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Free Vibrations of Beams with Static Deflections due to Dead Loads
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ABSTRACT

A numerical method is presented to obtain natural frequencies and mode shapes of uniform elastic
beams with static deflections due to dead loads. The differential equation governing the free vibration
of beam taken into account the static deflection due to dead loads is derived and solved numerically.
The hinged-hinged, clamped-clamped and clamped-hinged end constraints are applied in the numerical
examples. As the numerical results, the lowest three nondimensional frequency parameters are reported
as functions of nondimensional system parameters : the load parameters, and the slenderness ratios.
And some typical mode shapes of free vibrations are also presented in figures.

1. A 2

Be ER, A%, A, AW, 83 5 Fa3e
Fopoll 4] 7bg 7)Ro] P& FERUE 1
& 54 34 53 ARAF BY WS ATOTE
o] MEHAT 9le}. olA7HA ol@ AFELS
FoR A% M AP GYE FAY wEIo
.

Ho Azserel Y wgwe) HE7F FEs
2wty AL e 2 FRES Al e
s sl A Aol tha & FREIME BH
UL HRY = A Hsich Y oled% A
ol AA HRe FEE FHAR %S F
Aoz Ardch

2 oATE FTEY @l SR AelEg

a9, QBT =5pus

“RER, adtn =BT

“ g9, L@eeta el whabshy
s QRS ek Hhap A

—_—

galo] Astzel g A7 M@ e v
e Awste ARl EAAE fEST o)
Hate] T4AEF AFHE AFAE o
Aol gtk AA AN oy AbsHEE
—% Eoz ARsln B BREAL YA
Aw, 2H-2HR, TA-YARE A4S,

Fig. 1& x7bgol7} [olx, BX AstE Q7} 3

Q
LTI,
NG “_(")__,, hln'gedl

v(x,t) clamped
4——————-x———-’(

. ¢ .

u(x)+v(x)
Fig. 1 Vibration mode of beam with static deflection
due to dead load

SR ASTSSHEX A 4 Al 43, 1994 £/ 451



_9_/%1—1

-2

Al - 2wl

}..

3k sle ue) HHmest FHARSE vehyy
stk o] 1y HALE FEAH wulx )-t— Absls
Qoll ol% A A vehin ddoz FA%
(x, e HHE AR wx)B HE 7“241;} A}-5-21
o &% ¥4 APe vehdch o7)4 xE 2o
W SEolw = Azbelrh,

X AT QE A AHA A uxn)E e B
o) AHAES Awshs WolRwgAe et 2
o,

Ho ot o ofN

Fvlx, 1) +?%[E1820599;,2 t)]

Sglemereg ol o

8 AoA o Bel wiiA A, Ee vAA
S, At ©Ed, [+ SEER s,
Bo| zAAEe 23AFE Foky JpAsE £
A FAL o3} o] EAEL
vix, t)=v(x)sin(wt) (2)

A @elA vx)E AT AZToz xuke
ol we aR-7HAlE (rad/sec) otk o] e
u(x), vx)e 47 u, vE FA|gc

o] ERoAE Re| SuS Fuwos I,
Al ()F olgatd A (D e Zo] AAHL,

d'v  EA(du\ d*v _ du d*u dv
B G ) G EA G
—pAatv=0 (3)

o] &7},

E=x/1 (4.1
n=u/l (4.2)
7=uv/l (4.3)
s={/r (4.4)

L AEANA & p e AF x, w vE AZHC]
2 A7 Aol A (@.elA r=U/A)|x
weba s 2ol Algule|ch

2 (4.1)~ (4.9 o)&3to] A (32 WA
S Fadststa Aslgoz A A AAE e
Bof A{AFE Aujshes FxhA o]EA o] o
S Ze] =,

fisz Z*@‘?) g

q Aeld C ¥

4

2dp d*p dy
+s dE &2 dEJrCZ (5)

52 oew ol

A ZHRE

452 /St ASTSSEHEX| A 448 A 435, 1994 F

EAE A 5 2= 3 (mode number) o]t}

Ci:Cl)ilz(p.A/E:I)I/2
=wisl (o/E)'"?, i=1, 2, 3, (6)

(5)2 v|BEHAXNN du/dE B dPu/dE?e] 3

Hol AfAFAA ALt o g Q' AHA HA
t‘fol: _5\_0] o]-“__,f— oiwsl:o/’\g “A]U].u:] /\l 5)
d*n/dgt=C? 775‘& s A, ol= FHIEd (9)
Aztel A=A ghe},

Beo] oA AAZZL o3 Zo] F7ict

ATl A A JxwleE “Oolmg y=0,
Eld*v/dx*=00]2 &17]d] A (4.3)& ALX|71H
ohe 2 TR AAZRe] f "

o
o_d.xz

O

Lo fr o al

7=0, =0 E& 194 (7.1
@h—0, £=0 = 104 (7.2)
nAe A A AL “0elmE p=0,
dv/dx=00]2 w}R7}RZ A (4.3)& o] &spd o}
37 2L A AAxAC] f=dr
7=0, £=0 E& 14 (8.1
ZE—O £=0 E& 194 (8.2)

o] Aol A A}ElEo 2 QF AH AL ze He
7]“3’7\‘15° Aeshe v R AlS A (5)9} o]
o] m|EulA)Ale] Fx|vt @ wArte] A
Az 7d% 747-} A (7.1), (7.2) % 4] 8.1), (8.2)

