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Introduction

One of typical submanifolds of a Sasakian manifold is the so-called
generic submanifolds which are defined as follows: Let M be a subman-
ifold of a Sasakian manifold M with almost contact metric structure
(¢, G, ¢) such that M is tangent to the structure vector £. If each nor-
mal space is mapped into the tangent space under the action of ¢, M is
called a generic submanifold of M [2], [8].

Many subjects for generic submanifolds of a Sasakian manifold were
investigated from various different points of view. In [4], [6], [7] Ki, Kon
and Yano studied basic properties of generic submanifolds in a Sasakian
manifold. In particular, under the assumption that the shape operator
A* in the direction of the mean curvature vector is commutative with the
f-structure f induced on the submanifold, some characterizations and
some classifications of generic submanifolds with parallel mean curvature
vector in a Sasakian space form were obtained [1], [3].

On the other hand, Ki, Takagi and Takahashi proved the following
theorem:

THEOREM A ([5]). Let M be an n-dimensional compact generic sub-
manifold of a complex projective space P,,C with nonvanishing paral-
lel mean curvature vector H. If ||H||> < (y/n — 1), then the shape
operator A* in the direction of the mean curvature vector and the f-

structure f induced on M commutes each other. Moreover we have
IVA*||?> = 8(n — m).

The purpose of this paper is to prove Theorem A as Sasakian analogue.
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1. Generic submanifolds of a Sasakian manifold

In this section, basic properties of generic submanifolds of a Sasakian
manifold are recalled [3], [8].

Let M be a Sasakian manifold of dimension 2m+1 with almost contact
metric structure (¢, G, ¢). Then for any vector fields X and Y on M, we
have

$*X = —X +n(X)E, G(¢X,9Y) = G(X,Y) = n(XIn(Y),
n(6X) =0, ¢£ =0, n(¢) =1, G(X,§) = n(X).

Furthermore we have
(1.1) Vx€=¢X, (Vx9)Y = -G(X,Y)t +n(Y)X,

where V denotes the Riemannian connection of M.

Let M be an (n + 1)-dimensional Riemannian manifold covered by a
system of coordinate neighborhoods {U; z*} and isometrically immersed
in M by the immersion i : M — M. Throughout this paper the indices
tJ,k,... run from 1 to n + 1. We represent the immersion : locally by

yA:yA(xh), (A:l,,n+1,,2m+1)

and put BJA = 9;y4, (9; = 3‘27) then B; = (Bf) are (n + 1)-linearly
independent local tangent vector fields of M. Hereafter the indices
U, v,w, T ... run from n+2 to 2m+1 and the summation convention will
be used. The immersion being isometric, the induced Riemannian metric
tensor g with components g;; and the metric tensor § with components
0yz of the normal bundle are respectively obtained:

9ji = G(Bj,Bi)v 6yz = G(Cy,Cz).

By denoting V; the operator of van der Waerden-Bortolotti covariant
differentiation with respect to ¢ and G, the equations of Gauss and
Weingarten for the submanifold M are respectively given by

(1.2) V;B;i = A5,C., V,C.=-AlB,,

z
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where A%, are components of the second fundamental tensors and the
shape operator A® in the direction of C, are related by

A® = (AM) = (Ajiyg™¥®), ¢ = (g;)".

An (n + 1)-dimensional submanifold M, tangent to the structure vector
€, of a Sasakian manifold M is called a generic submanifold if

¢NP(M) C TP(M)

at each point p € M, where Tp(M) is the tangent space of M at p and
Np(M) the normal space at p, [3], [7]-

In the following, we have only to consider generic submanifolds of a
Sasakian manifold. Then the transforms of B; and C, by ¢ are respec-
tively represented in each coordinate neighborhood as follows:

(1.3) $B; = flB - JiCs, ¢C, = J!By,

where we have put f;; = G(¢B;, B;), Jjz = —G(¢B;,C;), J;; = G(¢C,,
B;), th = f;ig** and Ji = Jjy6¥*. From these definitions we verify that
fii+ fij = 0 and Jjz = Jgj.

Since the submanifold M is tangent to the structure vector £, we can
put

(1.4) £ =v"B,,
where v; = G(C,, £),v" being the associated vector with respect to vy.

By the properties of the Sasakian structure tensor (¢, G, ), it is, using
(1.3) and (1.4), seen that

(1.5) fifl = =68+t + JEIE, JLIF = 62,
(16) fth']at: =0, fjtvt =0, Jtzvt =0,
(1.7) vgvt = 1.

Because of (1.5) and (1.6), it is clear that f3 + f = 0. This shows that
fis an f-structure induced on M.
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Differentiating (1.3) and (1.4) covariantly along M and taking account
of (1.1) and (1.2), we find [6]

(1.8) Vifl = —gijoh + 6rvj + AL TE — AF T,
(1.9) Vidje = Akraf],  Vjvi = fji,
(1.10) Ajre ™ = AP Jpg,

(1.11) Ajrzv" = = Jjg.

In what follows we suppose that the ambient Sasakian manifold M is of
constant ¢-holomorphic sectional curvature ¢ and of real dimension 2m +
1, which is called a Sasakian space form, and is denoted by M2™*1(c).

Then the curvature tensor R of M?™+1(c) is given by

Rpcpa = ‘ll(c +3)(GpaGcs — GpBGca)

+ %(C —~1)(c€aGpa — Ec€BGpa + EDEBGea — Ep€aGen
+ dpadcB — ¢pBOCcA — 20DCPBA).

