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A Stratified Randomized Response Technique
Kihak HongV, Junkeun Yum,2 Hwayoung Lee3)

ABSTRACT

In the present paper an attempt has been made to develop a stratified
randomized response technique when the respondents are selected using simple
random sampling without replacement(SRSWOR) as well as simple random
sampling with replacement(SRSWR). The conditions under which the proposed
technique will be more efficient than the corresponding Wamer's technique have
been obtained.

1. Introduction

The randomized response(RR) technique to produce trust-worthy data for estimating
proportion © of the population possesing sensitive characteristic was first introduced by
Warner(1965). In this procedure, each respondent is provided with a randomization device
by which he or she chooses one of the two questions "Do you belong to sensitive group A

?" or "Do you belong to nonsensitive groupZ ?” with respective probabilities p and 1-p(

0<p<1) and replies "yes” or "no” to the question chosen. Assuming truthful reporting,
clearly the probability of getting "yes” response is

A= 1+ (1-m)(1-p)
(1.1)
= (1-p) + (2p-1)n .
He considered the following maximum likelihood estimator (MLE) of n :
To=(n’/n -1+p)/(2p-1) , p=05 . 1.2

where n’ is the number of "yes” answers obtained from the n respondents selected by
SRSWR .

Warner showed that the estimator f; is unbiased and the variance is given by

V(tg)=n(1-n)/n+p(1-p)/[n(2p-1)2] . 1.3)
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Many researchers have modified and suggested alternative RR procedures applicable to
different situations.

Kim & Fleuk(1978) modified the Wamner model to the case of selecting the respondents
by SRSWOR method .

The estimator Tf.: is unbiased and the variance is given by

VA =[n(1-1)/n] « [((N-n)/(N-1)1 +p(1-p)/n(2p-1)%1. (14

2. The proposed technique
In this technique, we follow Kim & Fleuk(1978) and utilize the following notation :

X ={ 1 ith respondent in stratum h €An
% 710 otherwise

Vi = { 1 ith respondent of stratum h selects sensitive question
hi .
0 otherwise

Z4 ={ 1 ith respondent of stratum h say yes
hi 0 otherwise

N : size of population
N+ : the population size of saratum h

A : numbers of sensitive group of the population
Apr  numbers of sensitive group of stratum h

ns ' the sample size of stratum h
Wr = Ni/N . the stratum weight

fn = nn/n : sampling fraction of stratum h

T : the population proportion of sensitive group

1y ° the population proportion of sensitive group of stratum h

p ' the probability of selecting the sensitive question at randomizing device
Mn @ the probability of getting yes at stratum h

We assume fa = f =—II\1]— ie. nn = n(Nw/N) and the same structure of the
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randomization device for every stratum. We ask the Warner-type questions in each
stratum .
Then,

Zn = Xp*Yn + (1-Xp)(1-Y4w) . (2.1)
473 iy Tin

We also define Zp = Zl:Zhi, Xn = ;X;u- and Y, = ZYH .

2-1. Respondents are selected with SRSWR

Xn, Yn and Zn  are binomially distributed with parametersna , %n, p and A
respectively , where Ay = fgp +(1-714)(1-p).

’

The ML estimator ?tst of T
Mo = SWh+ T 2.2)
is the unbiased estimator of M4 , where

T = [Aa -(1-p)1/(20-1) and %n = Zi/na .

THEOREM 2.1 In the case of SRSWR sample the variance of ?[st is given by
V() = VIZWala) = LWk V(R

2.3)
. 1 . _ _p-p)_
- n ZW’I nh(l nh) + n(zp_l)z .
Proof We have
V(R = VI(E-(1-p)/(2p-D)]
_ 1
= mV(Zh) ,
where

V(Zw = V(X Zw) = E(EZ%) + E( ;jzmzw) - [E(Zzw]?, @4

E(ZZ% = E(X2Zw) = na(p + (1-1a)(1-p)) | -
and
E( ;;ZMZIV‘) = nalna-DPr(Zr=1,Zx=1)

(286)

nalna=1)(rpp+(1-1s)(1-p))? .

Using (2.2) and after some simplication , one gets the expression for V(?tsz) as given
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by (2.3). This proves the theorem. I

2-2 Respondents are selected with SRSWOR

X is hyper-geometrically distributed (ns Nn Aa) ,and Yh and
Zn are binomially distributed with parameters p and Ap, respectively.
The MLE Mg of 7
Mo = LWhlls
is the unbiased estimator of Tp , where
Tn = [Xa-(1-p))/(2p-1), and X4 = Zwna .

THEOREM 2.2 In the case of SRSWOR sample the variance of ?[sz is given by

V(S Walis) =2 Wa - V(Ts)

V(i)

1 Np(N-n) p(1-p)
2Walna(1-ns)/n - No-1 N + n(2p-1)2] Q2.7

o _ . _(N-n) p(l-p)
= ZWalna(1-na)/n ~N nGp-1)? 1.

Proof We can follow the proof of theorem 2.1 with the following modification for the
equation (2.6).

na(na=1)Pr(Zn =1,Z5 =1)

Ta(Natp—-1)
(Ny-1)(2p-1)*

E( ?;.jzmzf,-)

"

nh(nh—n{ + (1-2p)[2ns - (p—1)+1]} 1

2-3. Efficiency comparison

For the case of SRSWR, the proposed estimator ?tst will be more efficient than the

usual Warner's estimator if V(%) < V(f,). BY using the equation (1.3) and (2.3), the
above inequality reduces to the theorem 2.3 .

THEOREM 2.3 (n(1-n) -2ZWamn(l-1)/n 2 0 2.8
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Proof Since &= 2Wulty and 2 Wpy=1,
(1-1) - ZWma(l-1s) = 1-12- . Wath + Wl

[}

SWmi - n?
Swmi - (ZWan)?
ZWh(T[h - TIZ)Z 2 0. l

"

In (2.8) the equality holds if T = s for all h. The same method is applicable to the

case of SRSWOR. By using the equation (1.4) and (2.7), the above inequality reduces
approximately to

[(N-n)/(nN)] « [n(1-7) - 2ZWma(l-7)] 2 0 (2.9)

In (29) the inequality is clear by theorem 2.3 and holds the equality if & = &4 for all
h.

3. Concluding Remarks

We can see that the stratified randomized response technique is always more efficient
than the Warner's technique if M is not equal to 7 for all h no matter how the

respondents are selected .
In the application of Warner’s RR technique to the stratified random sampling, it must be

noted that the randomization estimate ?[h may have negative values when the stratum

size na is small,
The following shrinkage-type estimator

25 R, 25
'ﬁ _ [eXp( 6 - 12 )]
r 25 My
[1+ exp( -2 - By

suggested by Raghavarao(1978) shrinks the estimator ﬁ into the admissible range when
o #[0 , 1] and compares favorably with 7w when T is 0.1 to 0.4 or 0.6 to 09 .
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An improvement of the stratified randomized response technique by using the estimator Tf;
instead of ﬁ will be developed before long.
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