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Parametric Estimation of Two-Parameter Exponential Model
in the Presence of Unidentified Outliers

Jungsoo Wool

Abstract

Parametric estimators of two parameter exponential distribution in the presence of
unidentified outliers are proposed, and the means and variances of the estimators are
obtained as the exact forms.

1. Introduction

Many authors considered the problems of parametric estimation in the exponential and
gamma distributions. There are many situations in which it is reasonable to assume that the
items may not be homogeneous and hence the assumption of iid. random variables may be
unrealistic, and then the model may have to be modified suitably.

Gather and Kale(1988),Dixit(1989 & 1991),and Rao and et al(1991) considered the problem of
parametric estimation in an exponential, a gamma, and a generalized gamma distributions in
the presence of outliers.

Here we consider parametric estimation of the location and the scale parameters in an
assumed same parameter exponential distribution in the presence of (n-k) unidentified outliers.
The means and variances of estimators for the location and the scale parameter in the
assumed exponential model are derived, and also the mean and variance of a wvariance
estimator in the assumed exponential model.

Unbiased estimators for several parameters in the assumed exponential model are proposed,
and then their variances are obtained as the exact forms.

Next, in Martz(1982), the reliable life time of the reliability in the assurmed exponential
model is considered, the ML estimator and an unbiased estimator for the reliable life time are
given, and their means and variances are obtained.

Finally,we can numerically compare the MLE and proposed unbiased estimators of the
scale,the locationthe variance,and the reliable life time in the assumed exponential model as
numerical evaluations of the mean squared errors(MSE) are carried out.

2. Parametric Estimations

Assume Xi,.., X» be independent exponential random variables,
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X:~ EXP(n,0) , i=1, 2, - k
X; ~ EXP(u,0/b) , J=k+1, k42, .., n.

where b> 0, u=20and 0 > 0, EXP denotes an exponential distribution with the location
parameter I and scale parameter 0,and b is a given known constant.

Let Y: = (Xi-w)/o, i=1, 2 .., n and S= ﬁyi .

From formulas in Oberbettinger(1973 & 1974), the pdf of S can be obtained as:

f(s)=b"% Ss" F(n-k,n; (1-b)s) /T(n), s 0 2.1)
where F is the hypergeometric function.

From formula 7.621(5) in Gradshteyn(1980) and formula 131.27 in Abramowitz(1970), then it
can be shown that

J:f(s)ds=1 ,

from which, we can get a useful formula to apply later:

fome “Ss " (k. i (1-b)s)ds=T(n) /b by 0 (2.2)

From the formula (2.2), the moment generating function(mgf) of S is
M()=(1-0 % (1-t/p)™* if t<min(1,b) 2.3

From the mgf of S, we can obtain the r-th moment of S

B(sY = 3(0) Gor (n-k0);/, (2.4)

j=0
where, (a)o =1, (@).=ala+1)a+2)-(a+r-1).
From the result (2.4), especially if r=1 and 2, then we obtain the mean and variance of S :

2
Sbnk) and vaR(s)= KR o 3 (25)

E(S) =
let Yo=min{Y,...,.Ys!} and Yy =max | Yy,..., Y, }.
Then the pdf's of Y and Y(n are obtained as follows:

fily) = (bn-bk+k) + exp(—(bn-bk+k)y1), v1> 0
d

and falyn) = E(l—e’y")k(l—e"””)""‘, ya> 0
And hence,
S « S _
E(Yq") = (bl r=12, ... (2.6)

Assume it were a wrong model, an assumed same parameter exponential model, denoted it
by EXP(,0). The MLE’s of 1 and 0 are given by
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i=Xq and 3=)_(-X<1>, X= Xi .

3|

n
i=1

From the results (2.4) and (2.6), we can obtain the means and variances of Ul and © :

™ = _ o ~ (bk+n-k){k+nb-kb)-nb
E(u) = U+ k+nb_kb ’ E(U) =0 rll'lb(k"'nb‘kb) s (2.7)
VAR() = 2 ,and VARG) = [ K23k, -2 102, (28

(k+(n-k)b)? nb? n{k+(n-k)b)?

From the result (2.7), unbiased estimators for 4 and 0 are given by
H=(1+D)X 1) -DX or Xy-D(X-X) ,and 0=(k+nb-nk) - D (X-X ),
where, D=nbl(kb+n-kXk+nb-kb)-nb] ' .
From the Appendix in Gross and et al (1986) and the result (2.8), the variances of 1 and

0 are obtained as follows:

N oo _kbPtn-k 2. _ n+(n-2)D*
VARG =0 L= g e Do kb k)2
~ o _kbitn-k n-2 . 2 . 2
VAR(O) = 0% [ g v — o )P (krnb=kb)® - D7 29

The MLE of the variance in the assumed exponential model is given by
02=(X-Xw)?.
From the Appendix in Gross and et al (1986) and the results (2.4), (2.5), (2.6), and (2.7), the

. ~2 . .
mean and variance of 0° can be obtained as follows:

E@H=0%[ ~i2— (k(k+1)+ %k(n—kﬂ—bl—z—(n—k)(n-kﬂ))

2 n-1 __ n-k+bk__\i_p . 2
o o)~ blkenb-kp) N=Ds 0%, (2.10)

6
b2

VAR =0* { Lo lk(k 1)+ 231+ 5 ks De2) =10+ — k(e Dm0 (n=le+1)

+

;13 k(n-k)(n-k+1)n-k+2) +—I%T(n—k)(n—lﬁ1)(n—k+2)(n~k+3)]

- A e nb=rk) ™ Ueler D(k+2)+ 5 keUes D(nek) + —5 kn=F) =k +1)

e e (n=R =k D=k D12 - LBy e -rk) 2 [l 1)+ 5 kln-K)

+#<n~k)(n—k+1)] +(—%+’%82‘—%)(k+nb—nk) 3 [t = (n-i0)]
w242 T2 2 e i) -D)=D, -0 . (2.11)
n n n

Let 62%= (X-X )%/ Ds . Then G2 is an unbiased estimator of 02, and hence
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~ D
VAR(G?) = D:Z .04,

For given 0<ro<l1, the reliable life time of the assumed exponential model is

t{ro)=n-0-Inro (see Martz{1982)). The MLE of the reliable life time, t(ro), is given as follow:
t(ro)=Xw-Inre+ (X-X ).

From the results (2.7) and (2.8), the mean and variance of #(r,) are obtained as

~ _ D-lInro
E(tro)=u+ 5 ki p-ib) | °

o - 2 2, _
and VAR(Bro)) = BT Kbk (107017 - o2 (2.12)

An unbiased estimator of the reliable life time in the assumed exponential model is given
by
t(ro)=X @ -D « [1+Inro+ (k+nb-kb)1 + (X-X ).
From the result (2.8), the variance of #(ro) is obtained by

VARI#(ro)] = UZ{W + D1+ (in ro)(k+nb-kb) 12
(2.13)
n-2 . kb%+n-k ]J
n(n+nb-kb)? n’p*® '

3. The Numerical Comparison

From the results (2.7) through (2.14), Table shows the exact numerical evaluation of mean
square errors of eight proposed estimators in an assumed same parameter exponential model
when unidentified outliers exist, for the sample size n=30 and b=2( or 1/2).

In the sense of mean squared error, every proposed unbiased estimator will be more
recommended than the MLE of the parameter in an assumed same parameter exponential

model, although a few unidentified outliers exist.
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Table. The mean square errors of several proposed estimators
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Where, # is the number of outliers, and numbers in the brackets repre-

=30

sent relative efficiencies with respect to the regular model for n
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