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ON THE EXTENDED JIANG SUBGROUP

Moo Ha Woo

1.Introduction

F. Rhodes [2] introduced the fundamental group o(X,zq,G) of a
transformation group (X, G) as a generalization of the fundamental
group m; (X, xq) of a topological space X and showed a sufficient con-
dition for o(X,.r¢,G) to be isomorphic to 7,(X,xq) x G, that is, if
(G.G) admits a family of preferred paths at e, 7(X, rg, G) is isomorphic
to 7 (X, zo) x G. B.J.Jiang [1] introduced the Jiang subgroup J(f.xo)
of the fundamental group of X which depends on f and showed a con-
dition to be J(f.zo) = Z(fa(m1(X,20)),71(X, f{x¢))). The author
and Han [4] introduced the extended Jiang subgroup J(f,zg,G) of the
fundamental group of a transformation grou» as an extension of the
Jiang subgroup J(f,z¢1. In this paper, we want to show a condition

tobe J(f,00.() = Z(fo(0( X, 10,G)),0(X, f 20),G)).

2. Definitions and Notations

Let (X, G, 7) be a transformation group and X be a path connected
compact ANR with &g as base point. Given an element ¢ of G, a path
a of order g with base point r; is a continuous map « : I — X such
that a(0] = g and a(1) = gzy. A path «; of order g; and a path ay
of order gy give rise to a path a; + g ay of order ¢ g, defined by the
equations

ay(2s), 0<:<1/2

o1+ grag)(s) =
(o + grag)(s) {qlag(zs ~1), 1/2<s<1.
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Two paths o and a' of the same order g are said to be homotopic if
there is a continuous map F : I — X such that

F(s,0) = a(s) 0<s <,
F(s,1) = a'(s) 0<s<,
F(0.t) =g 0<t<l,
F{l1,t) = gag 0<t<1

The homotopy class of a path « of order g is denoted by [a;g]. Two
homotopy classes of paths of different orders ¢, and g, are distinct,
even if g;xg = gx¢. F. Rhodes[2] showed that the set of homotopy
classes of paths of prescribed order with the rule of ccmposition o is a
group, where o is defined by [a;;¢1] 0 [ay; g2] = [a1 + 7102 g192]. This
group was denoted by o(X,x¢.G), and was called the fundamental
group of (X, G) with base point zg.

Let f be a self map of X. A homotopy H : X x I —> X is said
to be an f-cyclic homotopy if H(-,0) = f = H(-,1). [n this case, the
path H(zg,") is called the traces of the f-cyclic homotopy H at z¢. In
[1], Jiang has defined J{f,xq) = {[a] € 7 (X, f(x0))|a is homotopic to
the traces of an f-cyclic homotopy at r¢}. An equivalent definition of
J(f,zo) is the following: Define p: X — X by p(g) = g(ro); then p
induces a homomorphism py @ 7 (XY, f) — 7;(X, f(zg)). The Jiang
subgroup J{ f.z¢) is the image of the homomorphism »,. A homotopy
H: X xI -— X is said to be an f-cyclic homotopy of order ¢ if
H(-,0) = f and H(-,1) = gf ,where g is an element o’ G.

DEFINITION 1. J(f . r¢,G) = {[a;¢] € o(X, f{zg ,G)|o is homo-
topic to the traces of an f-cyclic homotopy of order g}.[4]

If we define i¢; : J(f,rg) — J(f,20,G) by ig{{a]) = [a : €], then
the Jiang subgroup J( f. ) is identified with a subgroup of J(f, 2o, G).
Thus J(f,2¢,G) is called the extended Jiang subgrcup. Define n' :
XYxG — XY byn'(f,g)=gfthen (X, G, ') is « transformation
group and p : (X', G) — (X, () is a homomorphism Thus p induces
a homomorphism p, : o( XX, f,G) — o( X, f(20), G) given by pe([a :
g]) = [pa: ¢]. It is casy to show that p,(a( XY, f,G)) = J i f, z0,G).

