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Lie Algebras with an 1-filtrations

K. S. Jung

ABSTRACT. Let L be a Lie algebra over an algebraically closed field
F of chracteristic p > 0 which has an 1-filtration. We prove that
W (1;1) is the only restricted simple Lie algebra having an 1-filtration.
And we show that the even dimensional Lie algebra can not have an
1-filtration.

0. Introduction

Let L be a Lie algebra over an algebraically closed field F of charac-
teristic p > 0. If there is a proper subalgebra Lo of L of codimension
1 such that the filtration L;) defined by L) satisfies the following
conditions: dim(L(;y/L¢iy1)) = 1 for all ¢ > —1 and there is some r
such that L,y # 0 but L(,4+1) = 0, then the set of subalgebras L;) is
called an 1-filtration of L defined by L(gy. And L is called an 1-filtered
Lie algebra[7].

Let L be a n—dimensional Lie algebra with an 1-filtration defined
by its subalgebra L) such that dim(L/L)) = 1. Let { L | ¢ =
-1,0,1,...,n—2} be the 1-filtration of L with L(_;y = L. Then we way
assume that each L)y = 0if ¢ > (n — 1). Then dim(L¢;)/L(iy1)) = 1
for each: = —1,0,1,...,n — 2.

1. Filtered Lie Algebras

LEMMA 1.
€< 21,22, .., Titjt1-n >, if ¢ +] >n
[:E,',:I:j

=0, otherwise.
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PROOF. By proposition 2.8 in [7],
[zi,2;] € [L(n-i-1)s L(n—j-1)] C L(2n—i-j-2)-

And the property of the 1-filtration implies that if 2n—i—j—2 > n—2,
then Lgp—i—j—2) = 0. From 2n—(i+3)—2 > n—1,i+j < n. Therefore,
ifi+j < n, then L(3,,—;—j_2) = 0. On the other hand, if 2n—i—j—-2 <
n —2, then i + 7 > n, and L(2p—i—j—3) # 0. Since L(z,—;i—j—2) =<

T1,22y ey Tn—(2n—i—j—2)—1 > =< T1,T2, ...y Titjtl—n > -

In the following Lemma, we will construct a new basis from the
given basis of L. Let z) denote the given basis of L. For each k, a;;i €
F will denote the coefficient of z in the product of z; and z; expanded

with respect to the basis z.

LEMMA 2. Let z,,z3,...,, be a basis of L with an 1-filtration
defined by a subalgebra Ly =< z1,%2,...,Zn—1 > . Then there
exists a new basis {z}} such that [zk,Tn] = Ggn(k+1)Thy, and <

—_— ! !
T1yers Th D2=< T,y Tp >

PROOF. We have [z1,Zn-1] € [L(n-2),L(0)] C L(n-2) =< 1 >
and [z1,n] € [L(n-2), L(-1)] C L(n-3) =< 1,22 > . Let [z1,2p—1] =
01(n-1)1%1 and let [21, Tn] = a1n1%1 + @1n222 for some ay(n-1)1, A1n1
and ajpz € F. If ayn2 = 0, then [z1,2,] = aipiz1 and it implies
[z1,L] €< 21 > . So 21 € L(n—1) = 0. But z; is a basis element and
it is not 0. Therefore aj,2 # 0. Now let 2} = z; and

A1n1

!
Ty = Ty + 2.

A1n2

- o ! J— !
Then [z1,2s] = a1n121 + a1n2(_a_:f:'12'$1 + z}) = a1n2).

]
< z1,22 >=<T},T9 > .
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Assume [zk—1,Zn] = Qk—1nk2) and < zy,..,zp >=<z|,.., T} > .

! !
[zk, zn] €< 27,25, ..., Tht1 >,

[-'L'k, wn] = (aknlmll + akn2$’2 + ...+ Ofknkxlk) + Ckn(k+1)Tk+1-
If agn(r+1) =0, then [zp, 2] €< 21, .2k >=< 2], ..,2) >
[z, L] €< 3, .0p T > .

