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Strong Higher Derivations on Ultraprime Banach Algebras

*YOUNG-WHAN LEE AND **Kyo0o0-HONG PARK

ABSTRACT. In this paper weshow that if { H, } is a continuous strong
higher derivation of order n on an ultraprime Banach algebra with a
constant ¢, then c||H;||? < 4||H2|| and for each 1 <1< n
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and for a strong higher derivation {H, } of order n on a prime ring A
we also show that if [Hy(z),z] = 0 for all z € A and for every n > 1,

then A is commutative or H, = 0 for every n > 1.

I. Introduction
Let A be a ring. Foreach a, b € A, M, : A — A is a mapping
defined by M, s(z) = azb for z € A. Recall that Ais primeif M, =0
implies a = 0 or b = 0 for each a, b € A.
A complex normed algebra is ultraprime with a constant c if there

exists a constant ¢ > 0 such that for all a, b€ A
|| Mapll = cllal| [[5]]

Note that every prime C*-algebra is ultraprime with constant 1.
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A sequence {Hy, H;, -+ ,H,} of linear operators on A is a higher
derivation of order n if for each m =0, 1, 2,--- ,n and any z,y € A

the operator Hy, satisfies the following equality

Hm(my) = ZHi(w)Hm_i(y)

=0

A higher derivation {H,} of order n is strong if Hy is an identity
operator. '

Note that a strong higher derivation of order 1 is a derivation.

In [2], E. Posner proved that if the composition d;d; of derivations
dy, dy of a prime ring A of characteristic not 2 is a derivation then
either dy = 0 or d2 = 0, and M. Breser estimated the distance of d;d,
to the set of all generalized derivations of A4 in [1].

In this paper, we show that the Posner’s result can be extended
to strong higher derivations and estimate the distance of H; (i =
1,2,--- ,n) where {H,} is a continuous higher strong derivation of

order n.
I1I. The Results

LEMMA 1. Let a sequence {H,} be a strong higher derivation of
any order on a ring A. Then for all z, y, 2 € A andn > 1,

Hp(zyz) — Ho(zy)z — 2Hu(y2) + 2Hy(y)2
= 3 HEuHE+ Y Hio)Hiw)H()

i+j=n i+jit+k=n
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ProoOF. Forallz, y, z€ A

Hy(oyz) = 3, Hi(2)H;(y)He(2),
Hu(zy)z = Y Hi(@)H;(y)

i+j=n
63,21

and

PHaw) = Y SHW)H(:).

i+j=n
320

Thus for all z, y, z € A,

Hy(zyz) — H@(myz) —cH,(yz) + zHp(y)z
= ) Hi(@yH;(z)+ ), Hi(2)H;(y)Hx(2).

i+j=n i+j+k=n
hiz1 Lik21

The following lemma can be proved by direct computations

LEMMA 2. Let f, g be functions on a ring A. Then for all z, y,
z, w,u €A,

2f(z)yg(z)wf(u) = {f(z)yg(z) + g(z)yf(2)}wf(u)
+ f(@)ylg(2wf(u) + f(2)wg(u)}
— {f(@)yf(2)w)g(u) + g(z)(y f(z)w)f(u)}

THEOREM 3. Let {H,,} be a continuous strong higher derivation

of order n on an ultraprime Banach algebra A with a constant c. Then

(1) cl|Hal[* < 4[| Ha|l.
3
(2) | Ha| [1H1]| < 6] Hall + Sl Hall®.
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(3) Foreach1 <1< n,

3
I Hil| [|Hnil| < 6l Hall + 5 > Wl | Hx]

i+j4+k=n
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In particular if Hy = 0 then Hy = 0, and if H3 = 0 then
6
c||Hal? < 4||H|| < C—ZHH1H2-
PrRoOOF. By Lemma 1, forevery z, y, z€ Aand 1 <Il<n

H,(zyz) — Hy(zy)z — cHp(yz) + 2Hn(y)z
= ) Hi(eH;(v)+ Y Hi(e)H;(y)He(2)

i+j=n l'-!»-)'.+k=n
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= Hi()yHoot(2) + Hoct@Hi) + Y Hilw)yH;(y)
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By Lemma 2, for every z, y, 2, w, u € A
2||Hi(z)yHn—1(z)wHi(u)||
<34lHall+ D WEIIE;+ Y Hl H Hel)

i+ji=n i+itk=n
t#ElL,n=-1 1,j,k<1

xlz|| lyll 1zl llwll ] || Hall,
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<@E+5 S NEIE+5 S IH I H)

iti=n it+jtk=n
igl,n-1 6,5,k21

x |lz]| [1z[] {leol] ull [,



STRONG HIGHER DERIVATIONS ON ULTRAPRIME BANACH ALGEBRAS 121

cl|Mpy(z), Hai(u)|
3 3
SOl Hall+5 > WEIIHI+5 Y Il 1H)

'l'+j=n i+j'+k='n
t#lL,n—1 ) 6,j,k21

x|lz] |,

and
| H| || Hn—il] ,
3 3

< 6|1 Hall + 5 > I ;| + 3 > N H-
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The proof of the theorem is completed.

THEOREM 4. Let {Hp,} and {F,,} be strong higher derivations
of any order on a prime algebra A of characteristic not 2. If {H,, Fy,, }
is a strong higher derivation of any order, then for each n > 1 either
H,=0o0r F,=0.

PROOF. Let {H,F,} be a strong higher derivation. Since H;, F}
and H, F} are derivations, by Porsner’s theorem, H; = 0 or F; = 0.

Since for every z, y € A
Hy Fy(zy) = zHa Fo(y) + Ho Fo(z)y + Hi Fi(z)Hi Fi(y),
H,y F; is a derivation and so Hy = 0 or F3 = 0. By the induction,

H, =0or F,, =0 for every n > 0.

In [2], Posner showed that if D is a derivation on a prime algebra
A with [D(z),z] = 0 for all z € A, then A is commutative or D = 0.

We obtain the following theorem from it.
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THEOREEM 5. Let {H,} be a strong higher derivation of order
n on a prime ring A. If [H,(z), z] = 0 for all ¢ € A and for every

1 < n, then A is commutative or H, = 0 for every n > 1.

PrOOF. By Posner’s theorem, A is commutative or H; = 0. If A
is not commutative, then H is a derivation with [Hez, z] = 0 for all
z € A. Thus H; = 0. By induction, H,, = 0 for every n > 1.

If H, # 0 for some n, there is an ¢ such that H; = Hy = --- =
H;_; =0 and H; # 0. Then H; is a derivation with [H;z,z] = 0 for

all € A. By Posner’s theorem, A is commutative.
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