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Abstract

A consecutive k out of n failure lines with sink-source parts is a systemm of components in
sequence such that the system fails whether some k consecutive components are all fail.

Some object, be it a flow, is to be relayed from a source to a sink through a sequence of
intermediate stations(components). Now care should be taken as to if the source and the sink are
also considered components of the systems, i. e. , whether they serve the same function as the
intermediate components(stations).

Such systems are different from ordinary consecutive k- out of n failure lines by adding the on
source and sink pole[6]. The main properties of the reliability by the optimal redundancy of
consecutive k out of n failure lines are presented under this modification.

1. Introduction

Consider an oil(water) pipeline system([6] with n pump stations. If one pump station is down, the
flow of oil(water) would not be interrupted because the neighboring stations could the load.
However, when two consecutive pump stations are down, then the oil{water) flow is stopped and
the system fails.

This examples are what we call the consecutive components are a cut set{l], [6]. More
generally, a system with n components in sequence is called consecutive k out of n failure system
if the system fails whenever k consecutive components fail[l], [2], [3]. [6]. Some object of this
examples is it a flow on signal, a message, is to be relayed from a source to a sink through a
sequence of intermediate stations. Now we must take care as to whether the source and the sink
are also considered components of the syatems. As an example of the oil pipeline system and
telecommunication systeml[1], [8], source, sink, and the intermediate stations are all the same kind of
connected stations in one case and pumping stations in the other.

Thus both source and sink are considered components of the systems. However, in the special
case of the oil pipeline system, the system includes the source as a component but excludes the
sink if it is true the sink is just a storage unit. Such a system is named a closed line system if
only the source is included, and opened line system if both source and sink are part of the system.
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In this paper we research the optimal redundancy of reliability about a closed system and opened
system in the consecutive k out of n failure lines.

2. Notation

U ! component(station) ; (U, is source pole, and U, is sink pole)
X; : state of component(system) ; (X; is state of source pole,
X. is state of sink pole)

reliability of component(station)

closed system in the line

opened system in the line

a permutation of the set (1, ... ,n}

number of components(stations) in the line

size of cutset ;

reliability of Le, Lo.

Vector of component(station) state.

a consecutive k out n failure line

Reliability of L.
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3. Reliability Computation of the Line System

Computing the reliability of the line with opened and closed system, all possible combinations of
sequences of failed components with size less then k must be specified. [6]Shows a comparatively
simple recursive formulation to compute the system reliability of line system. We further suppose
that if or not the line system as a whole is operating is completely determined by the state vector
X. The derivation of the recursive formulation is subject to the experimementing the first sequence
of consecutive X;=0 in the vector. If the number of consecutive X;=0 in the first sequence is
greater than or equal k, then the system is failed. It the number of consecutive X;=0 in the first
sequence is less than k, then the system reliability is a consecutive k out of n failure line system.

Nows we can get the recursive formulal[6] as following[by using the Hwan-Oh table[2]].

RLc (Ui, ... ,Ux) =11 *» RL (Ug, .... ,Up)
n-k*1 y+k-1

= 2. 2 RL @k n2 ! Q-0 7" . (1)

y=1 z=y+1

for the colsed line system case

Rlo (Ul, ,Un) = Iy * RL (UZ, ,Un-l)
n-k*ly+k-1

= 2 2 RL(k n2 Q-7+~ . 2

y=1 z=y+1

for the opened line system case

n-k+ly+k-1

RL (U, ... Ud = 2 2 RL(r,k nz 7 Q-1+ . 3)

y=1 z=y+1

for the general k out of n failure system with the excluded source-sink pole
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For the equation (1), (2), (3), if and if only

RL (r, k, n-2z) = 1, if k>nv 20
RL (r, k, n-2z) = O, if n-z <0

and also

n

ggpr[d’(x)ﬂ1Y=y,z=z]*pr[Y=y,z z1

n-k+1n+k-1 ez
= H[Mm=1'Y=mz=z]*H[Y=mz=zhﬁ
y=1 z=y+1
n-k+ln+k-1
= & MZﬂ Pri®x =1 4 Y=y,Z=2z1*-0)7 « "% @

for the closed line system case, and the opened line system case can be

described are to

n-k+*ln+k-1

Zlﬁ[¢m=1 Y=y, Z=z]1* 1D 7% ¢ (5

y:] z=y+

4, Optimal Closed Line System

For the equation (1), (2), (3), (4), (5) in Section 3 consecutive k out of n failure structure with
the closed and opened line system were considered to i. i. d. components with reliability r. Now let

us assume that the reliability of components are mutually different like as 1 < r < ..... mn A
permutation is optimal if it maximizes the reliability among all permutations. An optimal
permutation is invariant if it depends only on the ordering of {r;} but not their values.