It implies £x € L(,_r), and it contradicts to that zj is not in L(,_y,).
Therefore, agn(k+1) # 0. So we can put

$2+1 = [(akn12) + Qkn2zh + ... + aknkl'lk)/akn(k-{-l)] + Zg+1.

Then [z, Zn] = Qp(k41)Theq a0d < T,y Thtr S=< T, 00y Thyy >
Therefore, < z1,...,z, >=< 2,...,z,, >= L and it is a new basis for

L such that [zx, Zn] = Ogn(k+1)Thyq-
Next we prove that this new basis of L satisfies the following;

PROPOSITION 3. If L =< Ty,T2,...,Ln > with an 1-filtration, then
[zi,25] = Qijitj+1-n)Tly jy1-n fori < j withi+j 2 n. ie, aijr =0
ifk<(+j+1-n).

PROOF. For[z;,z,], by the previous lemma, it is true for each 1.
Consider [z;, ;] and use an induction on j. If j = 0, then [z;,z,] =
Qin(i+1)%541 by Lemma 2 and we can also assume that it is true for

any t < j. Since [zi,zp—j] =0, for ¢,j such that 0 <t < j <.
[IL',', xt] = O‘it(i+t+1—n)33:'+t+1_n-
Then consider [z, Tt4+1] €< T1,%2, oy Titt42-n > -

[-’b‘-i,-'b‘t+1] = o(t41)1%1 + Xj(1+1)2T2 +...+ Aj(t+1)(i+t+1—-n)Titt+1—n

+ Qi(t4+1)(i+t+2—n)Titt+2—n-
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Now calculate the Jacobi’s identity for z;, z¢, and .

[xi’ [wts .’I)n]] + [zta [.’I:n, :t,]] + [(I:n, [wi’ mi]] =0,
Qi (t4+1)[Xi(t+1)1Z1 F+ Qi(e41)2T2 + oo F Qi(e41)(i4t42—n)Titt42—n)
FAin(i+1)X(i+1)t(i+t+2—n)Titt+2—n

—Qit(itt4+1-n)0(i+t+1—n)n(i+t+2—n)Ti+t+2—n = 0.

From this equality, a¢n(¢41) # 0 implies the following:

Qi(141)1 = Qi(t41)2 = *°° = (1) (i+t41-n) = 0.

Therefore, [zi, T141] = Qi(t41)(i+t+2-n)Tiytp2—n- Forall i, j such that

. . _ ]
i+ 20, [2i,%5] = ijii4i+1-n)Titjp1-n

Next, we show that a Lie algebra of dimension p which has an
1-filtration is unique up to isomorphism by using properties of its
1-filtration.

PROPOSITION 4. Let L be a restricted Lie algebra of dimension p
with an 1-filtration. Then there is a basis {z1, 3, ...,2p} for L which

satisfies the following;

(i, 2,] = { (J —t)ziyj, fi+j<p-2
1y —

0, otherwise.

PROOF. Let {L¢; | ¢ = —1,0,...,p — 2} be an l-filtration of L
.defined by a subalgebra L(g) of codimension 1. Since dimL;y = p —
i — 1 for —1 <1 < p— 2, we may assume L(,_5) is generated by one

element b; € L and L(,_,) is generated by L(,_,) and some element
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by, i.e. L(p_3) =< by1,bp > . For =1 <1 < p— 2, we can assume
Ly =< b1,b2,...;bp—i—1 > . Since b; € L(,_;_;) but not in L,_y),

[bi,L] ¢ L(p-—i—l) =< b17b2’ ey b; >
[6:, b5] € Lip—i~1)L(p-j-1) € Lizp~i~j-1)

C Lizp—(i+p-1)-2) = L(p—i-1)-

By Proposition 3, we can assume that there exists a new basis { z; |
—1 <17 < p—2} such that [b;,b;] = a;j(itj+1-p)Tit+j+1-p for ¢ and j
such that 2 + 7 > p. Now define this new basis which satisfy the given

properties as following;:
(i41)!

Let z_; = b, and z; = A;by,—;—1, where A; = —
P : P ! H;i]i. X(p-j)p(p-ji+1)

F,fori=0,1,...,p — 2. Then we need to show

0, otherwise.

