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A NOTE ON APPROXIMATION
PROPERTIES OF BANACH SPACES

CHONG-MAN CHo

1. Introduction

It is well known that the approximation property and the compact
approximation property are not hereditary properties; that is, a closed
subspace M of a Banach space X with the (compact) approximation
property need not have the (compact) approximation property. In 1973,
A. Davie [2] proved that for each 2 < p < oo, there is a closed subspace Y,
of £, which does not have the approximation property. In fact, the space
Davie constructed even fails to have a weaker property, the compact
approximation property. In 1991, A. Lima [12] proved that if X is a
Banach space with the approximation property and a closed subspace
M of X is locally A-complemented in X for some 1 < A < oo, then M
has the approximation property.

In Section 3, we will see that the compact approximation property
analogue of Lima’s result holds for reflexive Banach spaces. In Theorem
5 we will prove that if X is a reflexive Banach space with the compact
approximation property and M is locally A-complemented in X for some
1 < A < oo, then M has the compact approximation property.

A. Grothendieck [7] proved that if X is a reflexive Banach space or a
separable conjugate space which has the approximation property, then
X has the metric approximation property. In the case of the compact ap-
proximation property, we have the following analogue ; if X is a separable
reflexive Banach space which has the compact approximation property,
then X has the metric compact approximation property [1}. However,
in general the approximation property or the bounded approximation
property does not imply the metric approximation property [6].
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In Theorem 4 we will prove that if a Banach space X has the approx-
imation property and the metric compact approximation property, then
X has the metric approximation property.

2. Preliminaries
If X and Y are Banach spaces, L(X,Y") (respectively, K(X,Y")) will

denote the space of all bounded linear operators (respectively, compact
linear operators) from X to Y. If X =Y, then we will simply write
L(X) (respectively, K(X)). If X is a Banach space, Bx will denote the
closed unit ball of X.

A Banach space X is said to have the approzimation property (respec-
tively, compact approzimation property) if for every compact set K in X
and every € > 0, there exists a finite rank operator (respectively, com-
pact linear operators) T': X — X such that |Tz —z|| <eforallz € K.
For 1 < A < 0o a Banach space X is said to have the A-approzimation
property if for every compact set K in X and every € > 0 there is a finite
rank operator T in X such that ||T|| < Aand |[Tz—z|| <ecforallz € K.
A Banach space X is said to have the bounded approzimation property
if it has the A-approximation property for some 1 < A < co. A Banach
space X is said to have the metric approzimation property if it has the
l-approximation property. The metric compact approximation property
is defined in an obvious way.

If X and Y are Banach spaces, the space L(X,Y’) endowed with the
topology 7 of uniform convergence on compact sets in X is a locally
convex space generated by seminorms of the form ||T||x = sup{||Tz| :
z € K}, where K ranges over all compact subsets of X. In what follows
the topology 7 on L(X,Y) will always denote the above topology.

Continuous linear functionals on (L(X,Y), 7) have concrete represen-
tations.

PROPOSITION 1 [13]. Let X and Y be Banach spaces. The contin-
uous linear functionals on (L(X,Y),r) consists of all functionals of the
form

®(T) = _vi(Tz),

(o)
where z; € X, yi € Y* and 3 ||zl [lyf]| < oo

=1
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A closed subspace M of a Banach space X is said to have locally A-
complemented (1 < A < o0o) if for any € > 0 and a finite dimensional
subspace F' of X there exists an operator T : F' — M such that

(i) Te=zforalz e FN M
i) IT) < A+e

ProposITION 2 [12]. If M is a closed subspace of a Banach space X,
then M is locally A-complemented if and only if there exists a norm-\
projection in X* with kernel M, the annihilator of M in X*.

3. Results

It is clear that a Banach space X has the compact approximation
property (respectively, the metric compact approximation property) if
and only if the identity operator on X is in the 7-closure of K(X) (re-
spectively, By (x))-

The following characterization of the metric compact approximation
is an analogue of a characterization of the metric approximation property
[13, P.39]. The proof given below actually is the Lindenstrauss-Tzafriri
proof of a characterization of the approximation property [13, P.32].

THEOREM 3. For a Banach space X, the following assertions are
equivalent.

(i) X has the metric compact approximation property.
i) Bg(x) is T-dense in By x
(X) )
(i) For every choice of {xn} C X and {z}} C X* such that

E lznll [|z%]] < oo and | Z oy (Txn)| < 1 for all T in By (x)

we have | Z z(zn)| < 1.

