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A BIFURCATION ANALYSIS FOR
RADIALLY SYMMETRIC ENERGY
MINIMIZING MAPS ON ANNULUS

DonG Pyo CHI AND GIE HYUN PARK

It would be interesting to know if energy minimizing harmonic maps
between manifolds have symmetric properties when the manifolds under
consideration have some. In this paper, we consider among others radial
symmetry. A radially symmetric manifold M of dimension m is the
one with a point, called a pole, and an O(m) action as an isometric
rotation with respect to the pole, or more precisely a radially symmetric
manifold M has a coordinate on which the metric is of the form dsps? =
dr? + m(r)?d#? for some function m(r) depending only on r. Of course
m(0) = 0, m'(0) = 1, and when m(r) = r, (M, dsp*) is the Euclidean
space R2,

From now on we will restrict our discussion to two dimensional mani-
folds. Let (M, dsp?) and (N, dsy?) be two radially symmetric Riemann-
ian manifolds of dimension two with metrics in polar coordinate

dsy® = dr® + m(r)?d6®, dsy® = dR? + n(R)*dé*.

A map f: M — N is said to be radially symmetric if it is equivari-
ant under the rotations with respect to poles or equivalently Ro f(r,8)
depends only on r and ¢ o f(r,6) = 6.

We set, for 0 < a < b, the annulus in M as A(a,b) = {(r,0) € M :
a < r < b} and the geodesic Ry-ball in N as B(Ry) = {(R,¢) € N : 0 <
R < Ry}

For f € H'(A(a,b), B(Ry)), the energy E(f) of f is given by

E(H) =5 [ IV5E
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We also set

F(A(a, b), B(Ro))
={f € H'(A(a,b), B(Ry)) : f(r,8) = (Ro,6) for all (r,8) € dA(a,b)}.

F. Bethuel, H. Brezis, B. D. Colman and F. Hélein studied in [1]
the cases when A(p,1) C R? is an annulus in the Euclidean plane and
B(w/2) C 5? is the hemi-sphere with standard metric, and proved that
there is a unique energy minimizer in the class of radially symmetric
maps in F(A(p,1),B(7/2)) and if p > ™7,

f(r,6) = (Ry, ) for each (r,8) € A(p,1)

is the only minimizer. E. Sandier [2] pointed out that in fact minimizers
are radially symmetric.

We show that this bifurcation phenomena occurs in general for radi-
ally symmetric minimizing maps between radially symmetric manifolds.

THEOREM 1. Assume that the curvature k(R) of (N, dsn?) is positive
and n(R) satisfies n'(Ry) = 0 and n"'(R) < 0for 0 £ R < Ry. If

7= > fab #;ydr for C = n(Ry)? (k(Ro) - ("7@-"5)-) ) then the only

minimizer f in the class of radially symmetric maps in F(A(a,b), B(Ry))
is f(r,6) = (Ro, 6).

Proof. An energy minimizer f € F(A(a,b), B(Rp)) is smooth and its
energy is given by

BN =5 [ 191
2r d(Ro 1 |d(Rof)|
/ / l m(r)? 06
2
+ n(Ro f)2 ( a(ﬂba: m(lr)z 5 ) } m(r)drdé.
We change variables by
r dp

= w0
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to get
s=3 [ [ { (252 252 )
+n(Ro f)? (.%’;—:—f—) 2 + ‘6—(%%@ 2) } dsdo.

For a radially symmetric f, we have

siy=e [ {2220

Putting y = Ry — R o f, we write the Euler-Lagrange equation for
minimizing y as

2
+ n(Rof)Q} ds.

y" +9(y) =0 for g(y) = n(Ro — y)n'(Ro — ),
y(0) = y(s(b)) = 0,
0 <y < Ry.

Assume that n'’'(R) <0 for 0 < R < Rp.
By the above assumption we have that ¢"(y) < 0 for 0 <y < Ry, and
, 2
s0 g(y) < Cy where C = ¢'(0) = n(Ro)? (lc(Ro) - (;;gg;;) )

We use the following Lemma 2 to show that if y is not identically 0,
y(r) > yT(/—gT)sin(\/gr) for r < 5. Thus y(s(b)) = 3\—}—2—,)sin(\/_0—r) > 0,
which contradicts to the boundary condition. We have that y is identi-
cally 0 and complete the proof of Theorem 1.

LEMMA 2. Let f, g : [0,Ro] — [0,00) be continuous functions with
f > g. Then the solutions yy, y2 of the initial value problem

yi(r) + f(u(r)) =0,
v (r) + 9(y2(r)) =0,
yl(o) = y2(0) = 07 yll(o) = y;(o)v
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satisfies y;(r) < ya2(r) for r < ro, where ro > 0 is such that yy(r) > 0 for
r <rg.

Proof. Let ro =min{ r | r = Ry or y;1(r) =0 } and
L={r<ro|p1(r) Lya(r'), forall 0 <r' <r}.

Put £ = supL. If z < 7o, we have y1(z) = y2(z). Multiplying the
formula by y; and integrating it, we get

1(z)
50°@ - 56070 == [ sy

y1(z)
<— [ oy
= S)(=) ~ 5 (UR))

Thus yi(z) < y3(x). Since y1(z) = y2(z) and y{'(z) < y¥(z), there is
€ > 0 such that y,(r) < ya(r) for ¢ <r < z + € < ry. This contradicts
to the definition of x. Thus we have z = r.

By using Theorem 1, we can prove the following result of F. Bethuel,
H. Brezis, B. D. Colman and F. Hélein [1].

COROLLARY 3 [1]. If A(p,1) C R? is an annulus in the Euclidean
plane and B(n/2) C S? is the hemi-sphere with standard metric, and if
p>e ™, f(r,0) =(Ry,0), for all (r,8) € A(p,1), is the only minimizer
in the class of radially symmetric maps in F(A(p,1), B(n/2)).

Proof. Let the metric of the annulus and the 2-sphere be
dsy® = dr? 4+ r2d§?,
dsn? = dR? + sin® Rd¢?,
respectively. For Ry = 7, corresponding to the equator of S2, we have

C =1 Thusif r > fpl Ydr, or p > e™", then f(r,8) = (%,0) is the only
radially symmetric minimizer in F(A(p,1), B(w/2)).
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Remark. The proof of Theorem 1 shows that we may assume that
the metric of the domain of f is equal to the Euclidean one and the
bifurcation phenomena depends mainly on the property of the target
manifold. Furthermore we can prove that an energy minimizer is radially
symmetric if the target manifold is 2-sphere by using the argument of
Sandier [2].
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