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A Characterization of The Strong 

Measurability via Oscillation

Sang Han Lee, Jin Yee Kim and Mi Hye Kim

ABSTRACT. Let (Q,S,/z) be a measure space. A function / : Q —
X is said to be equioscillated if for each set A E S of positive measure 
and for each € > 0, there is a measurable subset B of A of positive 
measure such that the inequality

supweB — inf^^B x*f(⑵) < e
holds for every x* with ||a?*|| < 1. Strong measurability of a vector 
valued function is characterized using equioscillation.

Let (Q, S, 사) be a finite measure space, and let X be a Banach 

space with continuous dual X*.

A function f Vl — X is said to be strongly measurable if there 

exists a sequence (/n) of simple functions from Q into X such 

that

lim|Lfn-/|| =0 
n

almost everywhere.

A strongly measurable function f : 血 — X is called Bochner 

integrable if there exists a sequence (/n) of simple functions from Q 

into X such that
lim [ ||/ — fn\\dfi = 0. 

n Jq

A function f : Q, — X is Pettis integrable if

(1) for every a:* G X*, the scalar function x*\f is //-measurable 

and /z-integrable, and
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(2) for every A E S, there exists an xa E X such that

:z：*Oa) = [

J A

for every :r* G X*.

In [3], L. H. Riddle and E. Saab introduced the Bourgain property 

to investigate the Pettis integrability of a function / : 12 — X*.

In this paper, we strengthen the Bourgain property to, what we 

call, the equioscillatedness. Surprisingly, we find that the strong mea­

surability of a function / : Q —스 X is equivalent to saying that f 

is equioscillated. This is a characterization of strong measurability of 

vector valued functions analogous to Pettis’s measurability theorem.

All notations and notions used and not defined in this paper can 

be found in [1], [2], and [3].

DEFINITION 1. Let (Q,E,/i) be a measure space. A family 포 of 

real-valued functions on (2 is said to have the Bourgain property if the 

following condition is satisfied : For each set A G S of positive measure 

and for each e > 0, there is a finite collection :F of measurable subsets 

of A of positive measure such that for each / G 파, the inequality

sup f(cg) — inf /(cu) < 6 
wes 요日

holds for some member B of :F. A function f : Q, — X is said to have 

the Bourgain property if the set {x*/ : ||a:*|| < 1} has the Bourgain 

property.

PROPOSITION 2 [3, Theorem 13]. A bounded function f : Q — X* 

which has the Bourgain property is Pettis integrable.

The converse is not always true. In fact, there is a universally 

Pettis integrable function without the Bourgain property [3, Example 

14].
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DEFINITION 3. Let be a measure space. A family 파 of

real-valued functions on Q is said to be equioscillated if the following 

condition is satisfied : For each set A € S of positive measure and for 

each e > 0, there is a measurable subset B of A of positive measure 

such that the inequality

sup/(a;) — inf/(u?) < €

holds for every function f in ①. A function f : Q — X is said to 

be equioscillated if the set {x^f : ||:r*|| < 1} is equioscillated.

The difference between the equioscillatedness and the Bourgain 

property lies in the number of elements of :F. For the equioscillated­

ness, we required T7 to be a singleton {」B}.

PROPOSITION 4. If a family 다 of real-valued functions on Q is 

equioscillated, then the point wise closure of ① is also equioscillated.

PROOF. Let e > 0 be given, and let A in S be fixed with 

,i(A) > 0. Since 포 is equioscillated, there exists a subset B of A 

with /』(B) > 0 such that

(1) sup*) — inf f(iv) < |

for all / in 또. For each g in there exists a net (/a) in ① 

such that g is a pointwise limit of (/Q). We can choose fao in 

{fQ} and ⑵i,(心2 in B such that

(2) | sup g(⑵) — fao(⑵ 1)1 < 7 and I infg(cj) — (⑵2)| < p
노 eB 4 4

By (1),(2)

sup 우(⑵) — inf g(u?) < e.
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This completes the proof.

The following is stated in p.42 of [2, Corollary 3] without an indi­

cation of an argument. To make this paper self-contained and clear, 

we give an argument.

LEMMA 5. A function f : Q — X is strongly measurable if and 

only if f is the /—almost everywhere uniform limit of a sequence of 

countably valued strongly measurable functions.

oo
PROOF. We need to prove only sufficiency. Let gn = 分 ^n,k^En k 

k=l
with. 仁 入, •日= 0『이： 으 7스 日njc 三 分 and = Q.

Suppose that f is the ^-almost everywhere uniform limit of (우n). 

We may assume that

(3) ||gnM-/(#<：

n

for all w G『2 without loss of generality. Since /z(Q) is finite, for each 

n, there exists an integer ln such that 싸(U요을仏十亡日⑵化) < 느. Put 

En = U으어/n_|_rE?n,k. This gives rise to a simple function

In 

흐 = I丄 
k=l

Note that

⑷ fn = 9n cm Q — En,

Now we take a subsequence of (/n) as follows: Pick a subsequence 

{Enk} of {En} so that

/』(Enjb) <
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and let

Ek = U^kEnp.

Then clearly, {Ek} is decreasing and

11 1
Wk) 玄 자 + 휴豆 + … = 파zp

Let A = A유의X」E入。Then /』(A) = 0. For every cu 우 A, there exists 

an integer n such that ⑵ 오 En, which implies u; 必 Ek for all k > n 

since the sequence {Ek} is decreasing. Moreover, for such w and n,

\\fnk(^>) - /(이)|| 으 ||/nfc(w) — 9nfc(w)|| + ||如»,(아) — /(또)||

= II引이 (X)ll

1
< —

nk

using (3) and (4). This shows that the sequence of simple functions 

(fnk) converges to / on Q —A. This completes the proof of the lemma.

