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Stability of Dynamical Polysystems

Yoon Hoe Gu

ABSTRACT. We introduce the concept of the prolongation operator 
and examine some properties of this operator. In c-first countable 
space X, we prove that each compact subset M of X is stable if and 
only if DR(M) = M for each polydynamical system.

L Introduction
N. Kalouptsidis, A. Bacciotti and J. Tsinias have extended the 

properties of stability reffered to [2] for polydynamical systems when 
the space is locally compact metric space.

In this paper we introduce the concept of stability for compact set 
and the general definition of the prolongation operator to character
ize stability. In a c-first countable space introduced in [4] which is 
a general concept than that of a metric space, we prove that each 
compact subset M of X is stable if and only if DR(M) = M for each 
polydynamical system.

2. Preliminaries
DEFINITION 2.1. A space X is said to be c-first countable if for 

each compact subset K of X, there exists a family U consisting of 
countably many neighborhoods of K such that every neighborhood of 
K contains some members of U.

REMARK 2.2. In [4], it was known that every metric space is c- 
first countable, but the converse does not hold. As for the example, it
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was known that there is a c-first countable and locally compact space 
which is not a metric space.

In this paper, let X be a locally compact Hausdorff c-first countable 
space unless otherwise stated, IR+ the set of nonnegative real numbers 
and 2X the set of all subsets of X.

DEFINITION 2.3. A dynamical system on X is a continuous map 
7T : X x IR X with the following properties:

(a) 7「(z, 0) = z for all z € X
(b) 7「(끼*, s), t) = 7r(^, s + £) for ail x e X and s, £ € 此

DEFINITION 2.4. A dynamical polysystem on X is a family of 
dynamical systems {ttJz G /}, where I is an arbitrary set of indices.

DEFINITION 2.5. Let {丸帀 E /} be a dynamical polysystem on X, 
Let x E X and f > 0. The reachable set from x at time / is a subset 

= {g € X| there exists an integer n,ti, • - -,fn £ R+ and、 
n

・・・3n G I such that £冶=t and y = 7%(们"_](・・・7匚2(7「让3，切),梃), 
i=l

• • -?^n-l)9in)} of X.

Note that 0) = {rr} for all x € X. For A Q X and t E we 
let = [J

xEA
For S C and z € X, we let S) = [J R(x, f)

tes
DEFINITION 2.6. The reachable map of the poly system {?디/ € 1) 

is the multivalued map R : X x —> 2X defined byas the
reachable set from x at time t.

DEFINITION 2.7. For X 6 X, the positive orbit from x for polysys
tems is a subset R+) of X. Set R+) by For A C X, we 
let R(A) = |J R(r). Given a dynamical monosystem 7r, a set M C X 

xEA
is called positively invariant if each x € A么 了+(:时 C M. Now it is 
natural to define the positively invariance for polysystems {^i\i G /}.
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DEFINITION 2.8. A subset 4 of X is positively invariant if R(A) C 
A.

3. Stability
DEFINITION 3.1. Let {^i\i G 1} be a dynamical polysystem and 

let M be a compact subset of X. M is stable if for any neighborhood 
U of Af, there exists a neighborhood V oi M such that R(V) C U.

DEFINITION 3.2. Let r be a multivalued map from X to 2X. 
The prolongation operator D transforms「into DP : X 2* de
fined by DT(x) = {y e X\ there exist sequences xn 九一> 

y such that yn G r(xn)}.

It is clear that I*) C Z기「(z) for each x E X.

DEFINITION 3.3. For X E Xj the set DR(x) is called the prolon
gation of x.

DEFINITION 3.4. The map「： X 2* is a c-c map if for any 
compact K C X and x E K with 史 A dK 丰•奴

All multivalued maps「considered in this paper satisfy the reflex
ivity x € r(rr) for all x E X.

LEMMA 3.5. If the map「： X —> 2* is a c・c map, then the map 
DT : X —> 2X is a c-c map.

PROOF. Let K be a compact subset of X, z £ K with DT(x) K. 
Since r is a c-c map and x E「(*), only two cases are possible: either 
r(x) A dK 供 © or r(rr) C IntK. First, choose y £「(z) A dK. We 
have y 6「(%) C DV(x). Thus DF(a:) Pl dK / 奴 Second, x e IntK. 
Since 1기「(z) K, there is a g £ DF(x) — K. Therefore, there are 
sequences xn x,yn y such that yn G r(rcn). We may assume 
that xn e IntK, yn C X — K. Since「(zQ K and r is a c-c map, 
r(a:n) A dK 丰如 Thus there is a sequence zn E r(rrn) A dK. Since 
dK is compact, we choose the sequence zn —> z £ dK. We have 
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z G Dr(x). It follows that Cl dK + 由 Hence the lemma is 
proved.

The following lemma indicates alternate description of the set DR(x).

