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SOME PROPERTIES OF CERTAIN
NONHYPONORMAL OPERATORS

SANG HuN LEE AND CHEON SEOUNG Ryoo

1. Introduction

Let H be an arbitrary complex Hilbert space and let T be a bounded
linear operators on H. The x-algebra of all bounded linear operators
on H is denoted by L(H) and K(H) is the ideal of all compact op-
erators on H. The spectrum, the point spectrum, the approximate
point spectrum and continuous spectrum of an operator T are de-
noted by o(T),0,(T),04p(T), 0c(T), respectively. The quotient algebra
L(H)/K(H) is called the Calkin algebra. Let = : L(H) — L(H)/K(H)
be the natural mapping. Then an operator T is said to be Fredholm if
7(T) is invertible. The essential spectrum of T is the set of all complex
number A such that AI — T is not Fredholm operator and is denoted by
0e(T) = o(x(T)). Let A be a commutative Banach algebra with a unit
element and let & be the maximal ideal space of A. For each a in A,
define @ : ® — C by a(h) = h(a) for each h € ¢. Then the functional a
is called the Gel'fand transform of a and it is continuous. This defines
a mapping p : A — C(®) by p(a) = a, where C(®) is the set of all
continuous complex-valued functions on @.

This mapping is a homormorphism and is czlled the Gel'fand trans-
formation of A. If a is in A, then o(a) = {h(a) : h € &} = a(P).
Hence, {|d||oc = sup{la(h)| : h € ®}: the spectral radius of a. Thus
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DEFINITION 1.1. [8]. T is said to be *-paranormal if ||T*z|?> <
IT?z|| for every unit vector z in H. This class of operators was in-
troduced and studied by Patel [12] under the title operators of class
(M). Clearly, the class of *-paranormal operators includes the class of
hyponormal operators and also this class is closed in the norm topol-
ogy of operators. Furthermore this class is independent of the class of
paranormal operators.

Also an operator T is *-paranormal if and only if 7*2T2 — 2ATT* +
AT > 0 for each A > 0.

In this paper we will investigate some properties of *-paranormal
operators and study the images of *-representation of L(H) on K.

2. Some results

In this section, we will study some property which are applied for
the hyponormal operators.

ProprosITION 2.1. Let T be a *-paranormal operator.

(1) If A € 0,(T), then A € 0,(T*).

(2) Tz = Az, and Ty = py and A\ # p, then < ¢,y >= 0.

(3) If M and M+ € LatT, then T|M and T|M~ are x-paranormal.
(4) If X € 04p(T), then A € 0,,(T*).

Proof. (1) If A = 0, the result is obvious, we may assume that A # 0,
since

1Tz < |T22|| = |APflz]| = AP
Thus || T*z||? < |A? and
1Tz — Az|®> =< T*¢ — Az, T*z — Az >
=<T*z,T*c > -A<z,T*z > -A< T*z,z > +|A?
=||T*z||> = A < Tz,x > ) < z,Tz > +|A]?
S =P =P+ AP =0
Hence T*z = Az.
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(2) A < z,y >=< A,y >=< Tz,y >=< z,T*y >=< z,4y >
=p < z,y > Hence < z,y >= 0.

(3) If P 1s the projection of H onto M and B = T|M, then B* =
PT*|M. So for z in M,

1B«|* = |PT*2|* = |T*z||* < |T*z|| = | PT*z| = (| B*z|.

(4) Since A € 04,(T). There exists a sequence {z,} of unit vector
such that |[(T — AI)z,|| — 0. We get (T — M)z, — 0. Since T is

*-paranormal and Tz, Az, are bounded sequences, we have
IT*2, — Axn||* =< T*zp — e, T*Tp — ATy >
=T 20l = A < 20, T*Cp > A< T2, Tr > +AA

<NT?za]| = A < T, 2n > =A< Tp, Ty > +AA
<AP =P =P+ M2 =0, (n — oc).

Thus ||[T*zn — Azal = 0, (n — 00). Therefore A € 0,,(T*).

DEFINITION 2.2. An operator T is pure if it has no reducing sub-
space on which it is normal.

By simple calculations, we have following Proposition 2.3 and 2.4.

PROPOSITION 2.3. IfT is a *-paranormal operator, then Ker(T —\)
reduces T.

PROPOSITION 2.4. IfT is a x-paranormal operator, then T|Ker(T —
A) is a normal operator.

COROLLARY 2.5. If T is a pure *-paranormal operator, then o,(T)
= 0.

Proof. Suppose that 0,(T) # 0. By Proposition 2.3 and Proposition
2.4, we have T|Ker(T — )\) is normal, it is a contradiction to pure.

Therefore o,(T) = .
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LEMMA 2.6. [7]. If T € L(H), the following are =uivalent:

(1) T € F,.

(2) ranT is closed and KerT is finite dimensional.

