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Flows Associated with Semiflows
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1. Introduction
It is known that if the map 7r' : X X is surjective for each 

t E 政七 then a triple (Xoo」R,7「8)is flow [2]. The purpose of this 
paper is to prove this fact without assumption, as follows:

THEOREM. Let (X」R+,7「) be a semiflows. Then a triple 
(Xoo,1R*「8)induced by (X,R+,?r) satisfy the conditions of How.

We say that a triple (X, T, 7r) is a dynamical system^ where X is 
a topological space, 꼬 is a topological group and tt : X xY X is 
a continuous function satisfying (a) ?r(皿 e) = x for x E X and (b) 
(7r(7r(x,f),s) = for any s^t E T and x E X. For convenience
we shall write X7vt or xt for 7r(a;, f). We call a flow if T = R, the group 
of reals, and a semiflow if T = R+, the group of nonnegative reals, 
and a if T = Z, the group of integers.

2. Proof of the theorem
In this section we shall show our theorem. To prove the theorem, we 

need some definitions and lemmas. Let (X, R+,7r) be a semiflow and 
let X = [Leir+ Xt be the product space over the index set s G R+ 
directed by the usual order relation on the reals and Xt = X for 
all t G 股+° Given x = G X and s G define the map 
7F : X > X by 7r((o：t), s) = (:wrs). Then it is known that a triple 
(X,R+, 7F)is a semiflow which is usually called the direct product of
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semiflow family {（-¥/, 7r） : Xt = X」t £ R+}. Put X。。= {⑦=«勿）G 
X : xt = Xsir（s — i） s.t e R+ with s > f}. Let』:Xg x IR —> 
be defined by: given x = G Xg and r G R+,

' （饥）, Vt = 新찌，- t）,0 < t < r, 
XTV^r = <

、3t）, yt=xt^r,t>r

and

混*8（一厂）=（灼）, 由=工1・

Let us show that this definition is well-defined.

LEMMA 1. The map 而。is well-deiined.

PROOF. It is sufficient to show that （切怂〉質）7「$（s — i） = «切8尸）t 
for 6 R+ with s > i. To prove this 시aim, we have four cases.

（а） 0 < r < t. From （初「8尸）$冗（$ 一 t） = x9-r7r（s — i） = 質 and 
（Z7T8厂）t = xt-r , we obtain （初r。。尸）$가■（$ — *） = （初r。。質）t・

（б） t <r < s. From（X7roor）d7r（s-t） = 乩一尸기「（s-t） = （x5_r7r（s- 
厂））7r（厂一i） = x07r（r - t） and （助r。。尸）t =新冗（尸一f）, we obtain 
（:切°。尸）S7「（$ - t）=（初「8質）t・

（c） s <r. From（z7T8尸）=（£o7r（7*-s）7r（s-t） =
and （z7Foor）t = — i）, we obtain （亿冗。。尸）$冗（s -1） =（£冗8尸力・

（c?） r < 0. From （初「8厂）$7「（$ - Z）=如一预（s 一 t） = xt^r and 
（^力8尸）t =知一質,we obtain （a：7roor）s7r（3 - £）= （^冗。。尸）Hence we 
conclude that （a；7roo）s7r（s — £）=（初r。。質）t・

DEFINITION 2. R : X。。一）X、 I e R+, is called canonical pro- 
jection .

In order to show that a triple （乂8,股，冗8）is flow, we need the 
following property:
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LEMMA 3. The family D X。。: t E R+, U G X)open} is a
basis for the topology on X。。.

PROOF. Since Xoo is a subspace of product space X, given an 
open neighborhood of a point x = € X。。，there exist open
neighbord Ui^U2r- ,Un of respectively, such that
£ =(外)g p：(Ui) n "S) n-.-n R丁(％) n Xg c % for 
切盘2,・・・ € R+・ To prove this claim, it is sufficient to prove that
x = St) € P~1(V)nXoo C Woo for s C R+ and an open neighborhood 
V of xs in X. Put s = maxi<i<n(ti}. Then, we have s > 左.By the 
continuity of semiflows, we find an open neighborhood V of xs with 
VW「(s — ti) C Ui for an open neighborhood Ui， From the fact that 
yti = 為기伯 一 if) e Vtv(s 一 圮 C Ui for y E 「】 X。。)we get
y € Pl Xoo・ Consequently, we have

挪=(如)€F「1(V)DX8

UR「(U1)nP；(U2)n・・・「InXoo c w。。，

ending the proof.

If we replaces index set R+ by index set the statements of 
Lemma 3 remain true.

