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ABSTRACT. Let A be a commutative ring with identity and M an 
A-module. When Un is a triangular subset of An, Sharp and Zakeri 
defined a module of generalized fractions UQnM. In [SZ3], they 
described a relation of the Monomial Conjecture and a module of 
generalized fractions under the condition of a Noetherian local ring. 
In this paper, we investigate some properties of non-zero generalized 
fractions and give a generalization of results of Sharp and Zakeri for 
an arbitrary ring.

Oe Introduction

Let A be a commutative ring with identity and M an A-module.

Put IL서>i = {(&i，. . .，오, 1) E A어’1 : bi,..., 伍 forms a system of 

parameters for A}, where A is a Noetherian local ring of dimension d. 

Then A becomes a module of generalized fractions (cf. [SZ1]). 

Let {ai,...,an} be a fixed system of parameters for A. In [SZ3],

Sharp and Zakeri described a relation of the Monomial Conjecture and 

a module of generalized fractions. They proved that - - a누1 오 

(a；,, a))A for alH > 1 if and only if ---- —--- — 尹 0 in 17石$—1 A.

So we take an interest in properties of non-zero generalized frac

tions. The purpose of this paper is to investigate some properties of 

non-zero generalized fractions and to give a generalization of results of 

Sharp and Zakeri (Theorem 3.2). That is, fix a sequence 何, … of
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elements of an arbitrary ring A. Then we have that ma^1- • • ag"1 오 

(a{，…，사—司必 for all / > 1 if and only if ----쯔---- 우 0 in

(으1’ ° , ⑦n) 
U(a)~nM, where U(a)n = 유") G An : ai,...,an are

positive integers }.

1. Preliminaries

Throughout this paper, A is a commutative ring with identity. 

M denotes an A -module. We use T to denote matrix transpose, 

n to denote a positive integer, and Dn(A) to denote the set of n x 

n lower triangular matrices over A. For H € Dn(A), |H| denotes 

the determinant of H. N denotes the set of positive integers. Let 

(ai, … , ai)A be the ideal of A which is generated by {di,..., «i} 

and let («i,... ,ai)M be the submodule of M which is generated by 

{ajm : j = 1,... ,i and m G M}.

DEFINITION 1.1 [SZ1]. A triangular subset of An is a non-empty 

subset Un of An such that

(i) if (ai, … , an) G Un, then (af1，… , cz유") G I7n for all choices 

of positive integers ai, •..,an, and

(ii) if («i,... ,an) € Un and (6i,...,bn) G In, then there exist 

(ci,..., cn) € Un and H, K € Dn(A) such that H[ai ... an]T 

= [ci •.. Cn\T = K[6i ... bn]T.

Let Un be a triangular subset of An. The module of generalized 

fractions U^nM ofM with respect to Un is a module, whose elements, 

called generalized fractions , have the form

m

(tZj , • • . , Gn)

where m € M and (ai,... ,an) G Un, satisfying the following condi

tion:
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Let m, mf E M and («i,. •. ,an), (&i,..., bn) G Un. Then

7--- - --- \ = 71——~——FT if and only if there exist (ci,.. •, cn) G Un
(으 1 ? • • • 우 ) (으1，• • • 우 bfi)
and H, K E Dn(A) such that

H[cz丄 •»» 《Zyi] [仁 1 • • • 예 =三 K[b]_ ... 헤 Sind

|H|m — |K|m' G (ci, … , c—i)M.

The reader is referred to [SZ1, SZ2] for more details of the con

struction.

Let Un = {(«i,... ,囚, 1,, 1) G An : for all i (0 < i < n), there 

6〉Clst , <> • • , ttyj 三 으Slicll th예 (《Zj, • <> e , (Zjj十丄, • • • j-dyi) 三. H/i}*  This 

is a triangular subset of An and is called the expansion of Un- Then, 

by [SZ1, 3.2], we may assume without loss of the generality that Un 

is expanded, i.e., Un = l『n, when we consider a module of generalized 

fractions for M with respect to Un-

A given triangular subset Un of An, let Ut (1 < < < n) be a 

restriction of Un to Az, i.e., Ut = {(ai,...,at) G : there exist 

⑷十i,...,an G A such that (ai,... •••，이n) E Un}, Then

clearly Ut is a triangular subset of Al

We say that a sequence of elements ai,... ,an of A is a poor Af- 

sequence if ai is not a zerodivisor on M/(«i,...,아—i)M for each 

i = 1,. •. ,n; it is an M-sequence if, in addition, M % («i,... ,an)M.

LEMMA 1.2 [HS, SZ1, SZ2, O]. Suppose that M is an A-module. 

Let Un be expanded. Let (ai,...,an) and (b … ..,bn) be elements 

of Un such that H[ai ..。an]T = [&i … bn]T for some H G Dn(A). 