In [2], a transformation group (X, &) is said to admit a family of
preferred paths at g if it is possible to associate with every element ¢
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of G a path k, from gzo to z¢ such that the path k. associated with
the identity element e of G is homotopic to #¢ and for every pair of
elements g, h, the path kgp from ghzg to z¢ is homotopic to gky + kg,
where 74(t) = z¢ for each t € I.

3. An extension of the Jiang’s results

In [2], Rhodes has shown that if (G, G) adrnits a family of preferred
paths at e, then o(X, zy,G) is isomorphic to 71(X, o) x G. Now we
look for a condition to be J(f,z29,G) = Z( fo(7(X. 20, G)), (X, f(xg),
G)).

DEFINITION 2. A family K of preferred paths at f(zq) is called
a famaly of preferred f-traces at xq if for every preferred path k, in
K, kyp is the traces of an f-cyclic homotopy of order ¢ at zo, where
p(t) =1 —t. Especially. a family K of preferred 1x-traces at f(z¢) is
a family of preferred traces at f(x¢) which was defined in [3].

THEOREM 1. Let (X,G,n) be a transforination group. If (G,G)
admits a family of preferred paths at e, then (X, G) admits a family of
preferred f-traces at vy for any self map [ of X.

Proof. Let H be a family of preferred paths at ¢ in (G, G). Define
K = {kglky(t) = n(f(x0). hy(t)),hy € H}. Let F: X x I — X be a
map such that

Fla.t) = (f(2), hyp(t))
Then
F(z,0) = 7(f(z), hy(1)) = hy(1)j(z) = f(x),
F(r.1) = mif(r),hg(0)) = hg(0)f(z) = gf(x)
and

F(zo,t) = m(f(xo), hyp(t)) = hgp(t) f(xo) = kgp(t).

Thus F' is an f-cyclic homotopy of order g with trace kyp. Therefore
K is a family of preferred f-traces at zg.

The following example shows that the converse of Theorem 1 does
not hold.
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EXAMPLE. Let R be the real space, Z the additive integer group
and 7 : R x Z — R a map defined by n(r,n) = r + n. Then (R, Z, )
1s a transformation group and it admits a family of preferred f-traces
at 0 for any self map f of R. Because, let K = {k,|k, is a path from
nto 0in R}then H = {hylh, = f(0) + kn, k, € K} is a family of
preferred paths at f(0). For each n € Z, define G : R x I — R by
G(r,t) = f(r) 4+ kup(t). Then G is an f-cyclic homotopy of order n
with trace h,p. Thus H is a family of preferred f-traces at 0. Since Z
1s a discrete space, there is no path from n to 0 in Z, where n is any
nonzero integer. Thus (Z, Z) cannot admit a family of preferred paths
at 0.

THEOREM 2. Let f be a self map of X. Then the existence of a
family of preferred f-traces is independent of the representatives of
the homotopy class of f.

Proof. Let f. f' be homotopic self maps of X and H be a homotopy
from f to f'. We assume that f admits a family K = {kelg € G}
of preferred f-traces at xy. Let a be the traces of the homotopy H
at zo, that is, a(t) = H(xg,t) for each t € I. Define K' = {hy|h, =
gap + kg + .k, € K} Since,

he =eap+ k., + o ~ ‘f’(}co)

and
hggo = 919200 + kg, g, + @
~ Q1g20p + (grkg, + kg ) +
~ gi(g20p + kg, + a) + (grap + kg1 + )
~ gihg, + hg,,
K" is a family of preferred paths at f'(zq),where h ~ h' denotes h

is homiotopic to h'. Next, we show that K' is a family of preferred
f'-traces at zy. Since K is a family of preferred f-traces at zo, there
exists an f-cyclic homotopy J of order ¢ with trace kg for each g € G.
Let us define a homotopy J': X x I — X by
H(x,1-3t), 0<t<1/3
SNty =< J(x,31 —1). 1/3 <+ <273
gH{x, 3t —2), 2/3<t-<1

[FANEN FAN
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Then J'(ir,0) = f'(x), J'(x.1) = gf'(z) and J'(2¢, ) = aptkyp+ga =
(gap+ky,+a)p = hgp. Thus hyp is the traces of an f'-cyclic homoropy
J' of order g at z,.