[x'x.]_{(j_i)xﬁjv if i+j<p-2
tyby] —

First, let’s prove [z1,z;] = (2 — 1)zi41

20 (p—i=1)(p=2)(p—i=2)

A(p—1)pp%¥(p—2)p(p—1)
_E=-1)(+ 2)

A(p—i—2)p(p—i—1)

= 20(p—i—1)(p—2) (p—i—2)X(p—i—2)p(p—i—1)

(1= 1) +2)ap-1)pp®(p-2)p(p-1)

=(i = 1)(¢ + 2)ap-1)pp@(p-2p(p-1) ~ 2{X(p-2)p(p-1)%(p=i=1)(p~1)(p~i~1)
+ A(p—i—1)p(p—) X (p—i)(p=2)(p—i-1) }
(by Jacobi’s identity of by—i—1,bp—2,bp)
=(1 = 1)t + 2)ap-1)ppX(p-2)p(p-1) ~ 2L0(p-2)p(p—1)%(p—1)pp

= 20(p—i—1)p(p—i) A(p—i)(p—i)(p—i—1)
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=[(¢ = 1)@ + 2) = Z]a(p-1)pp(p-2)p(p—1) — 2{Q(p=2)p(p-1)X(p—i) (p—1)(p—i)
+ Q(p—i)p(p—i—1)X(p—i—1)(p—2)(p—i) }
=[(1 - 1)(E +2) — 20 — 24 — 1)]ap-1)ppQ(p-2)p(p—1)

= 20(p—i)p(p—i—1)%(p—i—1)(p—2)(p—i)

By repeating these calculations for ¢ in the second part, we can get

the following;:

=[G -1)e+2)-2{i+(-1)+..+ 4}]a(P—1)PPa(P—2)P(P—1)
— 20(p—4)(p—2)(p—5)X(p—5)p(p—4)
=[(E-1)E+2) =2+ (= 1)+ ... + 5+ 4+ 5lap-1)pp(p-2)p(p-1)

. . i+1
=[(¢ = 1D +2) = 2[5~ - ¢ = Ula-1)pp2(p-2p(-1) = 0.

(Z-1)(E+2)!
A(p—1)pp - - - X(p—i=2)p(p—i-1)
_ —2( + Dlep-i-1)(p-2)(p=i-2) by—i_s = 0.

Q(p—1)pp%(p—2)p(p—1)¥(p—1)pp---X(p—i—1)p(p—i)

(i—1)zip1 = — bp—i—2

And

—2(i + Dlep—i—1)(p—2)(p—i—2)bp—i—2

A(p—1)ppX(p—2)p(p—1)¥(p—1)pp*--X(p—i—1)p(p—1i) .

[51:1,.’1:,‘] =

Therefore, [z1, ;] = (¢ — 1)zi4+1. Now use an induction on j in [z;, z;]
and assume ¢ < 7. Since =1 <1 < j3<p—2andi1+4+) < p-2,
the initial number for j is zero. Thus, for j = 0,[z_1,z¢] is the only

possible case.

[.’1:_1,.’1,‘0] = [bp,Albp_I] = _Ala(p—l)ppbp =T-1.
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Now, assume that [z;,z;] = (j — 1)zi};. In the case of j + 1,

1
[13i,$j+1] =[III,', ‘;T—l'[xl’w]]] =

1
= (-l e, il = o, o, )

j
*) =

1
j — 1[-'171" [mlij]]

1
J—1

((z - j)[$i+j,ll:1] + (1 - z.)[xi+1’:’:].])

If : + 1 < 7, by induction,

1
J—1

(%) = (=)A=t =J)Tivjr1 + (1 =) — i = D)zitj41]
1 . . . . .
=T——T(] — 1)@ +1-0)zipj41 = 0 +1-0)zigj.
If i+ 1=y, then
[zi,2;] = [zj-1,2;] = z2j-1.

[[zi, 23], 21] = [22j-1,21] = (1 — 25 + 1)zo;.

Therefore,

1 .

