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ON DISCRETE GROUPS
YounGg HyuN CHO AND JAE MyYuNG CHUNG

The concept of a continuous module is a generalization of that of an
injective module, and conditions (C;), (Cz) and (Cj3) are given for this
concept in [4]. In this paper, we study modules with properties that are
dual to continuity. These will be called discrete and we discuss discrete
abelian groups.

Throughout R is a ring with identity, M is a module over R, G is an
abelian group of finite rank, E is the ring of endomorphisms of G and S
is the center of E.

Dual to the notion of essential submodules, we define small submod-
ules of a module M over R.

DEFINITION. A submodule X of a module M is called small in M
(notation X <« M) if X +Y # M for any proper submodule ¥ of M. A
module H is called hollow if every proper submodule of H is small.

By proposition 9.13 in [1], the Jacobson radical of M denoted by
Rad M =N{K<M | K is maximal in M}=> {S<M|S is small in M }.
Note that there are two types of hollow modules H:

(i) H # Rad H; in this case, H = Rz for every = ¢ Rad H.
(ii) H = Rad H; in this case, H is not finitely generated.

The following conditions (D;) are dual to (C;), respectively:

(D;) For every submodule X of M, there is a decomposition M =
M, & M; such that M; < X and X N M, <« M;

(Dy) If X < M such that M/X is isomorphic to a direct summand of
M, then X is a direct summand of M.

(D3) If M; and M; are direct summands of M with M; + M, = M,
then M; N M, is a direct summand of M.
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The following immediate consequences about (D;) are used freely.
(1) If a module M has (D2), then it has (D3).

(2) Any direct summand of M with (D;) also satisfies (D;).

(3) An indecomposable module M has (D,) if and only if M is hollow.

DEFINITION. A module M is called discrete if it has (D;) and (D2);
M is called quasi-discrete if it has (D;) and (Ds3).

It is clear that every hollow module is quasi-discrete. Also, Discrete
modules are quasi-discrete.
The next theorem characterizes quasi-discrete modules.

THEOREM [4, THEOREM 4.15]. Any quasi-discrete module M has a
decomposition M = @;¢rH; where each H; is hollow. Moreover, such
a decomposition complements summands, and hence is unique up to
isomorphism.

Recall the following:

Injective = quasi-injective = continuous = quasi-continuous.

But we have:

Projective = quasi-projective & discrete => quasi-discrete.

Now consider an abelian group G as a Z-module. @, Z(p*), Q/Z are
examples for continuous (in fact, injective) groups. But @ is indecom-
posable but not hollow and Z(p*°) does not have (D3). Therefore above
groups are not discrete. Also, projective group Z does not have (D)
and hence is not discrete.

LEMMA 1. If G contains an element of infinite order, then G is not
discrete.

Proof. Suppose G is discrete. Then
G = (@ierHi) ® (BjesK;)

where each H; is hollow and Rad H; # H;, and each K is hollow and
Rad K; = K; by Theorem 4.15 and Corollary 4.18 in [4]. Since H; =
Zz; for every z; ¢ Rad H;, H; is isomorphic to Z for the z; of infinite
order. But H; is discrete and Z is not discrete. Therefore K; contains

an element of infinite order for some j € J. Since K; is hollow and
Rad K; = K;, we have an irredundant sum K; = ) S, where S, is
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indecomposable small subgroup of K ;. By Lemma 4.22in [4], K; = ®Ss.
But K is hollow. Hence K; « K; and K; = 0. This contradicts the fact
that K; contains an element of infinite order. Thus G is not discrete.

Therefore G is discrete only if G is torsion. But there is a torsion free
abelian group which is discrete over E. Consider (). Then E ~ @ and
@) is discrete as an E-module.

LEMMA 2. (1) Zp» is discrete for a prime p and n € N.
(2) For a prime p and n; € N, ®icrZyn: is discrete if and only if
n; =n; fors,j € 1.

Proof. (1) Since Z,» is indecomposable and every proper subgroup of
Zyn is small, Zpn has (D;). The only direct summands of Z,» are 0 and
Zyn. Therefore, a subgroup X such that Z,» /X is isomorphic to a direct
summand of Zy» i1s 0 or Z,» since Z,» is a finite group. Hence Zp» has
(D2). Thus Z,» is discrete.

(2) Note that if n; < nj, then Z,»; is not Z,»; -projective. By theorem
4.48 in [4], n; = nj for ¢, € I. For the converse, apply above (1),
corollary 4.50 and theorem 5.2 in [4].

Here I is a finite set since we assume that rank of G is finite.

PROPOSITION 1. G is discrete if and only if G ~ ®;c1Z,» where
each p; is a prime number, n; € N and n; = n; if p; = p;.

Proof. the necessity follows from lemma 2, corollary 4.50 and theorem
5.2 in [4]. Conversely assume that G is discrete. Then G = (EBie 1Hi) &
(®jesK;) as in the proof of lemma 1. For each H;, H; = Zz; for
T; ¢ RadH Since G is torsion and Hj; is hollow, H; ~ Z, ni for some
prime p; and n; € N. For j € J, K; = 0 by the proof of lemma 1. Hence
G =®ictH; ~ ®ic1Z ol And n; = n; for p; = p; by lemma 2.

LEMMA 3. Let p be a prime, A, = @1 Z,~ and E, be the endomor-
phism ring of A,. Then A, is discrete over E,.

Proof. Let B, be a submodule of A,. Since B, is a fully invariant
subgroup of A,, B, = @®;(Zy» N B,) and Zps N B, = pFZ,n for some
k(0 < k < n). Here p*Z,» <« Zy» for k > 0. Thus every proper
submodule of A, is small and A, is hollow as an E,-module. Hence
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Ap is indecomposable over E, and has (D;). From above, a submod-
ule B, of A, is of the form B, = EBkaan (0 £k £ n) Let B,
be a submodule of 4, such that A4,/B, is isomorphic to a direct sum-
mand of A,. Since A,/B, =~ Q)Ip""‘ZPn, we have @;p" ¥ Zyn ~ 0 or
By p""kZPn >~ @1 Zpn, and hence k = 0 or k = n. Therefore B, = A,
or B, =0i.e., By is a direct summand of A,. Thus A, has (D,).

PROPOSITION 2. If ;G is discrete, then gG is discrete.

Proof. Since zG is discrete, G = @penAp where Il is a set of prime
numbers and Ay = @Zpn for some n € N by proposition 1. It is clear that
A, is a fully invariant subgroup of G since Hom(Z,, Z,) = 0 for distinct
primes p and ¢. Hence each A, is a submodule of G and pA, = E,4p
where E,, is the ring of endomorphisms of A,. By lemma 3, A, is discrete
over E and hollow as an E-module. Therefore G is discrete over E by
theorem 4.48 and 5.2 in [4].

Recall that there exists a group which is not discrete but discrete as
an E-module. By corollary 2.1 in [2] and theorem 5.4 in [4], we have the
following results.

COROLLARY. (1) If G is regular over E, then G is discrete over E.
(2) If S is regular, then G is discrete over E.
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