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Lie Algebras with an 1-filtratioiis

K. S.Jung

ABSTRACT. Let L be a Lie algebra over an algebraically closed field 
F of chracteristic p > 0 which has an Infiltration. We prove that 
W（1; 1） is the only restricted simple Lie algebra having an 丄-filtration. 
And we show that the even dimensional Lie algebra can not have an 
1-filtration.

0. Introduction
Let L be a Lie algebra over an algebraically closed field F of charac­

teristic p > 0. If there is a proper subalgebra £（0）of L of codimension 

1 such that the filtration」L（j）defined by L（o）satisfies the following 

conditions: 成m（L（心/Z（斗!）） = 1 for all i > —1 and there is some r 

such that L（r）羊 0 but = 0, then the set of subalgebras L（j）is 

called an 丄filtration of L defined by L（o）. And L is called an 1-filtered 

Lie algebra[7].

Let Z be a n—dimensional Lie algebra with an 1-filtration defined 

by its subalgebra L（o）such that dim（£/£（0）） = 1. Let { | i =

—1,0,1,n—2 } be the 1-filtration of L with L（_i）= L. Then we way 

assume that each L（『）= 0 if z > （n — 1）. Then dim（£（日/L（斗!）） = 1 

for each i = —1,0,1,n — 2.

1. Filtered Lie Algebras

Lemma 1.

f G< a：i,：z：2, …,:館斗•거>1—n >, if i + j >n
[…小 .

= 0, otherwise.
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PROOF. By proposition 2.8 in [7],

\xi^ Xj] € [刀Z<（n_j_i）] C Z/（2n—i—j—2）으

And the property of the l-filtration implies that if 2n—i—J—2 > n—2, 

then L（2n-i-j_2）= 0. From2n—（i+J）—2 > n—l,i+j < n. Therefore, 

if i+j < n, then L^2n-i-j-2） = 0. On the other hand, if 2n—i—j — 2 < 

n — 2, then i + j > n, and』L（2n—i—j—2） 羊〔〕• Since L（2n—i—j—2） =< 

시 :心2? •••? ：Z：n—（2n —i—j—2） —1 그 =<: ⑦1, 흐2 ? •••, 此十j4~l —n。

In the following Lemma, we will construct a new basis from the 

given basis of L. Let Xk denote the given basis of L. For each k, %州 6 

F will denote the coefficient of Xk in the product of Xi and Xj expanded 

with respect to the basis x^-

LEMMA 2. Let :Z：1,：Z：2，•••，紀n be a basis of L with an 1-Hltration 

defined by a subalgebra L（o）=< xn^i > . Then there

exists a new basis {xfk} such that [xk^xn] = 아1己 <

Proof. We have [xi,xn-i] e [L（—2）,L（o）] c 刀（—2） =< ⑦ 1 > 

and ^Xi, ^n] 石 [•心 （n—2）, 刀 （ —1）] G 2gn—3） =<: :Z〉i, ⑦么 • Let [l〉l,：Z：n-1] =

and let [xi,xn] = aini^i+«in2^2 for some alnl

and ctin2 € F. If «in2 = 0, then [xi^xn] = ctinWi and it implies 

[a：i,Z/] G< > . So m G 刀（—1） = 0. But Xi is a basis element and 

it is not 0. Therefore ain2 羊 0- Now let = x\ and

t alnl ,
X2 = --- Xi 十 ⑦沙

伏 ln2

Th 이 1 [xi,Xn] = QlnWl +€Vln2（— 응꾸立 1 + ） = 사

< Xi^X2 > = < .
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Assume [xk-i^xn] = ak-ink^Q and < a：i,>=< x；, …,xrk > .

^n\ 三느： 究1, 收 후 …’ ：끼서‘1 그5

[:T시n] = （/WnWl 十 아;n2⑦2 十 … 十 시化시::아:） 十 사아:n（k+l）⑦k+l •

If 시아:n（A+L） = 0, then [xk,xn] G< a：i,..., # >=< > •

[a,이 e< 씨,...,4 > •

It implies Xk € Z/（n_k）, and it contradicts to that Xk is not in L（n_k）. 