Any invariant optimal permutation should have U, in the first position for
k 2 2, for k = 1, any permutation is clearly invariant optimal.

This is able to be proven like that : suppose to the contrary that W is an invariant optimal
sequence with U; in the first position and U, in position j. Let W’ be obtained from W by
interchanging U; and U, Then the interchange doesn’t affect anything if either both or none fail.
In the case one works and one is failed then the system having the failed component at the first
position fails. ILet W; be obtained from W be deleting the position 1 and setting the component at
position j to fail. Then —

RLc (W) - RLc (W) = RLc (Wy) * 1 ~Rle (Wy)) * 5 > 0, forra > 1y ..o 6)
so W is invariant optimal. Usa), Us@, ... ,Usw is an invariant optimal permutation for the closed

line system if and only if Usw, = Un and Usw, ... ,Usm is an invariant optimal permutation for a
consecutive k out of (n-1) failure structure.
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Theorem 1

An optimal the closed line system is (1-r) = 1 except for i = jk+1,
j=0,1, ..., L-1 (L is the smallest integer not less than n/k, then (1-n) = Qv

(the problem is to determine the set (1-r) = ((1-1), ..., (1-1,)), under the

n
constraint that l,Ijl(l—n) = Q, a constant, such that an optimal permutation of (1-r) yields the

largest reliability for a consecutive k out of n failure line.

Proof

Theorem 1 is trivially true for n £ k.

Hence, assume n 2 k+1 for the rest of the proof. Let RLc" denote an optimal closed line

system which has (1-r;) in the first position. Then the remaining sequence must be an optimal
consecutive k out of n failure sequence which can be assumed to be (1-r)k, n-1, Q/(1-r1)). Let f

21 denote the integral part of (n-1)/k Then

Rle =n [ 1- (Ut 1. e )
RLc is maximized where (1-r;) = QY* is easily proved.

5. Optimal Opened Line System

We can also permute all components to obtain a new system with possibly different reliability

For k=1, any permutation is invariant optimal permutation. But for k=2, any invariant optimal
permutation must have U, and U, in the first and last positione for the opened line system case.
This opened line case is similarly with closed line case.

It is invariant optimal for a opened line if and only if { Usu), Usw } = { Uy, Un1 } and Usw, ...
JUsn-1) is an invariant optimal permutation for a consecutive k out of (n-2) failure line,

Theorem 2

An optimal opened consecutive k out of n failure live is (1-r) = 1 except for i=n and i=jk+1,
i=0,1, ... , b~1, where b is the smallest integer not less than (n-1)/k, then (1-r;) = Q¥®'Y,

For n 2 k+l, since it is alway true for n < k in the theorem 2. Let RLo denote an optimal
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opened consecutive k out of n failure line structure which has (1-r;) in the first position. Then the
remaining sequence must be an optimal consecutive k out of n failure sequence which can be

assumed to be (1-r}(k, n-2, Q/(01~r){1-r;). Let h 2 1 denote the integral part of (n-1)/k. Then

Rlo = nra [ 1 - (QQA-n)A-tD*T e ®
So, we can see that RLo is maximized where

(1-r) = QY*Y and (1-r,) = Q™"

(where @ = fla-m)

6. Optimal Redundancy in the Closed and Opened Line System.

Now, consider a sequence of s slots with unit distance separating any two adjacent slots, and a
set of O components each of which can transmit is to assign the n components to the s slots to

maximize the probability of a successful transmission from 1 to slot s.