Thus, we see, using (1.3) and (1.4), that equations of the Gauss, Codazzi
and Ricci for M are respectively obtained:

1 r T
Rijin = Z(C + 3)(gkrgji — gingri) + AknAjic — AjpAriz

1.12 1
(1.12) + Z(C — 1)(vkvigkr — V;Vigkn + VjVRGRi — VEVRGji

+ frnfii — Finfrei — 2k fin)s

(113)  ViAj, - VAL = (e = V{J] fai = Ji fai + 207 fis},

]

1 r r
(1.14) Rjizy = 7(c = W(JjyJiz = JjaJiy) + Ajry Alz — Airy 4

yz?

where Rijip and Rjiy are components of the Riemannian curvature
tensor of M and that with respect to the connection induced in the
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normal bundle of M respectively. We see from (1.12) that the Ricci
tensor S with components Sj; of M can be expressed as follows:

1
(1.15) S5 = Z{(c+3)n+2(c - D}gss
1
~ Z(c — D{(n 4+ 2)vjvi + 3J Ji:} + h* Ajiz — A}  Airs

because of (1.5), where h* = TrA®.
From now on the index n + 2 will be denoted by the symbol *.
Because of (1.8), (1.9) and (1.11), we then have

(1.16) ViV,Ji = (ViAjr) fi + griJjs + Aijavi
-+ Az,A]r*J; - Ajr*AzzJix'

By using (1.5), (1.6), (1.11) and (1.13), it leads to

: 1
(1.17) V'V Jiw = h® A Jp — Al A TS + Z(c —1)(n = p)Jix + ndix,
where p = codim M.

2. Compact generic submanifolds

In this section, we consider that a generic submanifold M of a Sasakian

space form M 2m+1(c). Let H be a mean curvature vector of a generic
submanifold M. Namely, it is defined by

H= gjiA;:iCz/(n +1) =h*C,/(n+1),

which is independent of the choice of the local field of orthonormal frames
{C.}.

In what follows we suppose that the mean curvature vector H of M
is nonzero and is parallel in the normal bundle. Then we may choose a
local field {C,} in such a way that H = 0Cp 42 = dC,, where ¢ = ||H|| is
nonzero constant. Because of the choice of the local field, the parallelism
of H yields

h* =0 >
(2.1) { , r>n+3

B = (n+ D).
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The parallelism of the mean curvature vector yields that Rji;« = 0
because |H|| # 0. Thus (1.14) implies

1
(2.2) AL AT — ALAT = Z(e= DIFT; - T3T)

because of (2.1).
Applying (1.20) by J’* and using (2.1), we find

JNViVidi) = (n+ DI H|| 450 JiTL = (A JI) (AT T7)
1
+ Z(c —1)(n—-p)+n,
which together with (1.6) and (2.2) implies that

J*(VVJi) = (n+ DI H| Ajin JITE = (Ajra (AT T;)
(2.3) 1
+ Z(C— 1)(77, - 1) + n.

On the other hand, from (1.19) we can get

(2.4) AT = —hey + 1+ (Ajra T (AT TE)

because of (1.5), (1.11) and (1.13), where A = ¢¥*V;V; and k) =
Aji AT

Now, let us put U; = J*V;Jix + J*V,J;.. Then the divergence of
the vector U is given by

divU = %HV,-J.-* + VT2 + T* AT + JI*VIV .

Substituting the first equation of (1.9) and (2.3), (2.4) into this, we
obtain

. 1 r r 7
divU = || Ajra f] + Airs f]I* = by + (n + DI H|[Ajin TIT,
(2.5) 1
+ Z(c+ HN(n—-1)+2.
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Making use of the second equation of (1.5), it is seen that
{AjinJI ALY < heay.

Hence we get

.1
= by + (n+ DI H[[ 45T+ (e +3)(n - 1) +2
1
2 —hz) — (n+ D H| k) + 7(c +3)(n —1) +2

1
> 2(e+3)(n-1)+2-(n+ DIH*(Vr+1+1)
because we have in general (n + 1)||H||? < k().
According to (2.5) and above inequality we have

THEOREM 1. Let M be an (n + 1)-dimensional compact generic sub-
manifold of a Sasakian space form M?™%1(c) with nonvanishing parallel
mean curvature vector H of M. If

(VAT T+ D)+ DIHIP < 3l +3)n-1)+2,

then A*f = fA*.

THEOREM 2. Let M be an (n + 1)-dimensional compact generic sub-
manifold of an odd-dimensional unit sphere S?™%1(1) with nonvanishing
parallel mean curvature vector H. If ||H||> < 1(v/n +1 - 1), then we
have A*f = fA* and VA* = 0.

Proof. By (1.5) and A*f = fA*, we have
(Ajra I = (Airs )T + Jixvj — Jjsvi = 0,
which together with (1.5) and (1.6) gives
(2.6) Ajrady = Prpd; — 65405,

where we have defined P, = Aji*J;Ji.
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Differentiating A*f — fA* = 0 covariantly and making use of (1.11)
and (2.6), we find

(ViAjr ) fT + (VeAir) T + gk Jix + rid s
= Af (AiraJjz + Ajradiz) = Peon(A;J] + AGIT),
or using (1.13) and (2.2) with ¢ = 1,
(ViAira) f] + (griys + Pryu AR — AT Apry)JY = 0.
Applying this by JJ and taking account of (1.5) and (1.6), we obtain
(2.7) AT Air: = bpagji + Pyai Al

The parallelism of the mean curvature vector yields that the restricted
Laplacian AA}; of A* is given by
AA}; = SjrA7" — RijinA**.

Thus, by using (1.12), (1.18) with ¢ = 1 and (2.7), it follows that we
have A7*AA}; = 0. M being compact, it is seen that VA* = 0 since we
have in general

1 TE
by = A DA + VAR
This complete the proof.
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