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The Torsion Analysis of a Cylindrical Bar with the Cross-Section
Bounded by Circles

Yoon Young Kim and Kyeong Min Oh

Rod (),
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2l 7+40), Laplace’s Equation

Abstract

The torsion problem in a cylindrical rod is usually formulated in terms of either the warping
function or the Prandtl stress function. In a rod whose cross-section is bounded by circles and

rectangles, we develop an analytic solution approach based on the warping function, which
satisfies Laplace’s equation. The present formulation employs polynomials and the Fourier
series-type solutions, both of which satisfy exactly the governing differential equation. Using the

present method, the maximum shear stress and torsional rigidity are efficiently and accurately
calculated and the present results are compared with those by other methods. The specific
numerical examples include the case with eccentric holes which was investigated earlier. The
finite element results are also compared with the present results.
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Fig. 1

The geometry and coordinate systems are
shown for a cylindrical rod whose cross-
section is bounded by circles.
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Fig. 2 The polar coordinate systems are shown in a
multiply connected region bounded by circles.

Fig. 3 The superposition of different sets of solutions
defined in different regions is employed to
solve the problem in a multiply-connected
region. (R,(i=0, -, n) : the radius of the cir-
cle)
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Fig. £ The cross-section of a cylindrical bar with a
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Table 1 Convergence of the present results for
the torsional rigidity D and the maxi-
mum shear stress as the number:-N of the
series terms increases

N (No. of terms) D/G R} Max. /G
4 1.344 1.691
8 1.317 1.998
16 1.289 2.323
32 1.276 2.912
64 1.276 2.995
Table 2 Convergence of the ANSYS finite ele-

ment results for the torsional rigidity D
and the maximum shear stress r as the
number of elements increases

No. of elements D/G R} Max. /G
359 (Equal mesh) 1.303 2.803
1289 (Equal mesh) 1.304 2.719
4742 (Equal mesh) 1.304 2.827
7447 (Unequal mesh) |  1.295 2.897
11261 (Unequal mesh) 1.292 3.013
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Fig. 9 The variation of the torsional rigidity D for
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