THEOREM 3. Let (X,G) be a transformmation group. If A is a path
from x¢ to ry, then a family of preferred f-traces at xq gives rise to a
familv of preferred f-traces at r,.

Proof. Let K = {ky|g € G} be a family of preferred f-traces at xg.
For each element g of G, let A, = gfAp + &, + fA Since

he = fA\p+ho+ fAr fiay

and
hglgz =z 1(11(12 )f/\/) <+ k’llg2 -+ f’\
~ ((}]gz)f)\p + ql k_q? ’+'” k!}l -f f)\
~(g192)fAp + gikg, + g fA+ g1 fAp o+ kg 4 A
~ (e e+ ke, + [N H o p b, H A
~ glhg? + }Iy“
H == {hylg € G} 15 a family of preferred paths at ; Since the induced

1somorphism (fA), carries J(f,ry. () isomorphically onto J{f, .G}
by Theorem 8 in [4], (FA}[kyp gl == [fAp+ vgp+ gf Ayl = [hyp gl
belongs to J{f,ry. G) for any element [k,p  g] of J(f.r0,G). Thus
H == {hylg € G} is a family of preferred f-traces at 2.

LEMMA 4. Let f: X — X be aself may. If & is the traces of an
f-cyclic homotopy of order g «t ry, then for ~very loop a at g, fo is
houotopic to k + g fa+ kp. In particular, if f s a homeomorphisin and
o 1x a loop at f(rg),a is homaotopic to k + g + kp»

Proof Let I X x T - X be an f-eyclic homotopy of order g
with trace A and a be a loop at . Define £ 1 7~ X hy

k(4s), )< e 4
F(s.t)= ¢ H(af(4s —1)/(4 - 2t)). 1), /4 < 5 <{4d-1)/4
l A‘;)(4S - 3, 4 - /4 < 5 < 1.
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Then F is well defined, F(s,0) = H(a(s),0) = (fa)(s) and F(s,1) =
(k+gfa+kp)(s). In particular, suppose that f is a homeomorphism and
A is a loop at f(ry). Then f~'4is a loop at zo. Thus § is homotopic
tok+gf(f7'8) +kp =k +gd+ kp.

For a group G and a subgroup H, the centralizer Z H, () of H in G
1s the subgroup of G defined by Z(H,G) = {g € G|gh = hy for all h €
H}. In [1]. Jiang has shown that J(f,20) C Z(fr(17(X. r9)). m1 (X,
Flxa))). Now we generalize this result to the fundamental group of a
transformation group as the following:

THEOREM 5. Let f be an endomorphism of (X, ) and G be abelian.
If (X, G) admits a family {k,|g € G} of preferred 1x -traces at f(xg),
where k, is homotopic to an f-image of a path from gzy to ry. then

'i(f‘s g, G\ ‘ Zk/n(o( -ﬁ\’- Lo, (;)) (‘T(‘X'ﬂ {(FU) G))

Proof. Let K = {k,|ly € G} be a family of prefered 1 x-traces at
f(ry)where kg is homotopic to an f-image of a path ky from gz¢ to
ro. For [ g1) € J(foro.G) and [B: ¢o] € o(X, 24,G), we must show
[v g1} o fol o 2]l = folB : g2l 0o+ g1]. Since G is abelian, it is
sufficient to show that a + g, f/ is homotopic to f3 -+ gya. If we use
Lemma 4 and kb, p is the traces of 1y cyclic homotopy of order ¢, at
Jlry). we have

at g f‘ﬁ T .+ *.’h + k‘gl P+ .qlf/d + kyly2 + k!) g2
vt kg kg pt @i f8 kg ) kg F kg g,p
et k!l] + f.H + k!)z t+ k!)lQ'ZP

and

FB4 gao~ f3+ ko, + kyp+ gaa+ kgyy + kg gp
~ F3 kg, kg p t+ ga(a+ ko) + kg + kgg,p
~ fB 4 kg, o kg Ry p.