Then we have the following.

⑴ m = I 피m

(di,.••,石In) (그1，• • • 으 bn)
(ai，… , an) € Nn and

anm _ m

, • • • , <Zn) (仏1, • • • , 아1—1,1.)

處1-1••

(C，…,a&")
•= lm for any
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(2)

(3)

(4)

(5)

772
If m G («i,... ,an_i)M, then --------- - = 0 in U&nM.

(di，• • • 우 G>n)
In particular, if each member of Un is a poor M-sequence^ 

then the converse is true.

If y——으끠끄——r = 0, then y--- —--- - = 0 in U^nM.

Amu (--———= Amu -----끄——주) •

\(ai,...,an)/ \(«i,••.,an_i, 1)/

If 7--- —--- r 구 0 in U〕nM, then ----미-- - 쿠 0 in U~lM
(으1, • • • , 이n) (애1，• • •，으i)

for all i with 0 < i < n.

• • 斗

2. Some properties of non-zero generalized fractions
771

LEMMA 2.1. Let M be an A-module. Let 7---------- r G U；丁〒1 M
十1) 푸

and let /3i E N such that % > for all i (1 < i < n). Then, for 

라1 (으1, • ♦ •，八十i), (八1, • • •, , 仁7너"1) 仁 1『71十1 "vv*6  lia/ve

m

,..., <zgn, cn十 i)
Ann

m
Qn , . i C Ann

, • • . , G>n , 匕n+1) )

PROOF. From Lemma 1.2(4), we have

Hence we get

• aQn —@n un

Therefore we have

rma우1'-月1• • • agn 우1 rm
-----  ......... .. . —— —•…. • • . —— .   - -      -   I J
(어 1, . . . , ann , 仁7나 1) qg1, «nn , 仁n+l)

The next proposition easily follows from Lemma 2.1.
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Proposition 2.2. If 7---------- ； / 0, then we have,

for all 7i G N (1 < z < n) and («i, … ,an, &n+i) G IL너-i, 

m 丄
(ap,...,a$n,&n+i) ‘

77긍
Corollary 2.3. Assume that 7---------- r 0 in

라id(CZ1, • • • 시n, )., (/"!,•••, 어i, 仁1너-1) 三 l『m+"l • L.^t Of j, 0i 三 •지', Z =

1,... ,n. Then

(1) Annf—j——r■“v) = Annf-^——미j-----

\(al, ann •)bn+1) 7 k(al1 … ? ann , cn+l) /

if and only if ai = /% for all i = 1,..., n.
772 TTl

(2) If 7^1 nan h \ = J—臥 흐 7’ 아1611 Qi = 凡
\al , • <> . , dn 川n-H) ((허 ，。。.，(아 ,Cn_gi)

for all i = 1,..., n.

In particular, if bn十丄 = cn+i, then the converse holds.

PROOF. (1)(4=) This follows from Lemma 1.2(4).

(=) Assume that there exists i (1 < i < n) such that(어 < 凡, say 

«i < 01。Then we get

6 AnnA ((a?1,...：：",—)) = 쇼파 ((洲,...,1",에+) 

Hence we have

a^m m 구
-  ....... ...... ------- —— - :   — - -----••••••.... — I 1
(af1，…, a^n, c…) (af1 으ai, <』2,, a^n, cn+i)

This contradicts to the above Proposition 2.2.

(2) This easily follows from (1).

EXAMPLE 2.4. In Corollary 2.3(2), we need the condition 6n十i = 

cn十i. Let A = M = Z and U2 = {(2a,3”) G Z2 : £ N U {0}}.
1 1 1 1

Then we have(2M) 羊 W In fact’assume that(2M) =(FJ)

3 —— I 1
or ———■- = 0. Hence we get . ....... = 0 but it is not zero in IZf 2Z.

(22,3) (2,3)
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mCorollary 2.5. Suppose that ----- =--- — 0 in U리1 M.
(dj，• • • 우 食他十1)

Fix an integer t E N with 0 < i < n — 1. Let 1으十i be a restriction of

l『n+i to A서'1. Then we have 
m _ m

(a 쓰,…,a 아,6z+i) —(0牛,...,耐,瓦+1)

if = /3i for all i = 1,.. •, t.

in if and only

PROOF. This follows from Lemma 1.2(5) and Corollary 2.3(2).

PROPOSITION 2.6. Let M be an A-module. Suppose an E Rad(A) 
772

and --------- - / 0 in UgnM. Then we have
(di, • • • , G>n )

m m
(〒...=) - in 파"Mifandonlyifai=이

for all i = 1,。. ,n.