[zi, zj1] = =222 = (G + 1 = 1)Tigjp1.

Thus we can conclude that

(G —1)zitj, fi+j<p-2
[zi, 2] =

0, otherwise.

In the previous proposition, we consider in the case of dimL = p.
For the case of dimL < p, we had proved that L is a classical algebra
which is embedding in sl(2, F) [7]. o
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COROLLARY 5. Let L be a Lie algebra satisfying the same hypoth-

esis in proposition 4. Then L is isomorphic to W(1;1).
PROOF. By proposition 4, L has a basis z; such that
(G —Dzipj, if i+5j<p-2
[zi,zj] = )
0, otherwise.

Let {ei} be a standard basis of W(1;1) and define a map ¢ : L —
W(1;1) by ¢(z;) =e; for all i = —1,0,...,p— 2.

Then

(4 —Dzit;) =G —eirj, if i+5j<p-2
o([zi, z;]) = )
: ¢(0) =0, otherwise.

(4 = Deirj = [ei 5] = [p(xi), p(2;5)]. So p([zi,;]) = [p(w:), p(z;)]-

By the definition of ¢, ¢ is onto and kerp = 0. Thus ¢ is an
isomorphism between L and W(1: 1).

THEOREM 6. Let L be a Lie algebra over F' with a 1- filtration.
Then L is isomorphic to W(1;m).

PROOF. Let {z; | + = 1,2,..,p™ } be a basis with a 1-filtration
{Lu |t =-1,0,...,p™ =2} of L, where L; is generated by z,, z2, ...,
Tn_i—1. Since W(1;m) has a basis {e; | i = —1,0,...,p™ — 2} satis-
fying

(= iJeitss if i+j<pm—2
[eise5] = { :
0, otherwise.
We defined a correspondence between {e; | ¢ = —1,...,p™ — 2} and
{z;]7=1,..,p™} by
(4 1)
H;ill A(p—5)p(p—j+1)

for each :. By the similar proof in the previous corollary, ¢ is an

e; — Tpm—i—1,

isomorphism from W(1;m) to L.
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THEOREM 7. If L is an even dimensional Lie algebra, then L can

not have any 1-filtration.

PROOF. Suppose there is an 1-filtration (L) of L.
%(L) :0= L(n—-l) C L(n_z) Cc..C L(l) C L(g) C L(_l) = L.

Then dim(L;y/L¢iy1)) = 1 for each i. Let {z1,2,...,z,} be a basis
of L such that L;y =< z1,22,...,Zp—i—1 > for i = -1,0,...,n —2 and
L(n—1) = 0. Let n = 2k for some integer k. Since [zx_1, [zk,2s]] +

[@k, [Tn, Th—1]] + [?n, [zk—1,2k]] =0,

Akn(k+1)%(k=1)(k+1)1Z1 + A(k—1)nk 0+ 0 =0

Qn(k+1)%k—1)(k+1)1 = 0.

Since zx € Lp—k—1 and z, € L_y, [Tk, 2n] € Lp—k—1L_1 C Lyp_—2
which is generated by z1,z2,...,xk+1. If [2k, 20| €< 21, ..y Tk >, 1€y
Apn(k+1) = 0.

[mk,L] ES T1yeeey Tk >C Lpp——1.

Sozy € Lp—k,but zx & Ln— =< 21,...,2k—1 > . Therefore, ag,(x+1) #
0. It lmphes that Ckn(k+1)X(k—1)(k+1)1 = 0

(**) a(k-1)(k+1)1 = 0.

From the Jacobi’s identity for zi_j_1,%k4j,2n, we will prove

(k-5 (k+j)1 = 0. If j =1, then

[wk—z, [$k+1,$n]] + [wk+1, [wn,wk—z]] + [wn, [wk—2,$k+1]] =0,

Q(k+1)n(k+2)X(k—2)(k+2)1T1 + A(k—2)n(k—1)%(k—1)(k+1)1T1 = 0
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By (**), ¢(r+1)n(k+2)®(k—2)(k+2)1 = 0. Using the similar argument,

Q(k4+1)n(k+2) 7 0, thus ax—2)(k+2)1 = 0.
Now we assume o (x—j+1)(k+j—1)1 = 0.