COROLLARY 4. The family {2^71(?7)nXoo : n G Z+, U C open} 
is a basis for the topology on X*

PROOF. For an open set Woo in X。。, let x € C X。。- By 
Lemma 3, there exist a ti G R+ and an open subset Ui in X such 
that x 6 R「((7i)riX8 C Woo- In particular, we choose n € Z+ with 
n > fi. The fact that Vtt(ti — <i) C Ui for an open neighborhood V of 
xn comes from the fact x3ir(rt — 切)= ⑦此 G Ui and the continuity of 
semiflow. If yn € V, it follows that ytl = yn7r(n 一切)E 卩冗("一切)G
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Ui ・ So, we obtain

z e p^CV)nXooC p；(Ui)nx^c

as desired.

PROOF. To prove our Theorem, it is sufficient to prove the fact 
that the map ij〉: Xg x R satisfy the conditions of flow.

First condition. From(Z7「8())t = we obtain
Second condition, we prove that (⑦力。。尸)冗8$ = Z7「8(「+ s) for any 

7? 3 € R.
Case (1) r > 0, a > 0.
(a) 0 < t < <s. The fact that ((助「8質)7「8$)* = (z&kJ厂 + s))t comes

from the fact ((&力8厂)丸8$)t = (@冗8厂)o冗(s — t) =(7()冗厂)冗($ — t)= 
x()7r(s — t) and (^^(r + s))t = + s — £). Hence, we obtain
(z 기「8厂)7「ooS = 如「8(厂 + s)・

(b) s < t < r + s. The fact that ((奶「8厂)7「8$)t = ("「8(尸 + s))t 
comes from the fact ((^7roor)7rOo'S)t = (亿冗。。尸)t-s = 新冗(厂 一£ + s) 
and (xTToo(r + s))t = x()7r(r + s — Z). Hence, we obtain (岔冗。。厂)兀8$ = 

X7Foo(r + s).
(c) r + s < t. The fact that ((X7roor)7r(x>s)t =(岔力8(厂 + s))t comes 

from the fact that ((^冗。。尸)％*8S)t =(⑦冗8尸)t-s =工*_$ and (冗。。(尸 + 

s))t = xt-3^r- Hence, we obtain (⑦冗8厂)力8$ =⑦冗8(厂 + £).

The proofs of the other cases (2) r > 0, —r > s > 0, (3) r > 0,3 < 
—r, (4) r < 0,s < 0, (5 ) r < 0,a > —匚 and (6) r < 0,0 < 5 < 
irrespectively, are similar to the proof of (1).

Third condition. We shall show that tFqo : X。。x R —> is
continuous. Let us write xTr^r = y C X。。for the corresponding 
map 7Too : Xg x R —> X。。- By Lemma3, the basis neighborhoods of 
y always have the form P['(U、) A X。。for s G R+・ We claim that 
ys = a:n7r(n + 厂 一 s) for n = s + |씨 + 1. To prove this claim, we have 
to show the following three cases.
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(i) 0 < 3 < r. ys = - s) = (xn7rn)7r(r 一 s) = a:n7r(n — s + 厂).

(ii) 0 < r < s. From the fact that y3 = x3^r and n = s + r + l> 
s —匚 we obtain ys = xs-^r = xn7r(n — s + r).

(iii) r < 0. From the fact that y3 = x3^r and n = s — r + 1 > s — r, 
we obtain y3 = x3^.r = Xn7r(n — s + 質).

By (i), (ii), (iii), we have always the form ys = xn7r(n — s + 質). 

Now, there exists an open neighborhood V of xn and 0 < e < 1 , 
respectively, such that V?r(n + r — s — + r — s + e) C U by the
continuity of semiflows. From xn G V, we assert that (P~1(V) A 
X8)7「8(質 一 8,尸 + 8)C F$T(U) n X。。for z € 巴尸(V) n X* To 
prove this fact, we shall that(2冗8*)$ = zn7r(n +1 — s) for any z €

「)Xoo and t € (r — 6,r + £). To check this claim, we have 
three cases.

(a) 0 > S > £・(27「8t)s = Zo7「(£ 一 s) =(2危7「n)7「(£ 一 S)= 2危7「(72 + 
t _ S)・

(0、) 0 > < > 5. By(Z7root)s = and n < 3 — t, we have 
SoofL = zn7r(n + t — s).

(7) 0 < s. By (材8成 = zs-t and n > s — we have (材8成 = 

zn7^(n + t - s)
Therefore, we obtain that(2冗8?)$ = zn7v(n + t — s) € V”r(n + 

質一s —饥 n + 厂一s + 时. Consequently, from the fact that C
A Xoo,the map : x R —> Xqq is continuous. This

completes the proof.
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