(3) There is no sequence of unit vectors {zn} such that lim || Tz ||
=0 and z, — 0 weakly.

(4) There is no orthonormal sequence {en} suck that lim ||Te,|| —
0, where Fy, F,. and F denote the left Fredhoim, right Fredholm,
and Fredholm operators.

LEMMA 2.7. [7].

(1) F¢, F,, F are open.
(2) Te Fyifand only if T* € F,.

COROLLARY 2.8. [7]. If T € L(H), the following are equivalent:
(1) T is right invertible,
(2) T is surjective.
(3) inf{||T*z : flz]| = 1} > 0.
(4) T* is left invertible.
(5) ranT* is closed and Ker(T*) = (0).

PROPOSITION 2.9. Let T be a x-paranormal operator.

(1) T is invertible if and only if T is right invertible.

(2) T is Fredholm if and only if #(T) has a right inverse in
L(H)/K(H).

(3) o(T) = 0,(T) and 0.(T) = 0,.(T) (6,(T): right spectrum).

Proof. (1) Suppose TB = I where B ¢ L(H). Then (TB)* =

B*T* = I. Hence KerT* = (0); and by Proposition 2.1 (1),we have
KerT = (0). Hence T is injective and T is surjective by Corollary 2.8.
Therefore T is invertible.

(2) By Lemma 2.6 and Lemma 2.7, T* € Fy if and only if T € F,.

Hence ranT™ is closed and KerT* is finite dimensicnal, and ranT is
closed if and only if ranT* is closed. Since T is *-paranormal, KerT is
finite dimensional. Therefore F is Fredholm operator.

(3) This is immediate from (1) and (2).
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THEOREM 2.10. Let T be a *-paranormal operator. Then X\ €
oap(T) if and only if there is a *-homomorphism ¢ : C*(T) — C such
that ¢(T) = X\ where C*(T) is the C*-algebra generated by a single
operator T,

Proof. Suppose ¢ : C*(T) — C is a *-homomorphism such that
O(T) = A If A € 0,45(T), then there is a constant ¢ > 0 such that
(T — Az|| > c|jz]| for all z in M. This implies that T*T — \T* —
AT + A\ — ¢? is a positive operator. Hence 0 < @(T*T — \T* — AT +
AX) = ¢? = —¢®, a contradiction. Hence A € 0ap(T). Conversely,
suppose A € 0q,(T). Let {z,} be a sequence of unit vectors in H such
that (T — A)z,|| — 0. Let LIM denote a Banach limit and define
¢ : L(H) - C by ¢(B) = LIM < Bzp,2, > I B ¢ L(H), then
IB(T — Mzl = 0. So ¢(B(T ~ \)) = LIM < B(T — Nz,,2, >=0
Since T is *-paranormal, [(T~A)*z,]| — 0. Therefore ¢(B(T—X)*) =0
for every Bin L(H) and ¢(I) = LIM||z,||* = L. Therefore if p(T, T*) is
any non-commuting polynomial in T and T* that has no constant term,
&(p(T,T*)+ «) = a for all @ in C. This implies that ¢ is multiplicative
on a dense subalgebra of C*(T). Hence @|c- (1) is multiplicative and
¢T) =0 and

0=&T - A)=LIM <(T - Nz, 2, >
=LIM < Tzp,2, > +LiM < —Xz,, 2, >
=¢(T)— .

So &(T) = Xand ¢(T*) = LIM < T*zp, 2n >= {LIM < Tzp, 2, >
}* = (¢(T))*. Therefore ¢ is a *-homomorphism such that ¢(T) = A.

LEMMA 2.11. [7]. If A is a C*-algebra with identity, ® = the set of
non-zero homomorphisms of A onto C, and I is the commutator ideal
of A (that is, I = the norm closed ideal gererated by {AB - BA :
A,B € A}). then I =N{¢~1(0): ¢ € &}.

PROPOSITION 2.12. [7]. With the notation of the preceding lemma,
® is the maximal ideal space of Af/I. Hence AJI C(®) under the
Gel'fand transform, A + I — A where A(¢) = ¢(A) for A in A and ¢
in ®.
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COROLLARY 2.13. If T is *-paranormal, there is an isometric *-
1somorphism C*(T) /I = C(0,,(T)), where T +1 is sent to the function
z.

Proof. Let 7 : @ — 0,,(T) be defined by 7(¢) = ¢(T). Theorem
2.12 says that this map is surjective on the other hand, if ¢,¢» € &
and ¢(T) = (T), then ¢ = +. Since ® is compact and the map is
continuous. Hence 7 is a homeomorphism and then 7% : C{04,(T)) —
C(®) is defined by 7%(f) = for. Note that 7% is an isometric *-
isomorphism. We define a map p : C(04,(T)) — C*(T)/1 so that the

following diagram commutes:

CHT)/I — C(®)

Coap(T))

where the Gel'fand transform v : C*(T)/I — C(®) is an isometric
*-isomorphism of C*(T)/I onto C(®).