Therefore, a^n（A：+i） / 0. So we can put

= [（시애:nl⑦ 1 "+* ^kn2^2 十 … 十 사아:nA:⑦jj/시아:n（A：+l）] 十 ’

Then [⑦jt,⑦n] = 사"：:71（/너~1）：헤：十1 헤己 <C ⑦].9...,:r/서»i ）>=<〔 :幻, •••,:흐人十i 그 • 

Therefore, < xn >=< ...,xfn >= L and it is a new basis for

L such, that [:z：★:，⑦n] = k-^-i ’

Next we prove that this new basis of L satisfies the following; 

츠
PROPOSITION 3. IfL =< 0,0, ...,:rn > with an 1-filtration, then 

[:Z：i, Xj] = 사『ij（i-pJ4"l —m）⑦i-f-J-f-l—n 九江 — J With Z 4“ J 之 Tl. i.6.? CYijk = 0 

if A < （i + j + 1 — n）.

PROOF. Foi•[曲,：rn], by the previous lemma, it is true for each i. 

Consider [xi^Xn^j] and use an induction on j. If j = 0, then [xi^xn] = 

사서n（i+i）：K+i by Lemma 2 and we can also assume that it is true for 

any t < j. Since [xi^ xn-j] = 0, for i『）j such that 0 < i < j < z.

[xif xt] = 시伍（i+t+1—n）⑦거-t+l —n*

Then consider [:아, :幻十i] G< ⑦i, 0,..., ⑦거己十2—n > •

[:Ti,：心나"1] = 시幻（너~1）1 ⑦ 1 十 시사（<十1）2：心2 十 … 十 CVj（t十 1）（斗/十 1 —⑴쩌十너-1 — n

十 사^（그十1 ）（i+t+2-n）"가十그十2 —n•
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Now calculate the Jacobi’s identity for Xi^ and xn,

[⑦ i, [:心甘 ⑦ n]] 4" [⑦ t, [⑦ n, 에] “F [xn, [⑦ i, ⑦ t]] = 0,

어 tn(t+l)|의迫十1)1文1 + 시느(t+l)2⑦2 + … + 아 i(H-l)(i+t+2 —71)꺼十*2 —n]

+ain(i+l) 어 (i+l)t(i-H+2-n) ⑦ i~H+2—n

— 시『iZ(i+t 十 1 —n)시—n)n(i+너-2-n) ⑦ H■■너’2 —n =()•

From this equality, atn(/+1)羊 0 implies the following:

ai(t+l)l = ai(t+l)2 = ’ • • = a：i(t+l)(i+t+l—n) = 0-

Therefore, [쩌, 時十1] = ai(t+i)(H>t+2-n)쩌+t+2_m 日01‘ 시 구 j 애산1 that

* + J 스 71, xj] = 어ij(i~Fj~Fl—n)：W十j十 1—n*

Next, we show that a Lie algebra of dimension p which has an 

1-filtration is unique up to isomorphism by using properties of its 

1-filtration.

PROPOSITION 4. Let L be a restricted Lie algebra of dimension p 

with an 1-iiltration. Then there is a basis {^i,⑦2, •••?⑦p} for L which 

satisfies the following;

i ( (j — i)x 斗 j, if i + j < p-2
[⑦ i, 에 = <

[ 0, otherwise.

