is an a-pseudo-orbit in C(f) from f¥(z) to z. Ob-
viously {z, f(z),- - -, f¥(z)} is a-pseudo-orbit from z to f¥(z).

This lemma shows that each equivalence class C) is f-invariant.
LEMMA 2.5. Each equivalence class C), is open and closed in C(f).

PROOF. First, we show that each C) is closed in —C—(f—) To see this,
we choose a sequence {z;} in Cy which converges to z'. Take 8 > 0
with 0 < B < %a such that f(B(z',8)) C B(f(z'), %a). Let s > 0 be
‘an integer with d(z,,z') < . Also,let y € B(z',8)NC(f) and f(y) €
B(z',) for some £ > 0. Then the sequence {z’, f(y), f2(y), - ,
fe_l(y), 4} is an a-pseudo-orbit from z' to z, in C(f). On the oth-
erhand, take v > 0 such that B(z,,v) C B(z', %a) and f(B(zs,7v)) C

B(f(a:s),%a). Let w € B(zs,7) N C(f) and f*(w) € B(zs,7) for
some n > 0. Then the sequence {z,, f(w), f2(w), -+, f* }w),z'}
is an a-pseudo-orbit from z, to 2’ in C(f). This implies that z, is

a-related to ' in C(f) and so z' € Cy. Hence C), is closed in C(f).
Next, we show that C) is open in _—(—f_j Let 2 € Cy. for every
y € C) thereis an a-pseudo-orbit {zg = 2,21, - ,z, =y} fromz toy
in 6(_]?5 Choose £ with 0 < £ < %a such that f(B(zo,¢)) C B(z1, ).
Then for every a € B(zo,£) N C(f) the sequence {a,z1,z,- - yTp}
is an a-pseudo-orbit from a to y. On the otherhand, let {yo =
VoY 5 Yg L
= z} be an a-pseudo-orbit from y to z in C(f). Since z € B(f(yq—1), @),
we can choose a point z in B(f(yg-1),a) N B(z,€) N C(f). Since z €
B(z,&)NC(f) there is an integer m > 0 with f™(z) € B(z,£). There-
fore, for each a in B(z, £)NC(f) the sequence {yo, ¥, - , Yg—1,2, f(2),
-+, fm™71(2),a} is an a-pseudo-orbit from y to a. This means that
B(z,6) N C(f) C Cx. Hence Cj is open in C(f), and so completes

the proof.
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LEMMA 2.6. If f € H(X) has the semi-shadowing property, then
for every € > 0 there exists § > 0 such that for every g € H(X') with
do(f,9) <6 and for every periodic point z of g, there exists y in C(f)
satisfying d(f*(y),¢9*(z)) < ¢ for every i € Z.

PROOF. Let € > 0 be given and let § = §(3¢) > 0 be the number
with the property of the weak topological stability for f. For g €
H(X) with do(f,9) < 6 and ¢ € X with ¢™(z) = z for some m > 0,

consider {Zmit;} = {97(z)} for i € Z and 0 < j < m. Since f has the

semi-shadowing property there exists z in X such that
mi+j | mi+j 1
(1) A (2), ™ () < 5

for i € Z and 0 < j < m. In particular, we have f™(z) € B(z, %6)

for all ¢ € Z. Hence we have O¢m(z) C B(z, %e) By the invariance
of O¢m(z) for f™, there is a minimal set A of Ofm(2) for f™. By the
minimality of A, for all y € A, we have

wym(y) = agn(y) = A C 07n(2) C Bla, 36).

Thus
y €Ewpm(y) Nagm(y) Cws(y) Nas(y)

and so we conclude that y € C(f). It is sufficient to show that
d(f™ti(y),g7(z)) < € for every ¢ € Z and 0 < j < m. To show this
assume d(f™o+io(y), g% (z)) > € for some ip € Z and 0 < jo < m. Let
mig + jo > 0. Since y € wym(y) we can shoose a sequence {f™%(y)}
converges to y as ¢; — +o0o. Hence, by the continuity of f there is
sufficiently large L in {¢;} such that d(fm™L*o(y), g% (z)) > € > %6.
But this contradicts (1) and this completes the proof.
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THEOREM 2.7. Let f € H(X). If f: Q(f) — Q(f) has the semi-
shadowing property, then so does f : C(f) — C(f).

PROOF. Let € > 0 be arbitrary. Then we can select 6; = §;(3¢) >
0 satisfying the property of the semi-shadowing property for f €
H(Q(f)) and the result of Lemma 2.4. Also, let

82 = 85(61) > 0 with 62 < 6; asin Lemma 2.1. By Lemma 2.3, E’-(_fj
can be split into a finite union, C(f) = U, C;, of equivalence class C;
under 6;-relation. Let @ = min{d(C;,C}) : 1 < ¢,j < k} and take S
with 0 < 8 < min{a, &,6,} and let for g € H(C(f)),d(f(2),9(z)) <
B for all z € C(f). For z € C(f), consider a finite set

An = {g_"(w),g—nﬂ(f”),' : _’gn(w)}.