PROOF. We prove only the sufficiency. By Corollary 2.3(2), we 

may assume that ai = • • • = an-i = 0i = • • • = /3n_i = 1. Assume 

that an > 0n.
772 771

Suppose that 7----------- —r = ------------ 石—. Then, by the
(G1, • • • , 지n —1, ann ) («1, . . . , <zn—1)⑦nn )

property of the module of generalized fractions, there exist (61,, bn) 

G Un and H, K G Dn(A) such that H[ai ... a—i a유"]T = [61 … bn]T 

= K[ai … a—i a 에T and |H|m — |K|m € (&i,, 6—i)M. Let D 

be the diagonal matrix diag(bi,..., 6n). Hence we have

|D||H|m —I 피 |K|me(g,... 此 _)M.

On the other hand, we can rewrite as follows;

1 ... o' / \ / \ / «i \

H
• = •

= K
•

1 CZn—1 bn-1 (Zn—1

\U a 씨…") \ 아 / \ bn J
\ 유〉
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Thus by [SZ1, 2.3] we have

|D|| 피사"-에 m — |D||K|m e (어,.. .，우_JM.

Therefore we get

|D||H|m(l — G (어,…

Since an G Rad(A), we obtain

Hence we have the following contradiction;

m _ |H|m

(ttj，. • • 우 ^n —1 ? ) (그! ? • • • , bn) (g, • • • , 에)

= _띠!픠꾸.. =o

(始,…,始)

bi … 6n|피m

by Lemma 1.2(1)(2).

EXAMPLE 2.7. In Proposition 2.6, we cannot omit the condition 

an € Rad(A). Under the same assumption as in Example 2.4, we have 

———r = 7—zt in U72Z, since 7—77 — —— = — = 0 by Lemma
(2,1) (2,3) 2 (2,1) (2,3) (2,3)

1.2(2).

771Proposition 2.8. Let M be an A-module. Let ----------- - g
(^1 ? • * • 5 어i+i) 

Then we have

In particular, if 三-------- r 0 in UZ~nM then the above inclusion
(ai,...,an) 그 "

is not equal.

PROOF. By Lemma 1.2(5) and (3) the proposition is clear.

REMARK 2.9. If U^M = 0 for some i E N, then we have 

17耳丁IM = 0 by Proposition 2.8, whenever Ui is a restriction of U— 

to
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PROPOSITION 2.10. Let M be an A-module. Assume that each 
77Z 

member of Un^-i is a poor M-sequence. Let 0 羊 x = 丁一己---- ----- -
(이! 1 ? • • ° , ⑦n , )

£ and AniM(:r) D (⑷ , … , an)A. Then there exists mf E M

such that m = m'a우1“1… a유"—1 with mf 듄_ (ai,... ,an)M. That is, 

we have

m m' i / 』 / 、거 x
7—호----------- v = /------------- x where m 0 (⑷,,.. ,an)M.
(就1 ，• . • 어 dn , ®n+l) (이1, • • • , 지n, ^n4-l)

PROOF. Note that AnnA(:r) Z) (ai,... ,an)A.

Suppose that m = m'a]1 •••이;" for some (아) € (N U {0})n and 

m' G (ai,... ,an)M. Then since m 오 (a；1,... ,a：n)M by Lemma 

1.2(2), we have 아 < m for all i and we can find bi e M such 

that m = 乞丄 bia^1 • - • a$n with bi 우 (⑷,, an)M. Here we may 

assume that tij < aj for all J (1 < i < Z, 1 < J < n) by Lemma 

1.2(2). Hence we have

m

그 M：11 … a$n + • • • 十 泳니1 … 사"

G刀 1 1, • • • ? ^nn , 아1十1) (⑦11 ? • • • , 시1nn , ⑦n~bl)

bi 노 ) bi
Z= ―         mi.   ............... .......... .. .... ■빼■■■■■■i.u.i■m  

(af1 어11,..., W 서1", an+i) (a?1 -히1, . . . , a&" -히" ,an+1)’

Put 0i = max{«i — <ii, …, ai — tn}. Now by multiplication with 

af1"1 and Lemma 1.2(2), we have

______ ______________ = _______________h_____________ 十...

(a：1，… , a：", an+i) (ax, 쌔2…12，… , a유—'1", an+1)

+_____________ 을________

(^1,022 수,…," 흐",«n+l)
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by renumbering of non-zero components («s < Z). Continue the same 

way, until we obtain G A and bi 우 (czi,...,an)M

such that

,i … 유-1m = 어_______  / 0

(a우1, … ,a$n,an十i) (⑷,... ,an,an+i) r ’

by Lemma 1.2(2). If ⑵ / 1 for some j, then we have the following 

contradiction

해1 ■■‘ 해”… 生 슈™ ((a 쑤,...,::",an+1))

Hence we must have = 1 for all j = 1,..., n. That is

tij = aj — 1 for all J (1 < i < /, 1 < J < n).