PROOF. Let { L(i)I i = —1,0, — 2 } be an 1-filtration of L

defined by a subalgebra L(o)of codimension 1. Since dimLq = p — 

i — 1 for —1 < i < p — 2, we may assume L(p_2)is generated by one 

element bi E L and 心(p_i)is generated by L(p_2) and some element 
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Let:r_i = bp and Xi = Ajbp-i-i, where Ai = — 〒〒나五 
ll;=i

&2, i.e. L(p__3)=< fei,&2 > • For —1 < z < p — 2, we can assume 

JD( 수)=： ‘느、bi, b*2，• • • 후 bp—i—i 느*’ • Since 仁 에p—i—i) but not in Lqp—고),

[&i,jD] q_ Z/(p—i__i)=<〔 bi, 즈2, •••, bi〕>

C JD(p__j—i)으 i—j—i)

으 刀(2p_(i-Fp_l)_2) = 丁'(p—i-1)*

By Proposition 3, we can assume that there exists a new basis { Xi |

— l<z<p — 2} such that [허, bj] = 사幻(거_j+1_p):z:斗j 十 !_p for i and j 

such that i +j > p. Now define this new basis which satisfy the given 

properties as following:

W)! e 
a(p-j)p(p-J+i)

F, for i = 0,1, ...,p — 2. Then we need to show

( (j — i)⑦i+j, if i + j<p-2 
[어,으] = | .

(0, otherwise.

First, let’s prove [⑦i,께 = G — 1)⑦i+i

2 아 (p j l)(p—2)(p i—2)

a(P-l)PPa(P-2)p(p —1)

(i —l)(i+2) 수 t o\스 스
= . — 1)(，十 2)伏(p-i)pp伏(p_2)p(p_i)

Q(p—j_2)p(p—i—l)

— 2ck(p_ j_i)(p_2)(p—j_2) 시<p—i—2)p(p—i—1)

=(i — l)(i 十 2)사!(오-i)ppd(p—2)p(p—1)— 2{cY(p__2)p(p—1)시gp-i—i)(p—i)(p—i—1) 

4“ 伏(p —i —l)p(p —i)시Rp-i)(p-2)(p-i-1)}

(by Jacobi’s identity of bp_i_i,bp_2,bp)

= (i — 1)(* “+* 2)Q(p__2)p(p—1) — 2)p(p —1)사『(p —i)pp

— 上 (p—j-i)p(p—i) 저 (p —i)(p—j)(p-j—1)
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=[(i — l)(i 4" 2) — i)ppQ(p__2)p(p—i)— 2{ct(p—2)p(p—i)€v(p—i)(p—i)(p—i)

十 시—i)p(p—i —1)아(p —i —l)(p-2)(p-i)}

늬(i — l)(i 十 2) — 2i — 2(i — 2)p(p—i)

— 2Q(p_j)p(p_j_i)Q(p_i_i)(p_2)(p—i)

By repeating these calculations for i in the second part, we can get 

the following:

늬G — 1)(』+ 2) — 2{i + (i — 1) 十 ... + 4}]a(p_i)ppa(p_2)p(p_i)

— 2<X(p-4)(p—2)(p—5)a(p—5)p(p—4)

늬G — D(i + 2) — 2i + (i — 1) + ... + 5 + 4 + 5]a(p_1)ppa(p-_2)p(p-i)

i + 1
=[(i 三- 1)(우 十 2) — 2[―—— • i — 1]]伏(p—i)pp사Wp_2)p(p—i)= 0.

(i •— 1>=+1 =-------으■느1쓰 + 2〉!——b…_2
시『(p —l)pp • • • 저(p —i—2)/>(p—i—1)

__—2(i + l)!a(p-2)(p—i—2) . 2 = o 

거 (p—l)pp 시2)p(p—1) 시: (p—l)pp •••저(p—i—l)p(p—i)

And

[⑦ ⑦ ] _ —2(i + l)!a(p_j_i)(p_2)(p_i_2)bp-j_2

Therefore, [xi^Xi] = (i ~ 1)x^1. Now use an induction on j in [xi^Xj] 

and assume i < j. Since —1 < z < j < p — 2 and i + j < p — 2, 

the initial number for j is zero. Thus, for j = 0, [x-i^xq] is the only 

possible case.