THEOREM 6. A function f : Q — X is strongly measurable if 

and only if f is equioscillated.

PROOF. Suppose f : 血 -今 X is strongly measurable and let (/n) 

be a sequence of simple functions for which

lim||/ —/n|| =0 a.e. 
n

Let A be a measurable subset of Q with ^(A) > 0, and let 

e > 0 be given. By Egoroff’s theorem, there exists a set B with 

I丄(tl — B) < /』(A) such that the sequence (fn) converges uniformly 

to f on B, Choose an integer n so that

11/(⑵) 一 /n(⑵)|| < 우
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m
for all cu in B. Let /n =⑦i기4e左 , ⑦i G X, and let UjL1Ej = (2. 

i=l
Then there exists a set C in {乃1, 乃么厂 • • , Em} such that

li{A ABAC) > 0

since /z(A A B) > 0, and /z(A「1 B) = /z(A Q B Q (□까니乃/)) = 
m
乞以An Bn乃).
j=i

Let x* be an element of {⑦* G JV* : ||:r*|| < 1}. Then for all

c세2 in AD B 0

k*/(⑵ 1) — ^*/(^2)| < k*f(⑵ 1) — 分/n(⑵ 1)1 + k*/n(⑵ 1) — ^*/n(^2)| 

十 |；r*/n(⑵2)— 文*/(⑵2)|

으 ||/(이1) — fn(⑵1)|| + 0 十 ||/n(⑵2)— /(⑵2)|| 

6

너 2’

Now we can choose cvi,u?2 in AQ B QC so that

I sup 甘/⑷) 一 ⑦*/(u；i)| < ； 

u；eAnBnc 사

and

I _ jnf — <f(⑵2)l <

afEAnBnC 4

Then

sup :<f(uO— inf < <f(⑵ 1)+；—(⑦*/(“)—；) < e

ofeAnBnC cKAnBnC 4 4

This shows that f is equioscillated.

Conversely, suppose f is equioscillated. Since (Q, S,;z) is a finite 

measure space, for each n, there exists a sequence (Bn,jJ of pairwise 

disjoint measurable sets with positive measure such that

sup x*/(u?) — inf x*y(cu) < 1, n = l,2,3, ••• 

나GBn,k wesn,k n 
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for each ⑦* in {ar* G X* : ||jr*|| < 1}, and — UkBn,jJ = 0.

Note that /z(Q — An Uk Bn,k) = 0. Define

oo

/n = 시/(⑵ n,k)〉VBn,fc 
fc=l

where each ⑵n,人 is fixed in Bn,k.

If cv is an element of Dn Uk Bn,k then there exists a sequence 

0日n,kn) sii산i that ⑵ is in Bn,kn for each n. And

||/n(⑵) — /Mil = sup I WW) — WW)I
||x*|| 의

= sup | :r*/(u；njbn) —⑦*/(⑵) |

< sup | sup x*f((나) — inf x*f((心) |
||x*||<l U；€Bn,Jbn ⑵ G 匕n,fcn

1
< 스

n

for all u? in An Uk Bn,k>

This shows that (/n) converges uniformly to f almost every­

where, hence f is strongly measurable by Lemma 5. This completes 

the proof.

COROLLARY 7. A bounded function f : 血 — X is Bochner 

integrable if and only if f is equioscillated.

COROLLARY 8. A function / : Q — X* is strongly measurable if 

and only if {xf : ||씨| < 1} is equioscillated.

PROOF. For each :r** in X“* with ||鉛**|| < 1, there exists a 

net (xa) in {x E X \ ||씨| < 1} which converges weak* to :r** by 

Goldstine’s theorem. Hence x^f belongs to the pointwise closure 

of {xf : ||a;|| < 1} since ((/((』;))(☆)) converges to ^**(f(u?)) for 

each u; in 12。
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By Proposition 4, {:r**/ : ||：r**|| < 1} is equioscillated if and only 

if {xf : ||a;|| < 1} is equioscillated. Hence f is strongly measurable 

by Theorem 6.

There exists a function f : Yl — X such that x노 f = 0 almost 

everywhere for each :r* in X*, but f is not equioscillated ( i.e. 

f is not strongly measurable ).

EXAMPLE 9. Let (Q, 三 ([0,1], Lebesgue measurable sets, 

Lebesgue measure) and let Z2P，1] be the set of all functions x : 

[0,1]—>2? for which ||씨| = [ 乞 |x(r)|2]i < 00. Then Z2P，1] is 
*[0.1]

a Banach space whose dual is (Z2[0,1])* = I2[0,1]. The action of ① 

in 必2[0,1])* on x in Z2P, 1] is given by

①(⑦) = 리 ^(r)^(r)«
rG[0,l]

Define a function / : Q —> 시으, 1] by r — er, where

f 1 if r = t 

아 CO = \ .
[ 0 otherwise.

For each x* in (Z2[0,1])*, x*f : fl — J? has at most countably 

many non-vanishing points, since a:*/(r) = :r*(r) for all r in Q, 

and since :r* is an element of I2[0,1] = ( I2[0,1] )*. Hence x*f = 0 

almost everywhere.

But f is not equioscillated. Indeed, for B in S with > 0, 

fix r in B and put ⑦* = er then

父*/(r) = ^r(/(r)) = er(er) = 리 er(Z)er(Z) = 1.

tG[o,i]

And if / r) is an element of B, then

하*/CO = er(f(』)) = 아(伍) = 匕 er(s)et(s) = 0.

k[o.i]
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Hence

sup :r*jf((x；) — inf := 1.
cuEB 우B
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