DEFINITION 2.14. A operator is said to be reducible if it has a non-
trivial reducing subspace. If an operator is not reducible, then it is
called irreducible.

PROPOSITION 2.15. [13]. Let A be a C*-subalgebra of L(H). If A
is irreducible, then A = K(H).

COROLLARY 2.16. [13]. If B is an irreducible C*-algebra of opera-
tors on 'H which contains a non-zero compact operator, then B contains

K(H).

PROPOSITION 2.17. [7]. If T is an irreducible operator such that
T*T —TT* is compact, then the commutator ideal I of C*(T) is K(H).
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3. The images of +-representations of L(*) on K.

Let H be an arbitrary complex Hilbert space. In [10], we constructed
an extension K of H by means of weakly convergent sequence in H and
the Banach limit and obtained the faithful *-representation ¢ of L(H)
on K.

LEMMA 3.1. [10]. There exists a faithful x-representation ¢ of L('H)
on K with the following properties:

(1) fl(T) = ||T|.

(2) o(T) = o(¢(T)).

(3) 0ap(T) = o,(&(T)).

(4) If T is a compact operator on 'H, then #(T') is a compact op-
erator on K.

(5) If T is a Fredholm operator on M, then ¢(T) is a Fredholm
operator on K.

PROPOSITION 3.2. If T is a *-paranormal operator, then &(T) 1s a
*-paranormal operator.

Proof. Suppose that T is a x-paranormal operator. Then we have
< (T**T? — 20TT* + A2D)z,x >> 0 for all z € H, for all z > 0.
Thus < (T*2T? — 2A\TT* + MDDz, z, >> 0 for all u = {zn} + N,
where A" = the set of all weakly convergent sequences {z,} in H with
LIM < z,,z, >= 0. Therefore

<(AT)"HT)* HT)S(T) — 22$(T)$(T)* + NI, u >
=< (¢(T**T? — 2ATT* + A Du,u >
= LIM < (T**T? = 2ATT* + \* D)z, 2,, >> 0

for all u. Hence ¢(T)*2¢(T)? — 2A¢(T)$(T)* + A2g(I) > 0.

LEMMA 3.3. [11]
(1) The C*-algebra C*(T) is isometrically *-isomorphism to the
C*-algebra C*(¢(T)).
(2) If I is the maximal ideal of C*(T), then ¢(I) is the maximal
ideal of C*($(T)).
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(3) Let ®cv(ry and ® e (4(Ty) be the maximal ideal space of C*(T)
and C*(§(T)), respectively. Then ®c+(ry and ®c.(4(1)) are
1sometrically isomorphic.

(4) a) I = ({f70) : f € By} = I' = {h740) « b €
B oy}

b) C*(T)/I = C*((T))/I'

By Lemma 3.1 and Lemma 3.3, we have the following.

COROLLARY 3.4. If T is a x-paranormal operator, then C*(T)/1

C*((T)/I' = Clop(a(T)).
Clearly, we have following proposition.

PROPOSITION 3.5.
(1) r(¢(T)) = r(T), where r(T') = spectral radius of T
(2) If S is normaloid in L(H), then ¢(S) is normaloid in L(K).
(3) IfT is convexoid in L('H), then ¢(T) is convexoid operator in
L(K).
(4) If T is spectraloid in L(H), then ¢(T) is spectraloid operator
in L(K).

Proof. 1) By Lemma 3.1, we have the result.

2) If S is normaloid in L(H), then r(S) = ||S||. By (1) r(S) =
r(¢(S5)). Hence r(¢(S5)) = [|o(S)].

3) Since T is convexoid, W(T) = W(¢(T)), and o(T) = o(o(T)),
W((T)) = o(&(T)).

4) By proposition 3.5 (1).

LEMMA 3.6. [11]. If T is an irreducible operator, then ¢(T) is an
irreducible operator.

LEMMA 3.7. [11]. If T is an irreducible operator such that T*T —
TT* is compact, then I' = K(K) & ¢(K(H)) = Ki{'H), where I' =
ﬂ{h—.l(()) the q>C"(d>(T))}‘

From the above notation, we have the following.
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THEOREM 3.8. If T is an irreducible x-paranormal operator such
that T*T — TT* is compact, then 04,p(T) = 0(T) and o,($(T)) =
oe($(T)).

Proof. The fact that o,p(T) = 0.(T) follows immediately from Cor-
ollary 2.13 and Proposition 2.17. The second assertion is clear from
Proposition 2.17 and Lemma 3.6.

As an immediate consequence of this theorem and Lemma 3.1, we
have following.

COROLLARY 3.9. If T is an irreducible x-paranormal operator such
that T*T — TT* is compact, then o.(T) = c.(o(T)).
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