[:r_i,xo] = [bpvAibp—i] = —으4j 시Tp_i)ppb/> = 1 •
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Now, assume that [xi^Xj] = (j — l):r거j. In the case of j + 1,

[xi.xj^i] 늬:以, 丄즈[:ri,a：j]] = 丄—〒亂, [⑦1, 乃]] 

J — 1 J — 1

=어 _ 고(—[⑦ij：心y,에] — [⑦y, [⑦八⑦i]])

1-——t(G — 어] + (1 — 0[臨+1, 으])
j -1

If i + 1 < j, by induction,

(*) = • 고 { [(주 — i)(l — 즈 一 J)⑦i+J+i + (1 — 0(7 - 주 — 1)⑦i+j+i] 

J - 1

= ~——T(J — 1)0’ + 1 — = (J + 1 — 0 ⑦ i+j+1-
J - 1

If i + I = J, then

[⑦j, ⑦y] = [⑦J—1, ⑦j] ’== ⑦2j—1 • 

\[xi,Xj],Xi] = [⑦2j—1, ⑦ 1] = (1 — 2J 十 1)^2;-

Therefore,

(*) = j]y(2 — 2j)0j + 0 = -2x2j.

[xi.xj^i] = -2x2j = (j + 1 — i)a：i 十 j+i.

Thus we can conclude that

『(j —0 꺼+j, if z+j <p-2
[Xi.Xj] = < .

0, otherwise.

In the previous proposition, we consider in the case of dimL = p. 

For the case of dimL < p, we had proved that L is a classical algebra 

which is embedding in 5/(2, F) [7].
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COROLLARY 5. Let L be a Lie algebra satisfying the same hypoth­

esis in proposition 4. Then L is isomorphic to V7(l; 1).

PROOF. By proposition 4, £ has a basis Xi such that 

if i+j<p-2
[Xi.Xj] = .

k u, otherwise.

Let {包} be a standard basis of VT(1; 1) and define a map 中 : L — 

iy(l; 1) by= ei for all i = —1,0, ...,p — 2.

Then

/r n、 우((』— 0쩌+』') = (j — 거너’ if 주 + J 으 P — 2
竹([꺼,刀]) = 1 .

.(/?(()) = 0, otherwise.

U — 0包+> = [包，이 = [竹(꺼),(X：어)]• So ^[xi.Xj]) = [우(꺼),夕(幻)].

By the definition of(竹, (竹 is onto and kemp = 0. Thus <p is an 

isomorphism between L and W(1 : 1).

THEOREM 6. Let L be a Lie algebra over F with a 1- filtration. 

Then L is isomorphic to 形(1; 끄으).

PROOF. Let { Xi \ i = 1,2, ..,pm} be a basis with a 1-filtration 

{ £(今 | i = —1,0, —2 } of L, where £(今 is generated by :z：i, ⑦沙 …,

xn-i-i. Since W(l;rn) has a basis { 位 | i = —1,0, — 2} satis­

fying
r . f(J — 0=方 if i+j <pm -2
[러’6# = | n n •

( 0, otherwise.

We defined a correspondence between { 包 | i = — — 2} and

{^i | i = } by

(i + 1)!
e2 I“> 거_J Xpm —.j —1 ,

LIj=i Q(p—j)K>—j+i)

for each i. By the similar proof in the previous corollary, 中 is an 

isomorphism from VT(1; m) to L,
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THEOREM 7. If L is an even dimensional Lie algebra, then L can 

not have any 1-filtration.

PROOF. Suppose there is an 1-filtration 結(L) of L.

安(Z) : 0 = L(n—1) C i(n—2) C ... C 刀(1) C L(0) C £(_1) = L.

Then dim(£(j)/L(j+1)) = 1 for each i. Let {^i, ⑦2, …，⑦n} be a basis 

of L such that L(j)=< :ri, 0, > for z = —1,0, ...,n — 2 and

刀(n—i) = 0. Let n = 2k for some integer k. Since [⑦人_i, [⑦人,⑦n]] + 

[⑦k, [⑦n,：까:一1]] 十 [⑦n?[W:-1,。]] = 0,

시Ucn(A+l)사仏 —l)(k+l)l：心 1 十 ^(k—l)nk ‘ 0 十 0 = 0

아 kn(A：+l) 伏 (化一1)(化十!)1 = 0*

SlD.Ce Xk 三 刀n—k—1 히id ⑦n 三 1己—1 j \*^k ? n] '三 I」n — k—1」心一1 으 刀n — k—2 

which is generated by :z：i,a：2, •••,：까:+!• If l^k-> ^n] €< ⑦1, …,：妙人 >, i.e., 

이나cn(k+l) = 0.