From these results, we know thas a 4 ¢, /3 is homotopic to {3 + gpa if
and ony if a + kg, + 3+ kg, is homotopic to f3 +k,, +a + kg, . Since
vt g1] € J(f.rg. G) and by, € K, there exists an f-cyclic homotopy
H of order gy at rg such that Hiry,-) is homotopic to o and 1 y-eyclic
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homotopy G of order g, at f(xg) such that G{f(x¢).-) 1s homotopic to
kg, p. Define J : X x I -— X by

o [ HG2, 0-
'“""{Cﬂ) -ot), 1/2¢€

[Q ) LAY
A
\
rA
—t [N
VA
N
=D

then J is an f-cyclic homotopy such that J(x,,-) is homotopic to o +
kg,. Thus a + k,, is the traces of an f-cyclic homotopy of order 1x.
By Lemma 4 and kg, ~ fhy, for a path hy, frem gzrg to 79, we obtain

a+ kg A [+ kg, ~a kg b fA+ fhy,
~ (o kg A (o kg )p - flF+ hg,) + (o + ko)
~ it kg, +a bk

Let G be the trivial group {1y }. Then G is abelian, any self-map of
X is an endomorphism of (X, G) and (X, G) has a family A of preferred
1x-traces at f(.ry), where the only one element of I\ is the f-image of
the constant path at xy. As a corollary of the above theorem, we have
the following Jiang’s result in {1].

COROLLARY 6. If f is a self map of X, then J(f.xg) C Z(fx(mi(X
xo)).mi (X, flra)))

o

COROLLARY 7. Let f be an automorphism of (X,G) and G be
abeiian. If (X, G) admits a family {k4lg € G} of preferred 1y -traces
at f{xg).then J(f, xy,G) is contained in Z(a( X, f(rg), G)).

In {1],the main result concerning the Jiang subgroup of maps on
connected aspherical(in the sence that m;( X, r,) = 0 for ¢ > 1) polyhe-
dron is thar if X is a connected a<ph¢=ri(‘a] pclyhedron and f is a self
map of X, we have J(f,xg) = Z(frm (X, o), 7 (X, flza))).

Let X be a connected aspherical polyhcdr()ul and f be an endomor-
phisin of (X,G). If (X.G) admits a family kglg € G} of preferred
1x-traces at fiug), where k, is homotopic t) an f-image of a path
front gry to 1y then the extended Jiang subgroup J(f.z¢,G) can be
given explicitly.
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THEOREM 8. Let X be a conuected aspherical polyhedron, G be
abelian aud f be an endomorphism of (X,G). If (X,G) admits a
family {kylg € G} of preferred 1y -traces at f(xy) where k, is ho-

mintopic to an f-image of a path from grg to xry. then J(f,ry,G) =
Al feial X, i G ot XN, Flreg) ().

Proof. 1ot | be wn endomorphisi of (X.G). If (X,G) admits a
tamily {k, v ¢ G} of preferred 1y traces at f(rg) . where kg 1s ho-
motopic toan j ouanage of a path hg from grg to g, then we first
show that erv exists an is‘m‘mrphi%m o from o, f( r,,) () onto

X flrat o (0 vxlmn carries (f. G onto J(f.xg) < G. Define
Gt XL ). ( . (X, flegn (r })\ ola g = (la + kgl 9),
then ¢ is w‘li d»mu . ,3('( anse, |oo 5(] = [o': ¢'| inplies g = ¢',a is
bomotopic o «" and heuee o + k, i homotopie to o’ + &,

Suppose offa g]) = oo’ : g]). Then o+ ky 1s homotopic to o'+ k,.
This muplies that o is homotopic to o Therefore ¢ iv injective.

For auy clement (o], g1 € mi X, f{rg1) x G. there cxists an element
o4 hgp syl in (X, flrg), G) such that ¢(fa + ket g]) = ([a].g).
Therefore, ¢ is surjective.

