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Strong Higher Derivations on Ultraprime Banach Algebras

*Young-Whan Lee and **Kyoo-Hong Park

ABSTRACT. In this paper we show that if {Hn } is a continuous strong 
higher derivation of order n on an ultraprime Banach algebra with a 
constant c, then c||』E『i||2 < 4||/지| and for each 1 < Z < n

c2ii찌i n%_di 으 이*ii + | £ ii끼i ii巧ii ii^ii
十 fc=n

o
+ 2 E H끼 HWH

i-FJb=n 
i#/, n-f

and for a strong higher derivation {Hn} of order n on a prime ring A 
we also show that if [Hn(x\ 찌 := 0 for all 2: E A and for every n > 1, 
then A is commutative or Hn = 0 for every n > 1.

I. Introduction
Let A be a ring. For each a, 6 G A, Ma,& : A —» A is a mapping 

defined by = axb for x E A. Recall that A is prime if Ma,b = 0

implies a = 0 or 6 = 0 for each a, b E A.

A complex normed algebra is ultraprime with a constant c if there 

exists a constant c > 0 such that for all a, 6 G A

\\Ma,b\\ > c||a|| H&H

Note that every prime (7*-algebra is ultraprime with constant 1.
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A sequence {Ho, Hi, • • • , Hn} of linear operators on 刀 is a higher 

derivation of order n if for each m = 0, 1, 2, • • • ,n and any x^y E A 

the operator Hni satisfies the following equality

m

Hm(아y) = 스 스 (⑦)2『m—i (以)

i=0

A higher derivation {Hn} of order n is strong if Hq is an identity 

operator.

Note that a strong higher derivation of order 1 is a derivation.

In [2], E. Posner proved that if the composition did/》of derivations 

di, d>2 of a prime ring A of characteristic not 2 is a derivation then 

either d\ = 0 or = 0, and M. Brewer estimated the distance of di 

to the set of all generalized derivations of A in [1].

In this paper, we show that the Posner’s result can be extended 

to strong higher derivations and estimate the distance of Hi (i =

I, 2, •• - ,n) where {Hn} is a continuous higher strong derivation of 

order n.

II. The Results

LEMMA 1. Let a sequence {Hm} be a strong higher derivation of 

any order on a ring A. Then for all x, y, z E A and n > 1,

H^xyz) — Hn(xy)z — xHn(yz) + xHn(y)z

= 乞 瓦(》旦心)+ £ 瓦(z)印⑴)표(z) 

=n »-|-j -|-fc = n
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Thus for all :r, y, 之 G A,

Proof. For all z E A

Hn（xyz） = 乞 氏⑯恥⑶印⑵,

Hn{xy）z = 22 Hi（:心）ffj（y）2：

<J.>1

and

xHn（yz） = 으즈

너~J=n
iJ>0

Hn（xyz） — Hn（xyz） — xHn（yz） + xHn（y）z

t-f-j =n 4-fc = n
bj>l

The following lemma can be proved by direct computations

LEMMA 2. Let y, g be functions on a ring A. Then for all ⑦, y, 

之, w, 以 G A,

으 f （쟈）yg（2：） 았）:f （臥） = {/（⑦川放之） + 우（艾）?//（之）}이/GO

+ /（⑦》/{以（2）⑴/（0 + /（2山wGO}

— {/（⑮⑴/化）⑴）引>） + s새）（刀化）⑴）/（《』）}

THEOREM 3. Let {Hm} be a continuous strong higher derivation 

of order n on an ultraprime Banach algebra A with a constant c. Then

（1） c||호||2 으 4|西||.

Q
（2） c2||2지| 011으 6||日3|| + $0||3.
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(3) For each 1 < I <n,

o
C2||끼I II石—,11*11*11 + 5 £ II히l@H0dl

2 £+스_

+ | E h끼urn

너 추三

In particular if H2 = 0 then Hi = 0, and if H3 = 0 then

c0||2 玄 4||W 玄 오|W2.

PROOF. By Lemma 1, for every x, y, z E A and 1 < I < n

Hn(xyz) — Hn(xy)z — xHn(yz) + xHn(y)z

= 江 + £

i-|-j =n i+J+fe=n
ij>l

=H/(X-/⑵+ %-/(""?/)+ E 

i+J=n

+ E 瓦(아G(?/)孔⑵,

By Lemma 2, for every ⑦, 이, 之, w, u G A 

2\\Hi(<x)yHn^i(z)wHi(u)\\

玄3(4||/지| + £ 11^1111^11+ £ II끼IMIHhM) 

t-|-j =n »4“j +<t = n

xlklllh/HlkHIHHhdlll^H,

||Mh心),*-心)=伍(?』)||

引이느지l + | £ 11^1111^11 +1 E H히HWHW) 

»+i =n *4-j 4-fc=n수#/,n-Z

x ||찌 11|히 1 ||w|| ||삐 11|끼 1, -
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c| | 心) , T/n —/(U)| |

<(6||^n|| + 2 £ II^IIII^H + 2 E II끼HU지IHWD 

i+j=n i十j 十fc = n
{구厂 n —t 1

x|| 히 III 씨 I， '

and

c2ll히IIG-dl 

q q
으이%11 +； £ II히Iliw +『E H히HIWII끼h

»+J 4-fc = n

The proof of the theorem is completed.

THEOREM 4. Let {Hm} and {Fm} be strong higher derivations 

of any order on a prime algebra A of characteristic not 2. If {HmFm} 

is a strong higher derivation of any order, then for each n > 1 either 

Hn = 0 or 2그 = 0.

PROOF. Let {HnFn} be a strong higher derivation. Since Hi, F± 

and HiFi are derivations, by Porsner’s theorem, = 0 or 허 = 0. 

Since for every y E A

H2F2(xy、)= xH2F2(y) + H2F2(x)y + H")!!"),

H2F2 is a derivation and so IZ2 = 0 or 2$ = 0. By the induction, 

Hn = 0 or F& = 0 for every n > 0.

In [2], Posner showed that if D is a derivation on a prime algebra 

A with [刀(⑦), 씨 = 0 for all x E then A is commutative or Z) = 0. 

We obtain the following theorem from it.
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THEOREEM 5. Let {Hn} be a strong higher derivation of order 

n on a prime ring A. If [Hn(x\ ⑦] = 0 for all x E A and for every 

1 < n, then A is commutative or Hn = 0 for every n > 1.

PROOF. By Posner’s theorem, A is commutative or Hi = 0. If A 

is not commutative, then H2 is a derivation with [2『2⑦? :r] = 0 for all 

x E A. Thus H2 = 0. By induction, Hn = 0 for every n > 1.

If Hn / 0 for some n, there is an i such that Hi = H2 = … = 

Hi— = 0 and Hi / 0. Then Hi is a derivation with [Hix^x] = 0 for 

all ⑦ G A. By Posner’s theorem, A is commutative.
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