Since d(f(g*(z)),g*t'(z)) < B for 1 < i < n. The set 4, is -
pseudo-orbit for f. Since each equivalence class C; is f-invariant and
B < a the p-pseudo-orbit {A,} is contained in some C;,1 < j < k.
Therefore there exists a 6;-pseudo-orbit {z§, 27, -+, 2} } from ¢7"(z)
to ¢"(z). Let define a set {(w;,v;)} in X x X as follows

(f(g"!(2)), g (2)), 1<i<n
(wiavi) = (f(zzn—n—l)’zzn—n)’ n+1< ? <n+4ng
(fg' 2™ (z),g* 2™ (2)), n+np+1<i<2n+n;.

Then the set {(w;,v;)}?*F"* satisfies the hypothesis of Lemma 2.1.
Thus there exists a € H(X) such that

do(a,1x) <6y and a(w;) =,

put k¥ = af. Then we have dy(f(z),k(z)) < 6, and k™(z) = z,m =
2n + ni. Hence there is y, € C(f) with d(k'(z), fi(yn)) < %6 for
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every i € Z. In particular, d(fi(yn),9'(z)) < -;—E for —n <1 < n. Let

yn converges to y as n — o0o. Then it is easy to show that

i i 1
d(f'(y),g9'(z)) < G
for every ¢ € Z. Hence the proof is complete.

Let f € H(X) and let W2(z) and W2(z) be the local stable and
local unstable set of  for f. It was shown that if Per(f), the closure
of the set of periodic points of f, is hyperbolic set for f, then for
¢ > 0 sufficiently small there is 6 > 0 such that z,y € -lsé—r(T) and
d(z,y) < 6 implies

W2 (z) N W2(y) = {one point} C Per(f).

PROPOSITION 2.7. Let f € H(X) be expansive and have the semi-

shadowing property. Then, for sufficiently small ¢ > 0 there is 6 > 0
such that if z,y € C(f) with d(z,y) < é then

W2(z) N W2(y) = {one point} C C(f).

PROOF. Let e(f) be an expansive constant for f and 0 < € <
%—e(f). Let 6; = &1(3¢) with 0 < 6; < %e be a number satisfying
the property of the semi-shadowing property for f and a = a(6;) <
%61 be the number as in Lemma 2.1. Choose § > 0 with § < la{.

2 2
Let z,y € C(f) with d(z,y) < §. Then we can choose sequences

{n;},{mi} of positive integers satisfying :

ni <nj,m; <mj, if ¢<j; and

d(z, f*(2)) <a, dly,f™(y)) <a
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Take and fix an integer £ > 0. Consider a set

Ak = {-1,‘, f(il?), Y fnk—l(m), f_mk (y)’ f—mk+1(y)v R f_l(y)7 .‘L‘}
Here, define the set {(pi,¢:)}™F™* in X x X by putting

(fi(z), fi(2)), 0<i<ng—1

(pir i) = (fnk(x)’.f—mk W), . L=
(fTmeHi(y), fm™H(y)), i=nk+j, 1<j<mp—1
(y, ), 1= Nk + mg.

Then the set {(pi,qi)} satisfying the hypothesis of Lemma 2.1. Thus
there exists hy € H(X) such that

do(hk,Ix) < 61 and hi(pi) = ¢
for:=0,1,---,nt + my. Put gr = hy o f. Then we have
do(f,gr) < 61 and gﬁ"(:z:) =z, by =ng +mi — 1.
Hence there is z; in C(f) satisfying d(g}(z), f*(zx)) < 3¢ for alli € Z.
Let {2z} converges to z as k — oo. Then z € C(f) N W(z) N W2(y).
Using the expansivity of f, it is easy to show that W2(z) N W(y) is

singleton and this completes the proof.

In the above result, we denote that

Wi(z) N Wiy) = [z,y]

Then we can show that this bracket map [, ] : AsC(f) —» X is
continuous, where As;C(f) is the neighborhood of the diagonal in
C(f) x C(f) defined by AsC(f) = {(z,y)|z,y € C(f),d(z,y) < 6}.
A closed invariant set is said to have the local product structure in A
if for small ¢ and §, [z, y] belongs to A whenever d(z,y) < 6, z,y € A.
Then by the above result , we obtain the following.

COROLLARY 2.8. If f € H(X) is expansive and has the semi-
shadowing property, then C(f) has a local product structure.
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