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MANN-ITERATION PROCESS FOR THE FIXED
POINT OF STRICTLY PSEUDOCONTRACTIVE
MAPPING IN SOME BANACH SPACES

JONG AN PARK

1. Introduction

Many authors[3](4][5] constructed and examined some processes for
the fixed point of strictly pseudocontractive mapping in various Banach
spaces. In fact the fixed point of strictly pseudocontractive mapping
is the zero of strongly accretive operators. So the same processes are
used for the both circumstances. Reich[3] proved that Mann-iteration
process can be applied to approximate the zero of strongly accretive
operator in uniformly smooth Banach spaces. In the above paper he
asked whether the fact can be extended to other Banach spaces the
duals of which are not necessarily uniformly convex. Recently Schu[4]
proved it for uniformly continuous strictly pseudocontractive mappings
in smooth Banach spaces. In this paper we proved that Mann-iteration
process can be applied to approximate the fixed point of strictly pseu-
docontractive mapping in certain Banach spaces.

2. Main result

Let (X, ]| ||) be a Banach space. A Banach space (X, || 1) is called
smooth if the norm of X is Gateaux differentiable on X — {0}. The
duality map J is defined by

J) = {a" € X*[(J(w),2) = ||2|%,| J(2)|| = |jz|| },

where X* is the dual of X and ( , ) is the dual pairing. In a smooth
Banach space J is single-valued. A Banach space (X, Il - 1) is called
uniformly smooth if X*(the dual of X ) is uniformly convex. In a
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uniformly smooth Banach space J is uniformly continuous on bounded
subsets of X. Let C' be a nonempty subset of a smooth Banach space.
A map T : C — X is said to be strictly pseudocontractive if T satisfies
the following condition:

(J(z —y),Te — Ty) < vz — y?

for all z,y € C and some v € [0,1). If T is strictly pseudocontractive,
then F' = Id — T is strongly accretive, i.e.,

(J(z —y), Fz — Fy) > (1 — y)||lz — y|?

for all 2,y € C. Furthermore if T is an contraction of C, then T is
strictly pseudocontractive. It is known [2, Corollary 1] that a contin-
uous strictly pseudocontractive selfmapping of a closed convex subset
of a Banach space has the unique fixed point.

The following iterative construction is called Mann-iteration process:

(1) zp € C
(2) Tny1 = anTrn + (1 — an)Tn, an € (0,1).

In case X is Ly or I, with p € [2,00), it was shown [1] that Mann-
iteration process converges strongly to the fixed point of a strictly pseu-
docontractive mapping T, provided that T is additionally Lipschitzian
and {a,} satisfies 37 | an = 00 and 3°°0 | a? < co. Schu[4] general-
ized the result in [1] in smooth Banach space. Weng[5] also proved it
under the assumption that T is not necessarily continuous and 7T has
a fixed point and {a,} satisfies lim,,_ . a, = 0.

We obtain the following lemma which is similar to the lemma of
Weng[5].

LEMMA 1. Let {,} be a nonnegative real sequence and suppose
{Bn} satisfies the following inequality

ﬂn-{-l < (1 - an)@n + €ap,
where Y 7 an = o0, an €(0,1), € > 0. Then

0 <limsup 4, <e.

n—oo
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Proof. By the mathematical induction

/Bn+1 S (1 — an)(l - O111.—1) e (1 - al)ﬂl + €. (21)

Indeed for n = 1, we have 8, < (1 — a1)f1 + ca1 < (1 — a1)B1 + &.
Suppose the lemma holds for n. Then

Bnt2 < (1 — ang1)fnt1 + €0nq1
S -app1)((1—=an)(1—an_y) (1 —a1)B1 +€)+cangy
S —any1)(1—ay) (1 —a1)B1 + (1 — appy)e + appre
<(1—apt1)(1~ay)...(1—a;)f +¢.