LEMMA 3.6. DR(x) = Q where denotes the set
ueN(x、) 

of all neighborhoods of x,

PROOF. Weshowfirst 난U R(U)・ Let y € DR(^x). 
ueN(x)

Then there are sequences xn x^yn y such that yn E R(xn). For 
all neighborhoods {7, V of x and y, respectively, there is an integer m 
such that xm E U and ym € V. We have ym G R(xm) C R(U) 
and so V A R(U) + 奴 Therefore y G R(U) . It follows that 
DR(^x) C P| R(JJ\ Next, let y G Q R(U、). Choose a basis

UcM(x) UeAf(x)
at x and g, respectively, ((7n) and (K) with Un D S너」,卩n D K+i- 
For any integer n, 14 H R(Un) / G・ Thus there are sequences xn in 
Un and yn in Vn such that yn G R(xn). Clearly, xn x and yn —> y. 
Hence we have y G DR(x). The lemma is proved.

PROPOSITION 3.7. For every dynamical polysystem :

(1) R(x) C DR(x)
(2) The graph of DR)G(DR) = |J {z} x DR(x), is closed in

xEX
X xX

(3) DR is a c-c map
(4) For any compact set M C DR(M) ={히" is positively 

invariant neighborhoods of M}.

PROOF. (1) is clear. To prove (2), let € G(DR). Then there 
is a sequence (^n,J/n) € G(DR) such that (zn"/n) —> (a:,y). Since 
yn E DR{xn\ there are sequences {x^} and {g薰} in X such that 
唄 一> % 咀 t yn and 弗 e 刷⑦金).Let (Un) and (卩*) be a basis
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at x and y with Un □ 二)卩n+i, respectively. Then there is
an integer n\ such that xni G Ui and yni G V\. We can choose an 
integer mi so that 矿黒 G U\ and 咀〔G V±. Similarly, there is an 
integer ri2 such that xn2 E U2 and yn2 E V2- Also, we can choose an 
integer m2 so that x^2 G U2 and g爲 G V2- Continuing this process, 
for any neighborhood U of there is an integer k such that Uk C U. 
if i > then x^i{ E Ui C Uk C U. Similarly, for any neighborhood V 
of y, there is an integer k such that Vk C V. If i > then we have

Vi C Vk C. V. Therefore, —> x and y^. —> y. We have
况丄 £ R(xmi) and so y £ DR(x). This shows that (必 g) G G(DR). 
Hence D(DR) is closed in X x X.

To prove (3) it suffices to show that R is a c-c map. Let K be a 
compact subset of X and x e K with R(x) * K, First, let x 6 OK, 
since x G R^x^R(x) A dK 丰饥 Next, let x E Int K. Choose 
y £ — K. Then there is a f G R+ such that y £ R(a撰).Thus
we have [0, i]) A Int K / and [0, i]) A (X — K、) / </>. Since

[0,f]) is path connected, [0, t]) is connected. It follows that 
/?(x, [0用)Cl dK + 奴 We clearly have R(x) A dK 尹奴 Hence R is a 
c-c map. By the lemma 3.5, DR is a c-c map.

Finally, we will prove (4). Let y € DR(M、). Then there is a, x E M 
such that y G DR(x). Thus there are sequences xn x and yn y 
such that yn E R(xn). Let U be any positively invariant neighborhood 
of M. Since U is a neighborhood of we may assume that xn G U. As 
a consequence of positive invariance, yn G R(xn) C U. Thus y E U. 
Since U is any positively invariant neighborhood of M, y E This 
shows that DR(M) C QU. Next, we show that Q[7 C DR(M). Let 
y E f}U. Suppose that y 牛 DR(M\ For all ⑦ £ g £ DR(*). By 
the lemma 3.6, there is a neighborhood Ux of x such that y £ R(UX). 
The family {Ux\x G M} is an open cover of M. Since M is compact,
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n 
there is a finite set {xi,a：2, , • -?^n} of M such that M C IJ UXi, 

i=l 
The set [JR(UXi) is a positively invariant neighborhood of M. Set 
U = UR(SQ・ We have U = |jWM and so y U. This is 
a contradiction. Hence we have y G DR(M). The proof of (4) is 
completed.

THEOREM 3.8. For each dynamical polysystem and each compact 
subset M of X, M is stable if and only if DR(M) = M.

PROOF. Let M be stable. Clearly, we have M C 7?(M) C DR(M). 
Suppose M + DR(M). Then there is a point y G DR(M) — M. We 
can choose x E M so that y £ DR(x). Thus there are sequences 
xn x^yn y such that yn G R(xn). Since M is a compact subset 
of X and y 牛 M, there exist disjoint neighborhoods U and V oi M 
and y, respectively. By the stability of M, there exists a neighborhood 
W of M such that R(W) C U. We choose an integer m so that 
xm E W^ym E V. Thus we have ym G R(xm) C R(W) C U and so 
U CV 丰奴 This is a contradiction. Hence DR(M) = M.

Conversely, let DR(M) = M, Suppose M is not stable. Then 
there exists a neighborhood Z7 of M such that for any neighborhood 
V of M, R(V) e U. We can choose a relatively compact neighborhood 
W of M so that W C U. Let ((7n) be a countable basis of M with 
W D Ui D U2 D • • For any n, we have R(Un) * W. Thus there 
is a sequence xn in un such that R(xn) W. Since /? is a c-c map, 
R^Xn) A dW 供如 Choose yn G R(xn) A dW. Since dW is compact, 
there is a sequence j/n —> y with y E dW. Since M is compact, there 
is a sequence xn x e M. We have y G DR(e) C DR(M) = M. 
This is a contradiction. Hence M is stable. The theorem is proved.
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