3. A XA AstRA ALY

A (5) 8} wlEMANNN dp/ds R d*e/de*S F
& e BREA AlstFe] 27l Qe st A
Ase A AR dgaselth

A QE 29 ¥R BAHE ZE Q9 ¥
g1 Zheshdt £ ATelMe TRES AMTH,
Zazle 4% =e AT 5% 2ol 277t Q4
TEE AFoR AR, 5 EE A Qe
oh3 2ol Faksistete] Akl Alstgos Ao
ko] ARg-hel,

= )

®e Byzdozy AX-AAR, 2Y-LAY,
wg-gA R Phe) HFEAL A ),
o] 37kx] wymAe) Bl FEE AstE Q7 A



slEled e of AA A & AGFHE F3la o]
2 Re 249389y, du/dé, d*p/dEs= 77 o
S} 7o) Fgbrt,

U FA-AA R FEE AELE Q7 AEE
o AA A we A (10.1)3 2ol FefA| 2",
o] 1% A (4. A (9T o] 83td A (10.2) %

o] T AHA A pE FE T Utk A
(10.2) 2 &ol] thale] njE3sled A{AEsE 2

A deFaadl du/ds, dp/diE FHE A7 4

(10.3), (10.4)%F
w=oer| T-25) +(7)] 1.
p=gl (62848 (10.2)
im L 687 ag) (10.3)
ZE’;— d(gteY) (10.4)

A, 2A-TARe] SFE ASE Q7 44

o A A we A Q1LDH Za vz aby
o2 u du/dt, du/dEPE TFIHE Z 7 4
(11.2), (11.3), (11.4)%} =},
. Q[4 x\ o x 3 x 4
u= 24E1[<1) 2<z>+<1>] (11.1)
p= 24(52 2834+ £Y) (11.2)
g s opm 3
e=Te-3e+28) (11.3)
a’ﬂ_ (1 2
G (1 6E+6£7) (11.4)

opjute g 3 -JA RelX FEE AEF Q7L

Aes o w Y op, du/ds, d'u/dee A A
(12.1) ~(12.4) ¢} i},
o Q[“ 2_ x 3 x 4
w=gggr|7) -s(5)+3)] a2
p= k(38" —5£"+2¢" (12.2)
dae_ q _ 2 3
dE= 1 18 (66 —156+8¢7) (12.3)
dzﬂgi
ge7 =g (1-56+4&) (12.4)
4. Fx|siA Uiy

slagal Al G)elH FAR
B o) dEs

b=}

Vst gl )%
&Rl dp/de, d'p/dEE B.e) &

5 T8I %%}0:1
proved Euler method& o
ala) A W& on] or] FHET
o] 1A u} qlvt,

nl kg Aol 3o 9l
Y 25 I AT

P opg-3 o

A 27, FA AEE ¢ 2 AR s3he
Fd, 4] (10.1) ~(12.4) & ol &3l g oz 4,
du/de, d*up/de*S AARR),

thgell Cats Alated oz 7HAste 4] (5) 9
A Aol diqlRE Foll SRS dR-ZA o)
2 E=0elA9] 4] (7.1), (7.2) =& 4] 8.1,
(8.2)2] AA=xZE 7|22 3t} Improved Euler
method2. £=00l|4] £=17}A] m|F9AAlE +32]4
w3t AFd 95 T3

o] f Algae o g 1A C: ghel AFAF9
IR A= ALY P AARE Qo] HAZ
Zde] &=1o142] Az AAEZ A (7.1), (7.2)
e A (8.1, (8.2)F WEI=Ae HFE ot
gk, & G @l AAde A EeA m{FFA
£ o83t

01“9] TR WS B @iz, T
Aul sE dH¥sid T AH HA
A FAE 2/4AFF G
7,,.7} AAls] =2 FORTRAN 77618 23
Wt Al 3R =72 AAbslsd ol

2 Ao AN WS A dsted 3o
T8 (@) B AFe C 3EE Table 14 vlm

j
]
Jo
olo
Y

EES o R
SANA e ) A

Table 1 Comparison of frequency parameter C; between
this study and Ref.(8)

Geometry C: Ref.[8] This study
Hinged-hinged C 9.89 9.88
g=0.133 C 39.5 39.5
s=50.6 Cs 88.9 88.8
Clamped-clamped Ci 22.4 22.4
g=0.663 C: 61.7 61.7
$s=50.6 Cs 121. 121.
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Table 2 Comparison of C;/C,: by end conditions(s =100)

End condition i | ¢g=0.5 qg=1 g=1.5
Hinged-hinged 1 1.078 1.281 1.558
2 1.013 1.052 1.113
3 1.006 1.023 1.052
Clamped-clamped 1 1.001 1.003 1.007
2 1.000 1.001 1.002
3 1.000 1.001 1.001
Clamped-hinged 1 1.008 1.030 1.065
2 1.002 1.006 1.014
1.001 1.003 1.007
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