[@k—js [Zr4j—1,Zn]] + [Zr4j=1, [Tn, Th—j]] + [Zn, [2r—j, Th4j-1]] = O,

Q(k+j—1)n(k+5)% (k=) (k+)1%1 F+ O(k—j)n(k—j+1)X(k—j+1)(k+j-1)1%1 = 0.
By hypothesis, a(x—jt1)k+j-1)1 = 0,
Q(k+4j—1)n(k+5)%(k—j)(k+j)1 = O

Since Y(k+j—-1)n(k+75) 7é 0, A(k—5)(k+5)1 = 0. Therefore, A(k—5)(k+5)1 =
Oforallj=1,2,....,k — lie,

Ai(n—-1)1 = O2(n—-2)1 = +o+ = Q(k-1)(k+1)1 = 0

From the Jacobi’s identity for zi,zpn—1,2, (: =1,2,..,n—2),if 1 =1,
then

Q(n-1)nn + ¥2(n-1)2 — ¥1(n-1)1 = 0.

Assume ®(n—-1)nn T Xi(n—1)i — X(i-1)(n—1)(i-1) = 0 for i — 1. To prove
it for ¢, consider the following;

[xi, [mn—h(cn” + [$n~], {xn, zt]] + [wn, [z'i,xn—l]] = 0,

0‘in(i+1){Of(n--—l)nn + E(i4+1)(n—-1)(i+1) — CVi(n—l)i} =0.

Since @;n(i+1) # 0, for each i1 =1,2,...,n - 2,

(***) A(n-1)nn + Q(i+1)(n=1)(i+1) — Xi(n—-1)i = 0.



LIE ALGEBRAS WITH AN 1-FILTRATIONS 85

If : = n— 2, then Q(i+1)(n=1)(i+1) = Yn-1)(n-1)(n—1) = 0. Thus
U(n-1)nn = ¥(n—2)(n—1)(n—2):

A(n-1)nn T A(n—2)(n-1)(n—2) — a(n-—3)(n—rl)(n—3) =0
implies

2O‘(n—l)nn = ¥(n—-3)(n—1)(n-3)-

Using this fact in (* % %) for all ¢,

(n - 2)a(n—l)nn = X1(n-1)1-

From thevprevious induction, a(p—1)nn = 0 and [z,_1, L] C L. So
Tn—1 € L(1). It contradicts to the definition of L(;). Therefore, L has

no 1-filtration when dimL is even.

REFERENCES

. Block R.E., Wilson R.L., On Filtered Lie Algebras and Divided Power Al-

gebras, Comm in Algebras 3(7) (1975), 571-589.
, Restricted Simple Lie Algebras, In Lie Algebras and Related
Topics CMS Conf. Proc. 5 (1986), 3-17.

. Chow Yutze, General Theory of Lie Algebras I,II, Gordon and Science

Publishers Inc., 1978.

. Ermolaev J.B., Simple Graded Lie Algebras, Soviet Math.(Izv. vuz) 24

(1980), 93-98.

. Humphreys J.E., Introduction to Lie Algebras and Representation Theory,

Springer-Verlag, Berlin, 1972.

. Jacobson N., Lie Algebras, Interscience, New York, 1962.
. Jung K.S., On Simple Lie Algebras of Characteristic p and 1-filtrations,

University of Iowa Ph D Thesis, 1990.

. Kac V.G., Description of Filtered Lie Algebras with Which Graded Lie

Algebras of Cartan Type are associated, Izv. Akad. Nauk SSSR Ser. Mat.
38 (1976), 801-835.



86 K. S. JUNG

9., Filtered Lie Algebras of Cartan Type, Uspehi Mat. Nauk 29
(1974), 203-204. )

10. Strade H. and Farnsteiner R., Modular Lie Algebra and their representa-
tion, Marcel Text Books and Monographs, 1987.

DEPARTMENT OF MATHEMATICS
KEONYANG UNIVERSITY
NoONsAN, 320-800, CHUNG-NAM