Consider an assignment A of a close line system. Let A’ be an assignment obtained from A by
reassigning all components in positions jk+2, jk+3, ... , b-1 (where b is the smallest integer not less
than (n-1)k. These b positions, and position n in the opened line case are named, critical.
Assignment A’ works if and only if each of its critical positions works.

Failing of any critical position under assignment A’ implies the failing of B consecutive positions
{or position n for the opened line case) under assignment A, hence assignment A also fails.
Therefore A’ is at least as good as A and one needs to consider only assignment of the pattern
A’, which is named basic pattern.

A general consecutive k out of n failure line that has an assignment of the basic pattern can be
viewed as a "series-parallel” system by deleting all noneritical positions.

Supposing to ri=r, then an optimal assignment is to assign the n components to the critical
positions in numbers as everly possible. However, considering a series-parallel, system with cutsets
(Minimal Cutsets or Maximal pathsets) Ci, C;, ... , Cn Sizes ny, N2, ... , Nim, respectively, such that

Dm 2 Omy 2 ... 2 M 2 ni. Define Q = Unq(l-n). A result of shows that the reliability of
(3

such a system is maximized at an assignment at which (Qi, Qs, ( . Qu) is minimized in the sense
of majorization. Such an assignment not exist.

7. Conclusion and Summary

What we called closed and opened consecutive k out of n failure line structures are really
different from the many systems treated as consecutive k out of n failure systems in the general
literature. Even though the reliability formula of line system for the both models are similar, the
real reliabilities computed have a different values respectively. In the telecommunication system
example and oil(water) pipeline system example[2], [3], [5], [6] source, sink, and the intermediate
stations are all the same kind of relayed stations and pumping stations. In the mobile
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communication system example[l] it is assumed that the source and intermediate stations are all
photo-transmitting spacecraft but not the sink {which could be just an antenna). Thus the system
includes the source as a component but excludes the sink.

In these examples where the source and sink are also a components of a system, then the
general consecutive k out of n failure line systemn model does not describe the system correctedly
since the line system works only if the source(sink) works, regardless of the value of k Such a
system is called a closed and opened line system. Therefore one should choose the right model for
line system reliability analysis. Some optimal assignment problems for the new model were
considered.

The function of the closed and opened line systemn is more evenly spread over the whole systemn
rather than emphasizing a successful consecutives from one particular component to another
particular component.

Under these line systems, redundacy concept could be extended to the closed and opened line
system case through the section 4, 5, and 6. Thus a redundant closed and opened line system had

C; components in position i, where position i is considered working if any of the «; components

work.
The main properties of the optimal redundancy of were preserved and suggested under this
modification through this paper.

References

[1] Chiang, D. T. , Chiang, R. F.(1986)," Relayed Communication Via Consecutive k out of n : F
System”, IEEE Transections on Reliability, Vol R-36, PP 65-67

[2] Chang, G. J. , Hwnag, F. K.(1982), "Optimal Consecutive k out of n : F Systems under a Fixed
Budget”, Probability Engineering Information Science, Vol 2, No 1, PP 63-73.

[3] Hwang, F. K. , Digngua, Shi.(1987), "Redundant Consecutive k out of n : F Systems”,
Operations Research Letters, Vol 6, PP 293-296.

[4] Neweihi, E. , Prochan, F. , Sethuraman, J.(1986), "Optimal Allocation of Components in
Parallel-Series and Series—Parallel System”, J. Applied Probability, Vol 23, PP 770-777.

[5] Malon, D. M.(1985), "Optimal Consecutive k out of n : F Component Sequencing”, IEEE Trans.
Reliability, Vol R-34, PP 46-49.

[6] Onh, C. H.(1993). "A New Formulation of System Reliability for Consecutive k out of n Structure
with Sink-Source Pole”, Journal of the KSQC, Vol 21 No 1, PP 121-135.

[71 Shooman, M. L.(1968), "Probabilistic Reliability”, An Engineering Approach, Mcgrow-Hill Co.

[8] Hwang, F. K.(1988), "Relayed Consecutive k out of -n : F Lones”, IEEE Trans Reliability Vol
37, No 5, PP 512-514.

[9} Haugen, E. B.(1965), "Implementing a Structural Reliability Program”, Proceedings 11th National
Symposium on Reliability and Quality Control, PP 158-168