Since Y o | an = oo, we have the conclusion from (2.1). O
On the other hand, we need the following lemma.

LEMMA 2. Let (X,||-||) be a smooth Banach space. of X. Suppose
one of the followings holds.

(1) J is uniformly continuous on any bounded subsets of X .
(2) (J(z)— J(y),z —y) < |la — y||?, for all x,y in X.
(3) For any bounded subset D of X there is a c such that

(J(z) = J),z—y) <c(llz -yl

for all z,y in D where c satisfies lim,_.g+ c(t)/t = 0.
Then for any € > 0 and any bounded subset C there is § > 0 such that

Itz + (1~ )yl < 2(J(y). )t + 2t + (1 = 20)||y|)?,

for any z,y € C and t € [0,6).

Proof. Since (2) implies (3), we will prove the lemma under the
hypothesis(3). The proof of the lemma under (1) is analogous to the
proof given here. For the convex hull of C' we choose ¢ and ¢ > 0 be
arbitrarily given. Since X is a smooth Banach space,

1d

5 gtz + (1= tyll* = (J(tz + (1 = tyy).z —y)z,y € X, (2:2)
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Since lim;_g+ c(t)/t = 0, there is §' > 0 such that for ¢ € [0,6"),

9
()t < diam C~

Hence for any z,y € C

(J(tz + (1 = thy), t(z — y)) — (J(y), t(z — y))
=(J(tz + (1 - t)y) — J(y), t(z ~ )
< otz —yl|).
Therefore
(J(tz + (1= t)y) — J(y),z - y)
Sc(tlz —yl)/¢
=(c(tlle = yl)/t - llz — ylDllz — yl|
<(e(tllz — yll)/tlz — y|l)diam C.
Let 6 = é'/diam C. From (2-3), we obtain

(2.3)

(Jz+(1-t)y) - J(y),z —y) <e

, for any t € [0,6). So (J(tz + (1 - t)y),z — y) < (J(¥),z — y) +¢.
From (2-2) we have
14

5 lte+ (L= 0yll* < (J(y),z —y) + .

If we integrate the above inequality from 0 to ¢t € [0,6), we have the
conclusion. O

REMARK. If X is uniformly smooth ,then (1) in lemma 2 holds.
And if X is a Hilbert space, then (2) in lemma 2 holds.

Now we state the main result.

THEOREM. Let (X,| - ||) be a smooth Banach space under one of
the assumptions in Lemma 2 and C a closed bounded convex subset of
X. Let T : C — C be a continuous strictly pseudocontractive mapping
with v € [0,1). Then Mann-iteration process:

(1) 21 €C
(2) g1 = anTzn + (1 —ap)zn, apn € (0,1)

(3) Zz.i—.l Qn = ooahmn—voo o, =0
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converges strongly to the fixed point of T.

Proof. By [2, Corollary 1], T has a unique fixed point z in C. For
given € > 0 and a bounded subset C — C, we have § > 0 in Lemma 2.
Since lim,, o, o, = 0, there exists N such that for alln > N.a, < 6.
For such an n,

241 = 2l* =llan(Tzn ~ 2) + (1 — an)(@n — )|
S2(J(wn — 7). Tan — 2)an + 220y + (1 = 200)||zn — z|?
by Lemma 2.

Since T is a strictly pseudocontractive mapping with 4 € [0.1) and
z is the fixed point of T, the following holds.

”:Un+l - -rllz < 2'7’||-Tn - 17“20’71 + 2ea,, + (1 - 251’71)“-7371 - 1'”2

=(1-2(1 = y)an)|z, - 2|’ + 2can

In order to apply Lemma 1 we let 3, = |la, - z||*. Then
0 <limsupf, <e
n—o0

Since ¢ is arbitrary, limsup, ___ A4, = 0. So lim,— oo B, = 0. The
proof is complete. O

We remark that Theorem holds without the continuity of 7 if T has
the fixed point in C.
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