Then by the hypothesis we have

bi + • ° • + 加 우 (이1，… , an)M.

3. A generalization of results of Sharp and Zakeri
From now on, let {ai,..., an} be a fixed sequence of elements of 

A. Then obviously

I7(a)n = {(이;1，•••으 «nn) G An : G N, i = 1,, n}

and

I7(a)n [1] = {(a；1 ,...,<",1)6 An+1 : % G N, i = 1,..., n}

are triangular subsets of An and A저"1.

Let (a),(月) G Nn with (a) = (ai,...,an). Then (a) > (or >)(0) 

is defined as &i > (or >)0i for all z (1 < z < n).
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LEMMA 3.1 [0, 1.7 and SH, 2.8]. Let A be a ring. Let M be an 

A-module. Then, in U(a)^nM

m _ m'

(a"1,...,a“") — (af1,..., 새")

D

there exists 7 > ctj,/% (1 < i < n) such that

(〕Q-Q1 • - - 찌厂아m — a厂伍 - - • 이""休m' e (命, . . .，이…)M.

THEOREM 3.2. Let A be a ring and M an A-module.

Let (a),(/3) G (N U {0})—1 and an G N U {0}. Then the following 

conditions are equivalent.

C1) 仏 丄으…■“厂三 / 0 in U(a)~nM.
(CZi, . • • 9 CLji j

(2) For all tz유" , (a) and (J3) such that (J3) > (a),

ma우1 • • • a：n 우 (af1，… , a어}1 )M.

(3) For all t > 1, mcg-1- • • ajf"1 우 (eg, … ,

PROOF. (1)=(2) Suppose that, for some (0) > (a), ma；1 • • • a우" € 

(af1，… , 이三1 )M. Then we have

m _ maf느1… a아1-1 a으"

(ai’-’a") — (af1，…,시1?,=+1)

그 m<—서…映丁-아-1-1 그새

— 죠耳5 —

by Lemma 1.2(2).
772

(3)=(1) Let y-------- r = 0 in U(a)“nM. Then, from Lemma
(tZj > • • • 스 이n )

3.1, there exists 7 € N such that ma구—1… a^—1 € (a^,...

This contradicts to the hypothesis.
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COROLLARY 3.3 [Ho, Remark 5 and SZ3, 4.1]. Let A be a Noe- 

therian local ring of dimension d. Put 17어= {(&!；• •• , 伍, 1) € A어"1 : 

b… • J새i forms a system of parameters for A}. Let {ai,..., be a 

fixed system of parameters for A. Then the following conditions are 

equivalent.

(1) 아-1… 아—1 0 ... ,a\)A for allt 之 1, i.e., the Monortiial

Conjecture holds.

(2) Let (a),(j3i),... ,()3n) e Nd. Then we have

a(어 G (a(月1),... ,a(月"))A if and only if there exists z (1 < 

i < n) such that (a) > (/%), where a(a)= - - a^d with

(a) = (ai,... ,a시).

(3) 心——{厂―厂/Oin W

PROOF. In the Theorem 3.2, let n — 1 = J and an = 1. Put M = A 

and m = 1. Then Corollary 3.3 is a special case of Theorem 3.2, since 

은 I7(a)d[l]-—A 은 U기구1 A by [SZ3, 3.6].

References

[HS] M. A. Hamieh and R. Y. Sharp, Krull dimension and generalized fractions, 
Proc. Edinburgh Math. Soc., 28 (1985), 349-353.

[Ho] M. Hochs ter, Contracted ideals from integral extensions of regular rings, 
Nagoya Math. J., 51 (1973), 25-43.

[O] L. O’carroll, On the generalized fractions of Sharp and Zakeri, J. London 
Math. Soc., (2) 28 (1983), 417-427.

[SH] R. Y. Sharp and M. A. Hamieh, Lengths of certain generalized fractions, 
J. Pure Appl. Algebra, 38 (1985), 323-336.

[SZ1] R. Y. Sharp and H. Zakeri, Modules of generalized fractions, Mathematika, 
29 (1982), 32-41.

[SZ2] R. Y. Sharp and H. Zakeri, Modules of generalized fractions and balanced 
big Cohen-Macaulay modules. Commutative Algebra: Durham 1981, Lon
don Math. Soc. Lecture Note Ser., 72 (Cambridge University Press, 1982), 
61-82.



164 DONG-SOO LEE* AND SANG-CHO CHUNG

[SZ3] R. Y. Sharp and H. Zakeri, Local cohomology and modules of generalized 
fractions, Mathematika, 29 (1982), 296-306.

Department of Mathematics,
Chungnam National University,
Taejon 305-764, Korea