[:T人, 이 三<： X\ , X]q〕>으 L/n-k — l*

Soxk G £n_j^butw《 L—k =< :n, i > • Therefore, qjwg!) 羊

0. It implies that afcn(H~i)a(k-i)(H>i)i = 0

(**) W—i)(Gi)i = o.

Fi’om the Jacobi’s identity for ⑦人—어—心⑦人十刀⑦他, we will prove 

a(k—j)(k+j)i = 0. If J = 1, then

[⑦k—2, [:Z：A+L, ⑦n]] 十 [w+L，[⑦n, ⑦A:—2]] 十 [:Z：n, [w：—2 , ⑦ A+l]] = 0,

시Rfc4”l)n(A+2)시仏—2)(fc~F2)l⑦ 1 十 시仏—2)n(k —1)伏(k—1)(人十1)1 ⑦ 1 = 0 
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By (**), 샤<jb+i)n(A：+2)伏(A：—2)(A：+2)1 =()• Using the similar argument, 

사(Gl)n(H"2) 羊 0, thus 이(fc-2)(人+2)1 = 0-

Now we assume a(흐_j+i)(스十y_i)i = 0.

[:Z：人—J, 15 ⑦n]] 4" [⑦k+J—1, [⑦n, ⑦k—j]] 4" [⑦n, [^k—j, 끼+j—1]] = 0,

아 (Gj—1)W+/)W-J)(HJ)1 ⑦ 1 + W—j)n(k—J+l) 사仏-j+l)(HJ-1)1^1 = 0.

By hypothesis, 0仏_7+1)休+>_1)1 = 0,

시'(*+/—l)n(A+/)a(k-j)(H>J)l = 0*

Since a(jt4-j-i)n(A：+j) / 0, ^(ib-j)(A：+j)i = 0. Therefore, a(jb_J)(A.+j)1 = 

0 for all j = 1,2,..., k — l.i.e.,

어 l(n—1)1 = 어 2(n—2)1 = … = 어休一1)(化+1)1 = 0

From the Jacobi’s identity for Xi,xn_i,rcn (i = 1,2, ..,n — 2), if i = 1, 

then

시어(n—l)nn 十 伏2(n—1)2 — 저l(n—1)1 =()•

Assume a(n_i)nn + 사느(n—i)i — a(i—i)(n—i)(i—i) = 0 for i — 1. To prove 

it for i, consider the following;

[:Tj, [：Tn-1,:Z：n]] ”b [^n—15 [*^n，께] 十 [⑦n, [⑦i, 1 ]] = 0,

어in(i+l){시『(n —l)nn 十 애(H»l)(n—l)(i+l) — 시#(n —l)i} =()•

Since 서jn(i+i) 羊 0, for each i = 1,2,n — 2,

C셔셔5) 아 (n—l)nn + 아 (i+l)(n-l)(i+l) — 伏 i(n—l)i = 0.
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If i = ti _ 2, then i)(i4-i) = 아(n—i)(n—i)(n—i) = 0. Thus

아 (n —l)nn = 시＜n—2)(n —l)(n—2卜

Q(n~l)nn + 지 (n—2)(n—l)(n—2) — 새 (n—3)(n—l)(n—3) = 0

implies

2 시gn-l)nn = 시＜n-3)(n—l)(n—3)*

Using this fact in (* * *) for all i,

(기 — 2)어 (n—l)nn = 사느(n—1)V

From the previous induction, 사:(n_i)nn = 0 and [a〉n_i,L] 으 L(o). So 

:rn_i £ •心(i). It contradicts to the definition of 刀(i). Therefore, L has 

no 1-filtration when dimL is even.
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