(iv) Br(x,y) is T- dense in By x,y) for every Banach space Y.
(v) Bk(y,x) is T-dense in By y,x) for every Banach space Y.

Proof. The implication (iv) or (v) = (ii) is obvious. For (ii) = (iv)

let T € Br(x,y), € > 0 and K be a compact subset of X. Since By (x)
is -dense in By x), there exists S in By(x) such that

ISz —z|| <¢e



296 Chong-Man Cho

for every x € K. Since ||TSz — Tz|| < € for every ¢ € K and TS is
in By (x,v), Bx(x,y) is T-dense in Bp(xy). To prove (ii) = (v) let
T € Bry,x), € > 0 and K be a compact subset of Y. Since By (x)
is 7 -dense in Bp(x) and T(K) is a compact subset of X, there exists
S e BK(X) such that

1Sy —yll <e

forally € T(K). Since ||STz~Tz|| < ¢ forallz € K and ST € Bgy,x),
Bk(v,x) is 7-dense in B y,x). This proves that (ii) = (v). Suppose (i)
holds. Let T € By(x) and K be a compact subset of X. Since T(K) is
a compact subset of X, for any ¢ > 0 there exists T} € Bg(x) such that

IT\Tz — Tz|| < ¢

for all z € K. Since T; T € By, this proves the implication (i) = (ii).
(iii) follows from (ii) and Proposition 1. So it remains to prove that (iii)
implies (i).

Suppose X does not have the metric compact approximation prop-

r

erty. Then the identity map I on X is not in the 7-closure Bg(x) of

By (x)- Since Bg(x) " is a closed convex and balanced subset in the
locally convex space (L(X),7) and does not contain the identity map
I on X, by the separation theorem there is a positive number o and a
continuous linear functional @ on (L(X), r) such that

[Re®(T)| < a < Re®(I)

for all T in Bg(x). Replacing @ by é@, we may assume that a = 1in
the above inequality. Since By (x) is balanced, we have

12(T)| < 1< |2(])]
for all T in By (x). Since @ is a 7-continuous linear functional on L(X),
by Proposition 1 there exist sequences {z,} C X and {z%} C X™* such
o] o<
that > ||z.| ||z}]] < 0o and ®(T) = 3 z3(Tz,) for every T in L(X).

n=1 n=1
Thus we have

1D en(Te) <1< | ah(za)l
n=1 n=1
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for all T € Bg(x). Thus (iii) does not hold and the proof of (iii) = (i)
is complete.

We are now ready to prove the main results of this paper.
The following theorem relates the approximation property and the
metric approximation property.

THEOREM 4. If X is a Banach space which has the approximation
property and also the metric compact approximation property, then X
has the metric approximation property.

Proof. Let F(X) denote the space of finite rank operators on X. If
T € K(X), then T(Bx) has the compact closure. Since X has the
approximation property, given € > 0 there exists a finite rank operator
T, such that

[Ty —yll <e

for all y € T(Bx). Thus |[T'T — T|| < e. Since 71T is in F(X), it
follows that F(X) is dense in K(X) in the operator norm topology.
Thus Bp(x) is dense in By (x) in the operator norm topology. Since the
operator norm topology on L(X) is larger than the topology 7 of uniform
convergence on compact sets we have Bp(x) "= By (x) ". Since X has

the metric compact approximation property, by Theorem 3 By (x) "=
Br(x). Hence, Br(x) T = By(xy and X has the metric approximation
property.

THEOREM 5. Suppose X is a reflexive Banach space with the com-
pact approximation property. If a closed subspace M of X is locally
A-complemented in X, then M has the compact approximation prop-
erty. Moreover, if X has the é-compact approximation property, then
M has the é\-compact approximation property.

Proof. By Proposition 2, there exists a projection P on X* with kernel
M~ and ||P|| = X. Then P* : X** — X** has the range M*L. Since X
is reflexive, M+1 = M and Q = P* is a projection on X with the range
M and ||Q]] = A

Let K be a compact subset of M and € > 0. Since X has the compact

approximation property, there exists a compact operator T : X — X
such that

[
Tz — <
172 - 2] < £
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for all € K C M. Since the projection @ has the range M, we get that

|QTz —z|| < ¢

for all z € K and QT restricted to M is in K(M). Thus M has the
compact approximation property.
If |T|| <6, then |QT)| < X and the proof is complete.
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