Next, we show that ) is a homomorphism. Let lovr gi) and [az @ ¢2]
be elements of ot X f(r, 1. G). Then

glicvy ‘11‘5 Pidep flz“ = (E”L + gy -+ I"ylgylsglgl’)
and
pllon s gilh o dlloy o) = (o + kgy + a2 +k,,].9192).

Sinee vy + &, ds acloop at flag) and kg, p 1s the traces of an 1 x-cyclic
m)mntop\ uf order gy at firg), oq + kq. 1s homotopic to kg, p+ g1 (s +
baod 4 kg, by Lenana 4. Therefore, we have

v by e T koo +hypt+gilagt kg, ) + kg,
oy gy + kg, )+ kg,
Yy gy .qlkgy + ky,

oy b g0 + k(]\;,’y’

This impli(w that ¢ 1s a homowmorphismi.  Finally, we show ¢ sends
J(forg, Gy onte (1 rg) » G Lot [ 2 g] be an elemer t of J(f.x0,G).



On the extended Jiang subg-oup 617

Then there exists an f-cyclic homotopy H : X x [ —=+ X of order g
with trace a and an 1y-cyclic homotopy J : X x I — X of order ¢

with trace kgp.
Define F': X x [ — X by

- H{x,2t), C<t<1/2
CJ(f(e)21—1). 1/2<t <1

Then F{r.0) = H(x,0) = f{x), F(a,1) = J(f(x). 0} = f(xr) and
[ H(xg,t), 0<i<1/2

<‘L J(f(e0),2(1—t)), 1/2<+t<1

= (o kg (1),

Flr t) = {

F(-I"l)af) -

Thus F'is an f cyclic homotopy with trace F(.zg, ) homotopic to a+kg
and hence [a 4 k,] belongs to J(f, zo).

For any element ([al,¢g) € J(f,z0) x G, there exists an f-cyclic
homotopy H : X x I —» X with trace «. Sinze {k,jg € G} is a family
of preferred 1y-traces at f{xg), there exists an 1yx-cyclic homotopy
J: X x ] — X of order g with trace k,p. D-fine

. H(r, 2t), 0 <tz 1/2
Fir.t)= - T
'](f(r)vfzf - I)a 1/25? < 1.
then F is an f-cyclic homotopy of order ¢ with trace o + A p and
hence there exists an element [o + kgp @ g] in Jif 20, G) such that
¢([” + kg:f) : .‘/]} = ([Ui]-,!i)~
Let [a : ¢] be any clement of Z{f,(0{X. xg, G}, o(X, f(xo).G)).
Thus {a : ¢] belongs to J(f,ry,G) if and only if [n + k,] belongs to
J(f.ro). Thus it is sufficient to show that [o + ky] ¢ J(f,2¢). For any
01(111( nt [ € (X, xg). we have [f8+kgp:g'] = o[+ hgp:g'D)
and hence fﬁ Jr kg p i ¢'] belongs to fo(o( X, r¢. G)). Since [o : g
belongs to Z( fo(o(X. 0, G)). (X, fxg). G)) we have
v sylolfidt kgp:g'l=[fd+kyr:g" 2o gl
This implies
(f()r'{”kg]“g)o([fﬁ], = ¢(la ])09*([1”% + g/’ J])
é(f3+%q/ g'le ¢lla - g)
([f8]9") ol + kyl, 9)-

f |
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Therefore, we have [a+kg]o[f (] = [fB]ola+k,] for any [3] € m1(X, xo).
Hence [a + k4] belongs to Z(fx(m1(X,z0)), m1(X, f(r0))) = J(f,z0)
and this completes one part of the proof. The revrese implication
follows from Theorem 5.

COROLLARY 9. Let X be a connected aspherical polyhedron, G
be abelian and f be an automorphism of (X,G). If (X,(G) admits a
family {kg|g € G} of preferred 1x-traces at f(z¢), then J(f,z9,G) =
Z(o(X. f(20), G).

COROLLARY 10. Let G = {1x}, X a connected aspherical polyhe-
dron and f be a self-map of X, then J(f,zo9) = Z(fam1(X,z0), m1 (X,
f(zo))).
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